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process

Congzao Dong* Alexander Iksanov� Andrey Pilipenko�

Abstract

Iksanov and Pilipenko (2023) defined a skew stable Lévy process as a scaling
limit of a sequence of perturbed at 0 symmetric stable Lévy processes (continuous-
time processes). Here, we provide a simpler construction of the skew stable Lévy
process as a scaling limit of a sequence of perturbed at 0 standard random walks
(random sequences).
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1 Introduction

Let ξ1, ξ2, . . . be independent copies of a random variable ξ with zero mean and a 1-
arithmetic distribution. The latter means that the distribution of ξ is concentrated on the
set of integers Z and not concentrated on dZ for any d ≥ 2. Denote by Sξ := (Sξ(n))n∈N0

(N0 := N ∪ {0}) the zero-delayed standard random walk with increments ξn for n ∈ N,
that is, Sξ(0) := 0 and Sξ(n) := ξ1 + . . . + ξn for n ∈ N. Denote by D := D[0,∞) the
Skorokhod space, that is, the space of càdlàg functions defined on [0,∞). We always
assume that D is endowed with the J1-topology and write ⇒ for weak convergence in this
space.

It is known (see, for instance, Theorem P8 on p. 23 in [19]) that Sξ visits every integer
point, and particularly 0, infinitely often almost surely (a.s.). Let X := (X(n))n∈N0 be a
Markov chain with transition probabilities

P{X(n+ 1) = j | X(n) = i} = P{Sξ(n+ 1) = j | Sξ(n) = i}
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for integer i ̸= 0 and some other transition probabilities for i = 0. The chain X can be
thought of as a standard random walk perturbed at 0. It is natural to ask to what extent
classical functional limit theorems for standard random walks, with scaling limits being
a Brownian motion or other stable Lévy processes, have to be adjusted in the presence of
a slight perturbation.

The answer is known in the case when σ2 := Eξ2 ∈ (0,∞) and the jumps from 0
have a finite mean. Investigation of this case was initiated in the seminal article [8] and
continued in many papers, a survey of relevant literature can be found in Section 1 of [9]
or [14]. While the weak limit on D of σ−1v−1/2Sξ(⌊vt⌋) as t → ∞ is a Brownian motion,
the weak limit of σ−1v−1/2X(⌊vt⌋) is a skew Brownian motion. The latter process is
a reasonable model of a diffusion in a media with semipermeable membrane and finds
numerous applications in ecology, chemistry, homogenization, geophysics and finance, see
the review paper [13]. Recall that a skew Brownian motion (Wγ(t))t≥0 with permeability
parameter γ ∈ [−1, 1] is a strong Markov process with Wγ(0) = 0 and the transition
density

pt(x, y) = φt(x− y) + γ sign(y)φt(|x|+ |y|), t > 0, x, y ∈ R,

where φt(x) = (2πt)−1/2 exp(−x2/(2t)), t > 0, x ∈ R is the density of a normal distribu-
tion with zero mean and variance t, see formula (17) in [13]. This process behaves like a
Brownian motion until hitting 0, then its excursions “select” a positive or negative sign
with probabilities (1 + γ)/2 and (1 − γ)/2, respectively, the subsequent evolution being
analogous. It is also known (see pp. 311-312 in [8]) that the skew Brownian motion is a
unique solution to the equation

Y (t) = W (t) + γLY
0 (t), t ≥ 0, (1.1)

where W is a Brownian motion and LY
0 is a local time of Y at 0. According to the claim

on p. 312 in [8] there is no solution to (1.1) if |γ| > 1.
To the best of our knowledge, the situation where σ2 ∈ (0,∞) and the jumps from 0

have infinite mean was only investigated in [16] and [11] under the assumption that the
jumps from 0 are a.s. positive and independent with a common distribution belonging to
the domain of attraction a β-stable distribution, β ∈ (0, 1). In the latter paper allowance
is made that both ξ and the jumps from 0 are real-valued, whereas in the former these
are integer-valued with ξ being bounded from below by −1. The corresponding scaling
limit is a Brownian motion with jump-exit from 0 of infinite intensity, see Theorem 1.1
in [16] or Theorem 1.1 in [11].

Let α ∈ (1, 2). If the distribution of ξ, generic jump of the unperturbed random
walk Sξ, belongs to the domain of attraction of a symmetric α-stable distribution, then a
scaling limit of Sξ is a symmetric α-stable Lévy process Uα := (Uα(t))t≥0 with

E exp(iz(Uα(t)− Uα(s))) = exp(−(t− s)|z|α), z ∈ R, t > s ≥ 0. (1.2)

One may ask how to define a skew stable Lévy process, that is, a skew version of Uα?
This intriguing problem remained open for decades. A natural definition of a skew stable
Lévy process was given in the very recent paper [10]. We stress that the approach based
on selecting a sign of excursion of Uα does not work because any excursion of Uα attains
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positive and negative values a.s. in any neighborhood of 0, see, for instance, Theorem 47.1
in [17].

The idea exploited in [10] that we briefly outline below is to define a skew stable Lévy
process as a weak limit of specific small perturbations of Uα at the times when the process
visits 0. Let ζ1, ζ2, . . . be independent copies of a random variable ζ with P{ζ = 0} = 0,
which are also independent of Uα. For each ε > 0, we define an approximating process
Yε := (Yε(t))t≥0 which has the same increments as Uα between successive visits of Yε to 0
and makes a jump εζk at the time σε

k of the kth visit to 0. Here is a formal construction
of Yε piece-by-piece. For each ε > 0, with θε denoting a random variable which satisfies
P{θε = 0} = 0 and is independent of Uα and ζ1, ζ2, . . ., put

σε
0 := 0, σε

k+1 := inf{t > σε
k : Yε(σ

ε
k) + Uα(t)− Uα(σ

ε
k) = 0}, k ∈ N0,

Yε(0) := θε, Yε(σ
ε
k) := εζk, k ∈ N,

Yϵ(t) := Yε(σ
ε
k) + Uα(t)− Uα(σ

ε
k), t ∈ [σε

k, σ
ε
k+1), k ∈ N0.

To define a weak limit of Yε as ε → 0+ we need to recall the notion of the resolvent
of a Markov process. For a strong Markov process X, put

σ(X) := inf{t ≥ 0 : X(t) = 0}

with the usual convention that the infimum taken over the empty set is equal to +∞, so
that σ(X) is the first hitting time of 0 by X. Denote by RX

λ and V X
λ the resolvents of the

processes X and X killed upon hitting 0, respectively, that is,

RX
λ f(x) := Ex

∫ ∞

0

e−λtf(X(t))dt, λ > 0

and

V X
λ f(x) := Ex

∫ σ(X)

0

e−λtf(X(t))dt, λ > 0

for bounded continuous functions f : R → R. Sometimes, when there is no ambiguity, we
shall write Rλ and Vλ in place of RX

λ and V X
λ .

Here is a slight reformulation of Theorem A in [10].

Proposition 1.1. (a) Let β ∈ (0, α− 1) and η∗ be a measure defined by

η∗(dx) = (c− 1(−∞, 0)(x) + c+ 1(0,∞)(x))|x|−(1+β)dx, x ∈ R (1.3)

for nonnegative c± satisfying c+ + c− > 0. The function Rλ defined by

Rλf(x) = Vλf(x) +

∫
R Vλf(y)η

∗(dy)

λ
∫
R Vλ1(y)η

∗(dy)
Exe

−λσ(Uα), λ > 0, x ∈ R (1.4)

is the resolvent of a Feller process. Here, the equality holds for any bounded continuous
function f : R → R.
(b) Assume that the random variables Yε(0) converge in distribution as ε → 0+ to some
random variable θ.
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If the distribution of ζ belongs to the domain of attraction of a β-stable distribution,
β ∈ (0, α − 1), then the processes Yε converge weakly on D to a process that starts at θ
and has the resolvent given in (1.4) with c± in (1.3) defined by

c± := lim
x→+∞

P{±ζ > x}
P{|ζ| > x}

.

If E|ζ| < ∞ or the distribution of ζ belongs to the domain of attraction of a β-stable
distribution with β ∈ (α− 1, 1), then Yε ⇒ θ + Uα on D as ε → 0+, where θ and Uα are
independent, and Uα(0) = 0 a.s.

The process Uα, β := (Uα, β(t))t≥0, with the resolvent given in (1.4), is defined in [10]
and called a skew α-stable Lévy process. It is a strong Markov process that behaves like
Uα until hitting 0 and has a ‘jump-type’ exit from 0 of infinite intensity. The process Uα, β

is characterized in [10] by means of Ito’s excursion theory and also as a solution to an
equation involving a local time. For instance, Y := Uα,β is a (weak) solution to

Y (t) = Y (0) + Uα(t) + Sβ(L
Y
0 (t)), t ≥ 0,

where Sβ is a β-stable Lévy process, which is independent of Uα, with the Lévy measure
being a constant multiple of η∗ in (1.3), and LY

0 is the Blumenthal-Getoor local time of
Y at 0.

It is reasonable to expect that if a scaling limit of the perturbed random walk X exists,
it should behave like Uα until hitting 0. We shall show that this is indeed the case and
that, furthermore, a scaling limit of X, which is precisely defined in Section 2, is Uα, β.
This new result represents the main contribution of our article.

2 Main result

For a real-valued random variable τ we shall denote by Sτ a standard random walk with
increments τn for n ∈ N, where τ1, τ2, . . . are independent copies of τ . Assume that
the distribution of τ belongs to the domain of attraction of a γ-stable distribution with
γ ∈ (0, 2)\{1}. Then

P{|τ | > x} ∼ x−γℓ(x), x→ ∞
and

P{τ > x} ∼ c+P{|τ | > x} and P{−τ > x} ∼ c−P{|τ | > x}, x→ ∞

for some ℓ slowly varying at ∞ and some nonnegative c+ and c− summing up to one.
According to a classical Skorokhod’s result (Theorem 2.7 in [18])(Sτ (⌊vt⌋)

c(v)

)
t≥0

⇒ Sγ, v → ∞ (2.1)

on D, where c is a positive function satisfying limx→∞ xP{|τ | > c(x)} = 1 and Sγ :=
(Sγ(t))t≥0 is a γ-stable Lévy process with the characteristic function

E exp(izSγ(t)) = exp(t|z|γ(Γ(2−γ)/(γ−1))(cos(πγ/2)−i(c+−c−) sin(πγ/2) sign z) (2.2)
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for z ∈ R. Here, Γ denotes the gamma function. If, for instance, P{|τ | > x} ∼ Ax−γ as
x → ∞ for a constant A ∈ (0,∞), then one may take c(v) = (Av)1/γ. In general, c is a
function which is regularly varying at ∞ of index 1/γ.

As in Section 1, let (X(n))n∈N0 be a standard random walk perturbed at 0, that is, a
Markov chain with transition probabilities

P{X(n+ 1) = j | X(n) = i} =

{
P{ξ = j − i}, if i ̸= 0;

P{η = j}, if i = 0,

where η is an integer-valued random variable with P{η = 0} < 1.
In addition to the conditions imposed on the distribution of ξ in Section 1 we assume

that the distribution of ξ belongs to the domain of attraction of a symmetric α-stable
distribution with α ∈ (1, 2). Thus, in the setting of the next to the last paragraph τ = ξ,
γ = α and c+ = c+ = 1/2. Further,(Sξ([vt])

a(v)

)
t≥0

⇒ Uα, v → ∞ (2.3)

on D, where Uα is a symmetric α-stable Lévy process satisfying (1.2) and Uα(0) = 0 a.s.,
and a is any positive function satisfying

lim
x→∞

xP{|ξ| > a(x)} = −(Γ(2− α)/(α− 1)) cos(πα/2).

The latter limit relation is a specialization of (2.1) and (2.2). Also, we assume that
either E|η| <∞ or the distribution of η belongs to the domain of attraction of a β-stable
distribution with β ∈ (0, 1). In particular, in the latter case(Sη(⌊vt⌋)

c(v)

)
t≥0

⇒ Sβ, v → ∞

on D and limv→∞(a(v)/c(v)) = 0 because α > β.
For each v > 0, let (Xv(n))n∈N0 be a Markov chain having the same transition prob-

abilities as (X(n))n∈N0 but possibly satisfying a different initial condition. We are ready
to state the main result of the paper.

Theorem 2.1. Let x ∈ R and assume that Xv(0)/a(v) converges in probability to x as
v → ∞.
(a) If the distribution of η belongs to the domain of attraction of a β-stable distribution
with β < α− 1, then (Xv(⌊vt⌋)

a(v)

)
t≥0

⇒
(
Uα,β(x, t)

)
t≥0
, v → ∞

on D, where (Uα, β(x, t))t≥0 is a skew stable Lévy process starting from x.
(b) If E|η| < ∞ or the distribution of η belongs to the domain of attraction of a β-stable
distribution with β > α− 1, then(Xv(⌊vt⌋)

a(v)

)
t≥0

⇒
(
x+ Uα(t)

)
t≥0
, v → ∞, (2.4)

where Uα is a symmetric α-stable Lévy process satisfying Uα(0) = 0 a.s.
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Our proof of Theorem 2.1 exploits a resolvent approach and bears significant similarity
to the proof of Proposition 1.1, which can be found as Theorem A in [10]. In the cited
article, the skew α-stable Lévy process was constructed as a scaling limit of small pertur-
bations at 0 of a symmetric α-stable process. The main achievement of Theorem 2.1 is
a new construction of a skew stable Lévy process as a scaling limit of locally perturbed
standard random walks. On the technical side, a passage from continuous-time processes
to random sequences requires at places additional non-trivial arguments. Last but not
least, part (b) of Theorem 2.1 is a discrete-time counterpart of part (b) of Proposition
1.1. We think our proof of Theorem 2.1(b) is much simpler than the proof of Proposition
1.1(b), see the proof of part (b) of Theorem A in [10].

There is an essential difference between the cases Eξ2 = σ2 ∈ (0,∞) and σ2 = ∞ when
the perturbations have finite means or more generally are sufficiently light-tailed. In the
latter case, according to Theorem 2.1(b) the perturbations have no effect asymptotically,
and the scaling limit of the locally perturbed standard random walk is, up to a shift, the
same as the scaling limit of the unperturbed random walk. In the former case, according
to the results discussed in the third paragraph of Section 1, the scaling limit of a locally
perturbed standard random walk is a skew Brownian motion, rather than a Brownian
motion (the scaling limit of the unperturbed random walk).

3 Auxiliary results

In this section we collect several results on convergence of functions and processes in the
space D. We start by formulating a fragment of Theorem 13.2.2 on p. 430 in [20].

Proposition 3.1. For n ∈ N0, let (fn, gn) ∈ D×D. Assume that, for n ∈ N, gn are non-
negative and nondecreasing, that g0 is continuous and increasing, and that limn→∞(fn, gn) =
(f0, g0) in the J1-topology on D×D. Then limn→∞ fn ◦ gn = f0 ◦ g0 in the J1-topology on
D, where ◦ denotes composition.

The following fundamental result, called the Skorokhod representation theorem, allows
us to treat convergence in distribution as an a.s. convergence. We present it as given in
Theorem 3.30 on p. 56 in [12].

Proposition 3.2. Let (θn)n∈N0 be random elements in a separable metric space and as-
sume that θn converges in distribution to θ0 as n→ ∞. Then there is a probability space
and a sequence (θ̃n)n∈N0 defined on this space such that, for each n ∈ N0, θ̃n has the same
distribution as θn and

lim
n→∞

θ̃n = θ̃0 a.s.

Remark 3.1. Let ((fn, gn))n∈N0 be a sequence of stochastic processes inD×D, whose paths
a.s. satisfy the assumptions of Proposition 3.1. An appeal to Proposition 3.2 enables us
to deduce the weak convergence fn ◦ gn ⇒ f0 ◦ g0 on D as n→ ∞.

Proposition 3.2 is applicable both in the aforementioned setting and in the other parts
of the paper because all the function spaces appearing in the text (the spaces of continuous
functions, monotone functions, bounded càdlàg functions) are measurable subsets of D,
see, for instance, p. 429 in [20].
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Let (X(t))t≥0 be a time-homogeneous Markov process on R with a family of transition
probabilities

P (t, x, A) = P{X(t) ∈ A | X(0) = x}

for t ≥ 0, x ∈ R and Borel sets A on R. Denote by (Pt)t≥0 and Rλ the semigroup and the
resolvent of X defined by

Ptf(x) = Exf(X(t)) =

∫
R
f(y)P (t, x, dy), t ≥ 0

and

Rλf(x) =

∫ ∞

0

e−λtPtf(x)dt =

∫ ∞

0

e−λtExf(X(t))dt, x ∈ R, λ > 0

for bounded continuous functions f : R → R.
Let C0(R) be the Banach space of continuous functions on R vanishing at±∞ equipped

with the supremum norm ∥f∥ = supx∈R |f(x)|. Recall that a Feller process is a strong
Markov process which has a strongly continuous semigroup on C0(R) and possesses a
càdlàg modification. In the sequel, we tacitly assume that the paths of a Feller process
itself are càdlàg.

In the proof of Theorem 2.1 we intend to approximate a Feller process taking values in
R by a sequence of continuous time Markov chains taking values in subsets of R. Further-
more, the subsets are different for different elements of the sequence. As a preparation,
the phase spaces of X(0), X(1), . . . in the following result are allowed to be different.

Proposition 3.3. Let X(0) be a Feller process on R and, for each n ∈ N, X(n) a time-
homogeneous Markov process on Gn, a subset of R, with paths in D, where G1, G2, . . .
are possibly different, and transition probabilities P (n)(t, x, A) for t ≥ 0, x ∈ Gn and

Borel subsets A on Gn. For each n ∈ N0 and λ > 0, denote by (P (n)(t))t≥0 and R
(n)
λ the

semigroup and the resolvent of X(n).
Assume that the random variables X(n)(0) converge in distribution to X(0)(0) as n→

∞, and one of the following two conditions holds:
1) for each f ∈ C0(R) and each t ≥ 0,

lim
n→∞

sup
x∈Gn

|P (n)
t f(x)− P

(0)
t f(x)| = 0; (3.1)

2) for each f ∈ C0(R) and each λ > 0,

lim
n→∞

sup
x∈Gn

|R(n)
λ f(x)−R

(0)
λ f(x)| = 0. (3.2)

Then
X(n) ⇒ X(0), n→ ∞

on D.
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The proof of Proposition 3.3 will be given in the Appendix.
Let

σx∗ := inf{t ≥ 0 : X(t) = x∗}

be the first hitting time of x∗ and V X
λ the resolvent of X killed at x∗ which is defined by

Vλf(x) = V X
λ f(x) := Ex

∫ σx∗

0

e−λtf(X(t))dt, x ∈ R.

The next result provides a useful representation of the resolvent of X.

Lemma 3.1. For any strong Markov process X,

Rλf(x) = Vλf(x) + Exe
−λσx∗Rλf(x

∗), x ∈ R. (3.3)

Proof. This is a standard fact, see, for instance, formula (1.2) on p. 133 in [4].

Let a > 0 be a fixed parameter, τ a random variable with P{τ = 0} = 0, and X a
Feller process that visits 0 a.s. for any starting point x ∈ R. Construct a holding and
jumping process Xτ, a as follows. The process starts at x and behaves like X until the first
visit to 0. Then it spends at 0 a random period of time having an exponential distribution
of mean 1/a. Afterwards, it makes a jump, whose size has the same distribution as τ , and
then behaves like X until the next visit to 0. The evolution just described then iterates,
and all the excursions are independent (an excursion is a path between two successive
visits to 0). The so constructed process Xτ, a is strong Markov.

Given next is the result that can be found in formula (2.2) on p. 137 in [4].

Lemma 3.2. Let Rτ, a
λ be the resolvent of holding and jumping process Xτ, a. Then, for

λ > 0,

λRτ, a
λ f(0) =

a−1f(0) + E[(Vλf)(τ)]
a−1 + λ−1Eτ (1− e−λσ)

=
a−1f(0) + E[(Vλf)(τ)]
a−1 + E[(Vλ1)(τ)]

, (3.4)

where Vλ is the resolvent of Xτ, a killed at 0 and σ is the first hitting time of 0 by Xτ, a.

Observe that the resolvent of Xτ, a can be calculated with the help of Lemma 3.1 (with
x∗ = 0) and Lemma 3.2.

4 Proofs

4.1 Proof of Theorem 2.1(a)

We find it useful to Poissonize, for each v > 0, the process (Xv(⌊vt⌋)/a(v))t≥0. To this end,
let (N(t))t≥0 denote a Poisson process on [0,∞) of unit intensity, which is independent of

((Xv(k))k∈N0)v>0. For each v > 0, define now X̃v := (X̃v(t))t≥0, a Poissonized version of
(Xv(⌊vt⌋)/a(v))t≥0, by

X̃v(t) :=
Xv(N(vt))

a(v)
, t ≥ 0.
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The Poissonized version X̃v is a continuous-time Markov chain. The sizes of its jumps
are the same as those of (Xv(⌊vt⌋)/a(v))t≥0, but unlike in (Xv(⌊vt⌋)/a(v))t≥0 the jumps
occur at random epochs given by the successive positions of a standard random walk with
exponentially distributed increments of mean 1/v. The process X̃v is an instance of the
holding and jumping process discussed in the paragraph preceding Lemma 3.2. The main
reason behind using the Poissonization in the present setting is availability of formula
(3.4).

For each T > 0,
lim
v→∞

sup
t∈[0, T ]

|v−1N(vt)− t| = 0 a.s. (4.1)

Since the limit function is non-random, continuous and increasing, Proposition 3.1 and
Remark 3.1 tell us that the weak limits of (Xv(⌊vt⌋)/a(v)) and (Xv(N(vt))/a(v)) are the
same, provided these exist. In particular, it is enough to prove that

X̃v ⇒ Uα, β, v → ∞ (4.2)

on D. For later use, we note that, according to Proposition 3.1 and Remark 3.1, relations
(2.3) and (4.1) entail

S̃v ⇒ Uα, v → ∞ (4.3)

on D, where S̃v := (Sξ(N(vt))/a(v))t≥0.

We intend to prove (4.2) with the help of Proposition 3.3. Since Uα, β and X̃v, v > 0
are strong Markov processes, invoking Lemma 3.1 (with x∗ = 0) yields, for λ > 0,

R
Uα, β

λ f(x) = V
Uα, β

λ f(x) + Exe
−λσ(Uα, β)R

Uα, β

λ f(0), x ∈ R

and
RX̃v

λ f(l/a(v)) = V X̃v
λ f(l/a(v)) + El/a(v)e

−λσ(X̃v)RX̃v
λ f(0), l ∈ Z.

By Proposition 3.3, (4.2) follows if we can show that, for each f ∈ C0(R) and λ > 0,

lim
v→∞

sup
l∈Z

|V X̃v
λ f(l/a(v))− V

Uα, β

λ f(l/a(v))| = 0, (4.4)

lim
v→∞

sup
l∈Z

∣∣El/a(v)e
−λσ(X̃v) − El/a(v)e

−λσ(Uα, β)
∣∣ = 0 (4.5)

and
lim
v→∞

∣∣RX̃v
λ f(0)−R

Uα,β

λ f(0)
∣∣ = 0. (4.6)

Observe that, for each v > 0, the conditional distribution of (Xv(k)1{k≤σ(Xv)})k∈N0

given Xv(0) = x is the same as the conditional distribution of (Sξ(k)1{k≤σ(Sξ)})k∈N0 given
Sξ(0) = x. This implies that

V X̃v
λ = V S̃v

λ , λ > 0 (4.7)

and, for each l ∈ N, El/a(v)e
−λσ(X̃v) = El/a(v)e

−λσ(S̃v) = Ele
−(λ/v)σ(Sξ◦N), λ ≥ 0. Here,

the last equality follows by a direct computation. Also, the conditional distribution of
(Uα, β(t)1{t<σ(Uα, β)})t≥0 given Uα, β(0) = x is the same as the conditional distribution of
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(Uα(t)1{t<σ(Uα)})t≥0 given Uα(0) = x. This entails V
Uα, β

λ = V Uα
λ , λ > 0 and, for each

x ∈ R, Exe
−λσ(Uα, β) = Exe

−λσ(Uα), λ ≥ 0. As a consequence, (4.4) and (4.5) are equivalent
to

lim
v→∞

sup
l∈Z

|V S̃v
λ f(l/a(v))− V Uα

λ f(l/a(v))| = 0 (4.8)

and

lim
v→∞

sup
l∈Z

∣∣El/a(v)e
−λσ(S̃v) − El/a(v)e

−λσ(Uα)
∣∣

= lim
v→∞

sup
l∈Z

∣∣Ele
−(λ/v)σ(Sξ◦N) − El/a(v)e

−λσ(Uα)
∣∣ = 0. (4.9)

Another application of Lemma 3.1 (with x∗ = 0) to strong Markov processes Uα and

S̃v, v > 0 enables us to conclude that, for λ > 0,

RUα
λ f(x) = V Uα

λ f(x) + Exe
−λσ(Uα)RUα

λ f(0), x ∈ R

and
RS̃v

λ f(l/a(v)) = V S̃v
λ f(l/a(v)) + El/a(v)e

−λσ(S̃v)RS̃v
λ f(0), l ∈ Z.

Thus, if we can prove (4.9) and

lim
v→∞

sup
x∈R

|RS̃v
λ f(x)−RUα

λ f(x)| =

lim
v→∞

sup
x∈R

∣∣∣ ∫ ∞

0

(
Ef(x+ Sξ(N(vt))/a(v))− Ef(x+ Uα(t))

)
e−λtdt

∣∣∣ = 0 (4.10)

for f ∈ C0(R), then (4.8) holds. Once this is done, the only remaining thing is to check
(4.6).
Proof of (4.10). Note that each f ∈ C0(R) is uniformly continuous and put, for γ > 0,
ωf (γ) := supx,y∈R, |x−y|≤γ |f(x)− f(y)|. Let (vk)k∈N be any sequence of positive numbers
satisfying limk→∞ vk = ∞. Using (4.3) together with the Skorokhod representation theo-

rem (Proposition 3.2) we conclude that there exist (Ŝvk)k∈N, versions of (S̃vk)k∈N, and Ûα,
a version of Uα, such that

lim
k→∞

Ŝvk(t) = Ûα(t) a.s.

on D. In particular, this entails the a.s. convergence for almost all t ≥ 0 with respect to
Lebesgue measure. Hence,

lim
k→∞

sup
x∈R

∫ ∞

0

∣∣Ef(x+ Sξ(N(vkt))/a(vk))− Ef(x+ Uα(t))
∣∣e−λtdt

= lim
k→∞

sup
x∈R

∫ ∞

0

E
∣∣f(x+ Ŝvk(t))− f(x+ Ûα(t))

∣∣e−λtdt

≤ lim
k→∞

∫ ∞

0

E
[(
ωf

(
Ŝvk(t)− Ûα(t)

))
∧ (2∥f∥)

]
e−λtdt = 0,
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where the last equality is justified by the Lebesgue dominated convergence theorem. Since
the diverging sequence (vk)k∈N is arbitrary, the proof of (4.10) is complete.

It follows from Corollary 18 on p. 64 in [2] that

Exe
−λσ(Uα) =

vλ(−x)
vλ(0)

, x ∈ R, λ > 0, (4.11)

where vλ(x, y) = vλ(y−x), x, y ∈ R is the density of the resolvent kernel of Uα. Actually,
according to the last cited result, formula (4.11) is valid for any Lévy process, whose
resolvent kernel is absolutely continuous with a bounded density. In view of the fact that
vλ is an even function, Theorem 19(iii) on p. 65 in [2] entails

vλ(x) =
1

π

∫ ∞

0

cos(xθ)

λ+ θα
dθ, x ∈ R. (4.12)

To prove (4.9) we first derive in Corollary 4.1 a formula for Ele
−λσ(Sξ◦N). As a prepa-

ration, we start with an auxiliary result.

Lemma 4.1. Let Y := (Y (k))k∈N0 be a Markov chain on a finite or countable set G. For
x∗ ∈ G, put σ := σx∗ := inf{k ∈ N0 : Y (k) = x∗}. Then

Exs
σ =

us(x, x
∗)

us(x∗, x∗)
, x ∈ G, |s| < 1, (4.13)

where us(x, x
∗) =

∑
k≥0 s

kP{Y (k) = x∗ | Y (0) = x} for x ∈ G.
In particular, if x∗ = 0, Y (k) = Sτ (k) for k ∈ N0 and (Y (k))k∈N0 lives on the lattice
G = aZ for some a > 0, then

Exs
σ =

us(−x)
us(0)

, x ∈ aZ, |s| < 1, (4.14)

where

us(x) = us(x, 0) =
∑
k≥0

skP{Sτ (k) = 0 | Sτ (0) = x} = 1{0}(x) +
∑
k≥1

skP{Sτ (k) = −x}.

Alternatively,

us(−x) =
1

2π

∫ π

−π

eixθ

1− sEeiθτ
dθ, x ∈ aZ, |s| < 1. (4.15)

Proof. Denote by Rs the resolvent of Y , so that

Rsf(x) =
∑
k≥0

skExf(Y (k)), x ∈ G, |s| < 1

for bounded measurable functions f : G→ R. The Rs satisfies a formula similar to (3.3)

Rsf(x) =
σ−1∑
k=0

skExf(Y (k)) + Exs
σRsf(x

∗), x ∈ G, |s| < 1.

11



Put f(x) = 1{x∗}(x). Then Rsf(x) = us(x, x
∗), x ∈ G, |s| < 1, whereas the first summand

on the right-hand side vanishes. This proves (4.13). Formula (4.14) is just a specialization
of (4.13). To prove (4.15), write with the help of Fubini’s theorem∑

x∈aZ

us(−x)eixθ = 1 +
∑
x∈aZ

∑
k≥1

skP{Sτ (k) = x}eixθ = 1 +
∑
k≥1

sk
∑
x∈aZ

P{Sτ (k) = x}eixθ

= 1 +
∑
k≥1

sk(Eeiθτ )k =
1

1− sEeiθτ
, |s| < 1, θ ∈ R.

With this at hand, (4.15) is an immediate consequence of a standard inversion formula.

We stress that a continuous-time formula (4.11) rests on non-trivial potential-analytic
results, whereas a discrete-time formula (4.13) is rather simple.

Corollary 4.1. Let the assumptions and notation of Lemma 4.1 be in force. Denote by
(Nρ(t))t≥0 a Poisson process on [0,∞) of intensity ρ > 0, which is independent of Y , and

put Ỹ (t) = Y (Nρ(t)) for t ≥ 0. For x∗ ∈ G, put σ̃ := σ̃x∗ := inf{t ≥ 0 : Ỹ (t) = x∗}.
Then

Exe
−λσ̃ =

ûλ(x, x
∗)

ûλ(x∗, x∗)
=

us(x, x
∗)

us(x∗, x∗)
, x ∈ G, λ > 0, (4.16)

where s = ρ/(λ+ ρ) and ûλ(x, x
∗) =

∫∞
0

e−λtP{Ỹ (t) = x∗ | Ỹ (0) = x}dt.
In particular, if x∗ = 0, Y (k) = Sτ (k) for k ∈ N0 and (Y (k))k∈N0 lives on the lattice
G = aZ for some a > 0, then

Exe
−λσ̃ =

ûλ(−x)
ûλ(0)

=
us(−x)
us(0)

, x ∈ aZ, λ > 0, (4.17)

where s = ρ/(λ+ ρ) and

ûλ(x) = ûλ(x, 0) =

∫ ∞

0

e−λtP{Ỹ (t) = 0 | Ỹ (0) = x)dt

=

∫ ∞

0

e−λtP{Sτ (Nρ(t)) = −x}dt.

Proof. The first equality in (4.16) follows from (3.3) and the argument used for the proof
of (4.13). To prove the second equality in (4.16) we shall derive a formula relating the

resolvent RỸ
λ of Ỹ to the resolvent Rs of Y . By a repeated application of Fubini’s theorem

RỸ
λ f(x) = Ex

∫ ∞

0

e−λtf(Ỹ (t))dt =

∫ ∞

0

e−λt
∑
k≥0

e−ρt (ρt)
k

k!
Exf(Y (k))dt

=
∑
k≥0

ρk

k!
Exf(Y (k))

∫ ∞

0

tke−(λ+ρ)tdt =
1

λ+ ρ

∑
k≥0

( ρ

λ+ ρ

)k

Exf(Y (k)) =
1

λ+ ρ
Rsf(x),

where s = ρ/(λ+ ρ). Putting f(x) = 1{x∗}(x) for x ∈ G, we infer

ûλ(x, x
∗) = (λ+ ρ)−1us(x, x

∗)
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for x ∈ G and the same s as before, thereby justifying the second equality in (4.16).
Formula (4.17) is a specialization of (4.16).

Proof of (4.9). We shall prove (4.9) in an equivalent form:

lim
v→∞

sup
x∈R

∣∣∣E⌊xa(v)⌋e
−(λ/v)σ(Sξ◦N) − E⌊xa(v)⌋/a(v)e

−λσ(Uα)
∣∣∣ = 0. (4.18)

We shall use the following representation: for x ∈ R,

E⌊xa(v)⌋e
−(λ/v)σ(Sξ◦N) = us(−⌊xa(v)⌋)/us(0) =

∫ π

−π

eiθ⌊xa(v)⌋

1− sψ(θ)
dθ

/∫ π

−π

dθ

1− sψ(θ)

=

∫ π

−π

eiθ⌊xa(v)⌋

λ+ v(1− ψ(θ))
dθ

/∫ π

−π

dθ

λ+ v(1− ψ(θ))

=

∫ πa(v)

−πa(v)

eiθ⌊xa(v)⌋/a(v)

λ+ v(1− ψ(θ/a(v)))
dθ

/∫ πa(v)

−πa(v)

dθ

λ+ v(1− ψ(θ/a(v)))
(4.19)

with s = v/(v+ λ) and ψ(θ) = Eeiθξ for θ ∈ R, where the first equality is a specialization
of (4.17) for Y = Sξ, ρ = 1 and a = 1, and the second equality follows from (4.15) with
τ = ξ. Further, by (4.11) and (4.12),

E⌊xa(v)⌋/a(v)e
−λσ(Uα) =

∫ ∞

0

cos(θ⌊xa(v)⌋/a(v))
λ+ θα

dθ
/∫ ∞

0

dθ

λ+ θα

=

∫
R

eiθ⌊xa(v)⌋/a(v)

λ+ |θ|α
dθ

/∫
R

dθ

λ+ |θ|α
.

Summarizing, (4.18) is a consequence of

lim
v→∞

sup
x∈(a(v))−1Z

∣∣∣ ∫ πa(v)

−πa(v)

eiθ⌊xa(v)⌋/a(v)

λ+ v(1− ψ(θ/a(v)))
dθ −

∫
R

eiθ⌊xa(v)⌋/a(v)

λ+ |θ|α
dθ

∣∣∣ = 0. (4.20)

To prove this, write, for any A > 1, some ε ∈ (0, π) to be specified later and large enough
v,

∣∣∣ ∫ πa(v)

−πa(v)

eiθ⌊xa(v)⌋/a(v)

λ+ v(1− ψ(θ/a(v)))
dθ −

∫
R

eiθ⌊xa(v)⌋/a(v)

λ+ |θ|α
dθ

∣∣∣
≤

∫ A

−A

∣∣∣ 1

λ+ v(1− ψ(θ/a(v)))
− 1

λ+ |θ|α
∣∣∣dθ + ∫

A≤|θ|≤εa(v)

dθ

|λ+ v(1− ψ(θ/a(v)))|

+

∫
|θ|>A

dθ

λ+ |θ|α
+

∫
εa(v)≤|θ|≤πa(v)

dθ

|λ+ v(1− ψ(θ/a(v)))|
=: I(v, A)+J(v, A)+K(A)+M(v).

A specialization of (2.3) to a one-dimensional convergence entails

lim
v→∞

v(1− ψ(θ/a(v))) = |θ|α (4.21)
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locally uniformly in θ, whence limv→∞ I(v, A) = 0.
Relation (4.21) entails

lim
v→∞

|1− ψ(θ/a(v))|
|1− ψ(1/a(v))|

= |θ|α,

which shows that the functions θ 7→ |1 − ψ(θ)|, θ > 0 and θ 7→ |1 − ψ(−θ)|, θ > 0 are
regularly varying at 0 of index α. By an analogue of Potter’s bound (Theorem 1.5.6 in
[3]), given c ∈ (0, 1) and δ ∈ (0, α− 1) there exists ε > 0 such that

v|1− ψ(θ/a(v))| ≥ c(|θ|α+δ ∧ |θ|α−δ) (4.22)

for all θ ∈ [−εa(v), εa(v)] and large v. Hence,

J(v, A) ≤
∫
|θ|≥A

dθ

c|θ|α−δ
→ 0, A→ ∞.

Also, trivially,
lim
A→∞

K(A) = 0.

Since the distribution of ξ is 1-arithmetic by assumption we conclude that ψ(θ) = 1
if, and only if, θ = 2πn, n ∈ Z. In particular, minε≤|θ|≤π |1− ψ(θ)| > 0. Thus,

M(v) ≤ a(v)

v

2(π − ε)

minε≤|θ|≤π |1− ψ(θ)|
→ 0, v → ∞

because a is regularly varying at ∞ of index 1/α < 1.
Combining fragments together we arrive at (4.20), which completes the proof of (4.9).

Proof of (4.6). It follows from (3.4) with τ = η/a(v) that, for λ > 0,

λRX̃v
λ f(0) =

f(0)/v + E
[(
V X̃v
λ f

)
(η/a(v))

]
1/v + E

[(
V X̃v
λ 1

)
(η/a(v))

] =
f(0)/v + E

[(
V S̃v
λ f

)
(η/a(v))

]
1/v + E

[(
V S̃v
λ 1

)
(η/a(v))

] , (4.23)

where the last equality is secured by (4.7). Comparing a specialization of formula (3.3)
for Uα, β and (1.4) we infer, for λ > 0,

λR
Uα, β

λ f(0) =

∫
R V

Uα
λ f(x)η∗(dx)∫

R V
Uα
λ 1(x)η∗(dx)

,

where η∗ is a measure defined in (1.3) with nonnegative c± satisfying

P{±η > x} ∼ c±P{|η| > x}, x→ ∞ (4.24)

(so that necessarily c+ + c− = 1). Hence, (4.6) is equivalent to

lim
v→∞

E
[(
V S̃v
λ f

)
(η/a(v))

]
E
[(
V S̃v
λ 1

)
(η/a(v))

] =

∫
R V

Uα
λ f(x)η∗(dx)∫

R V
Uα
λ 1(x)η∗(dx)

(4.25)

for f ∈ C0(R).
Our proof of (4.25) is based on auxiliary facts to be discussed next.
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Lemma 4.2. Assume that the function x 7→ P{|η| > x} is regularly varying at +∞
of index −β ∈ (−1, 0), and relation (4.24) holds. Let (gu)u>0 be a family of uniformly
bounded measurable functions which satisfy the conditions:
1) for a continuous function g

lim
u→∞

sup
x∈R

|gu(x)− g(x)| = 0;

2) for some positive constants u0, c, a constant γ ∈ (0, 1−β) and a nonnegative constant
r

|gu(x)| ≤ c(|x|+ r/u)β+γ, x ∈ R, u ≥ u0. (4.26)

Then

lim
u→∞

Egu(η/u)
P{|η| > u}

=

∫
R
g(x)η∗(dx) ∈ R.

Remark 4.1. By uniform boundedness of (gu)u>0, if inequality (4.26) holds for all x in
some vicinity of 0, then it holds for all x ∈ R. Formulating (4.26) in the present form
makes the subsequent proof notationally simpler.

Proof. This result is an extension of Lemma 2.4 in [10]. Here, we treat a family (gu)u>0,
whereas the cited result dealt with a single function g, say.

Write

Egu(η/u) =
∫
R
gu(x)dxF (ux), u > 0,

where F is the distribution function of η. Given δ > 0 there exists a uδ such that

|gu(x)− g(x)| ≤ 2c((|x|+ r/u) ∧ δ)β+γ, x ∈ R

whenever u ≥ uδ. Now we prove that

lim
u→∞

∫
R

(
((|x|+ r/u) ∧ δ)β+γ − (|x| ∧ δ)β+γ

)
dxF (ux)

P{|η| > u}
= 0. (4.27)

Indeed, let u satisfy u ≥ r/δ. Then using

((|x|+ r/u) ∧ δ)β+γ − (|x| ∧ δ)β+γ = (δβ+γ − |x|β+γ)1(δ−r/u, δ](|x|)
+
(
(|x|+ r/u)β+γ − |x|β+γ

)
1[0, δ−r/u](|x|)

we conclude that the contribution of the first summand on the right-hand side to the
expression under the limit in (4.27) does not exceed

δβ+γ
∫
δ−r/u<|x|≤δ

dxF (ux)

P{|η| > u}
=
δβ+γ

(
P{|η| > uδ − r} − P{|ζ| > uδ}

)
P{|η| > u}

.

This converges to 0 as u → ∞. The remaining piece of the expression under the limit
in (4.27) is equal to∫

|x|≤δ−r/u

(
(|x|+ r/u)β+γ − |x|β+γ

)
dxF (ux)

P{|η| > u}
≤ rβ+δ

uβ+δP{|η| > u}
.
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The right-hand side also converges to 0 as u → ∞. We have used subadditivity of
z 7→ zβ+γ on [0,∞). The proof of (4.27) is complete.

Using (4.27) for the inequality and Lemma 2.4 in [10] for the equality we infer

lim sup
u→∞

∣∣∣∫R gu(x)dxF (ux)

P{|η| > u}
−

∫
R g(x)dxF (ux)

P{|η| > u}

∣∣∣
≤ lim sup

u→∞

2c
∫
R(|x| ∧ δ)

β+γdxF (ux)

P{|η| > u}
= 2c

∫
R
(|x| ∧ δ)β+γη∗(dx).

Sending δ → 0+ and invoking the Lebesgue dominated convergence theorem we conclude
that the right-hand side vanishes. The proof closes with another application of Lemma
2.4 in [10]. We omit further details.

Lemma 4.3. Given δ ∈ (0, (α− 1)∧ (2−α)) there exist positive v0 and c2, which do not
depend on x and v, such that

E⌊xa(v)⌋

(
1− e−(λ/v)σ(Sξ◦N)

)
≤ c2

(
|x|+ 1

a(v)

)α−1−δ

, x ∈ R, v ≥ v0.

Proof. Since the left-hand side is bounded from above by 1 it suffices to prove the in-
equality for x satisfying |⌊xa(v)⌋| ≤ a(v).

Let ε > 0 be the same as in (4.22). Using (4.19) and changing the variable we obtain,
for x ∈ R,

E⌊xa(v)⌋

(
1− e−(λ/v)σ(Sξ◦N)

)
=
π

ε

∣∣∣ ∫ εa(v)

−εa(v)

1− eiπθ⌊xa(v)⌋/(εa(v))

λ+ v(1− ψ(πθ/(εa(v)))
dθ

∣∣∣/∣∣∣ ∫ πa(v)

−πa(v)

dθ

λ+ v(1− ψ(θ/a(v)))

∣∣∣.
In view of (4.20) the denominator on the right-hand side converges to

∫
R(λ + |θ|α)−1dθ

as v → ∞. Invoking (4.22) in combination with

lim
v→∞

|1− ψ(πθ/(εa(v)))|
|1− ψ(θ/a(v))|

=
(π
ε

)α

we arrive at a counterpart of (4.22): given δ ∈ (α− 1) ∧ (2− α)),

v|1− ψ(πθ/(εa(v)))| ≥ c1(|θ|α+δ ∧ |θ|α−δ)

for all θ ∈ [−εa(v), εa(v)], v ≥ v0 and some finite positive constant c1. Hence,∣∣∣ ∫ εa(v)

−εa(v)

1− eiπθ⌊xa(v)⌋/(εa(v))

λ+ v(1− ψ(πθ/(εa(v)))
dθ

∣∣∣ ≤ 2

c1

∫
R

| sin(πθ⌊xa(v)⌋/(2εa(v)))|
|θ|α+δ ∧ |θ|α−δ

dθ

≤ 2

c1

(π|⌊xa(v)⌊|
2εa(v)

∫ 1

−1

|θ|1−α−δdθ +
( |⌊xa(v)⌋|

a(v)

)α−1−δ
∫
R

| sin(πθ/(2ε))|
|θ|α−δ

dθ
)

≤ c2

( |⌊xa(v)⌋|
a(v)

)α−1−δ

≤ c2

(
|x|+ 1

a(v)

)α−1−δ

for x satisfying |⌊xa(v)⌋| ≤ a(v). Our choice of δ ensures that all the integrals in the last
centered formula converge.
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Proof of (4.25). For x ∈ R, λ > 0 and bounded continuous functions f : R → R, put

V̂ S̃v
λ f(x) :=

∫ ∞

0

e−λtE
(
f(Sξ(N(vt))/a(v))|Sξ(N(vt)) = ⌊xa(v)⌋

)
1{σ(S̃v)>t} dt

= v−1

∫ ∞

0

e−(λ/v)tE
(
f(Sξ(N(t))/a(v))|Sξ(N(t)) = ⌊xa(v)⌋

)
1{σ(Sξ◦N)>t} dt. (4.28)

Similarly, we define, for x ∈ R and λ > 0,

V̂ S̃v
λ 1(x) := λ−1E⌊xa(v)⌋/a(v)(1− e−λσ(S̃v)) = λ−1E⌊xa(v)⌋(1− e−(λ/v)σ(Sξ◦N)). (4.29)

The functions V̂ S̃v
λ f and V̂ S̃v

λ 1 are piecewise constant interpolations of V S̃v
λ f and V S̃v

λ 1, re-

spectively, satisfying V̂ S̃v
λ f(x) = V S̃v

λ f(x) and V̂ S̃v
λ 1(x) = V S̃v

λ 1(x) for each x ∈ (a(v))−1Z.
Let λ > 0 be fixed and f ∈ C0(R) which particularly implies that f is uniformly

continuous on R. We intend to apply Lemma 4.2 with u = a(v), g(1) = V Uα
λ f , g(2) = V Uα

λ 1,

g
(1)
u = V̂ S̃v

λ f and g
(2)
u = V̂ S̃v

λ 1. It is not obvious that the so defined g
(1)
a(v) is a function of

a(v) alone. To justify, observe that, without loss of generality, we can assume that a is
strictly increasing and continuous, so that the inverse function a−1 exists. Then v−1 and
λ/v on the right-hand side of (4.28) are equal to 1/((a−1 ◦ a)(v)) and λ/((a−1 ◦ a)(v)),
respectively.

Now we check that the so defined functions satisfy the assumptions of Lemma 4.2.
(Uniform) continuity of g(1) is secured by boundedness and uniform continuity of f in
combination with the Lebesgue dominated convergence theorem. (Uniform) continuity of
g(2) follows from

V Uα
λ 1(x) = λ−1Ex(1− e−λσ(Uα)), x ∈ R (4.30)

in combination with (4.11) and (4.12). The uniform convergence

lim
u→∞

sup
x∈R

|g(1)u (x)− g(1)(x)| = lim
v→∞

sup
x∈R

|V̂ S̃v
λ f(x)− V Uα

λ f(x)| = 0

is guaranteed by (4.8) and uniform continuity of V Uα
λ f = g(1). Analogously, the relation

lim
u→∞

sup
x∈R

|g(2)u (x)− g(2)(x)| = lim
v→∞

sup
x∈R

|V̂ S̃v
λ 1(x)− V Uα

λ 1(x)| = 0

follows from (4.30), (4.9) and uniform continuity of V Uα
λ 1 = g(2). Uniform boundedness of

(g
(2)
u )u>0 follows from representation (4.29) and entails uniform boundedness of (g

(1)
u )u>0

via
|V̂ S̃v

λ f(x)| ≤ ∥f∥ V̂ S̃v
λ 1(x), x ∈ R (4.31)

for f ∈ C0(R). We apply Lemma 4.3 with δ ∈ (0, (α − 1 − β) ∧ (2 − α)). While the

functions g
(2)
u satisfy (4.26) with γ = α− 1−β− δ, c = λ−1c2 (λ is from (4.29), c2 is from

Lemma 4.3) and r = 1, the functions g
(1)
u do so as a consequence of (4.31).

Thus, all the conditions of Lemma 4.2 are satisfied, and an application of Lemma 4.2
yields (4.25) and thereupon (4.6).

The proof of Theorem 2.1 (a) is complete.

17



4.2 Proof of Theorem 2.1(b)

We shall work with a particular realization of the Markov chain X = (X(n))n∈N0 , still
denoted by X and defined by

X(n+ 1) =

{
X(n) + ξn+1−T (n), if X(n) ̸= 0,

X(n) + ηT (n), if X(n) = 0
(4.32)

for n ∈ N0, where T (n) :=
∑n

k=0 1{X(k)=0} and η1, η2, . . . are independent copies of η,
which are also independent of ξ1, ξ2, . . .. We claim that the so defined X can equivalently
be represented as follows:

X(n) = X(0) + Sξ(n− T (n− 1)) + Sη(T (n− 1)), n ∈ N, (4.33)

where Sξ(0) = Sη(0) = 0 a.s.
To check this, write

X(n+ 1)−X(n) = Sξ(n+ 1− T (n))− Sξ(n− T (n− 1)) + Sη(T (n))− Sη(T (n− 1)).

Observe now that X(n) ̸= 0 if, and only if, T (n− 1) = T (n) and that on this event

X(n+ 1)−X(n) = Sξ(n+ 1− T (n))− Sξ(n− T (n)) = ξn+1−T (n),

which is in line with (4.32). On the other hand, X(n) = 0 if, and only if, T (n − 1) =
T (n)− 1 and on this event

X(n+ 1)−X(n) = Sη(T (n))− Sη(T (n)− 1) = ηT (n),

which is again in agreement with (4.32).
Put T (−1) = 0. Using (4.33) with Xv(n) replacing X(n), Xv(0) replacing X(0) and

Tv(n) replacing T (n), where Tv is a counterpart of T which corresponds toXv, we conclude
that relation (2.4) holds if we can show that(Sξ(⌊vt⌋ − Tv(⌊vt⌋ − 1))

a(v)

)
t≥0

⇒ Uα, v → ∞ (4.34)

on D and, for all t0 > 0,

supt∈[0, t0] |Sη(Tv(⌊vt⌋ − 1))|
a(v)

P→ 0, v → ∞. (4.35)

Assume that we can prove that, for all δ > 0 and all t ≥ 0,

Tv(⌊vt⌋)
v1−1/α+δ

P→ 0, v → ∞. (4.36)

The sequence (Tv(n))n∈N0 is a.s. nondecreasing, and formula (4.36) implies that, for all

t ≥ 0, v−1Tv(⌊vt⌋)
P→ 0 as v → ∞. Hence, for all t1 > 0,

sup
t∈[0, t1]

∣∣∣⌊vt⌋ − Tv(⌊vt⌋ − 1)

v
− t

∣∣∣ P→ 0, v → ∞.
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Here, the limit function is deterministic, increasing and continuous. The latter limit
relation can be combined with (2.3) into(Sξ(⌊vt⌋)

a(v)
,
⌊vt⌋ − Tv(⌊vt⌋ − 1)

v

)
t≥0

⇒ (Uα, I), v → ∞

on D, where I(t) := t for t ≥ 0. The left-hand (right-hand) side in (4.34) is composition of
the coordinates on the left-hand (right-hand) side of the last limit relation. By Proposition
3.1 and Remark 3.1, (4.34) follows.

To prove (4.35), write, for any γ > 0,

supt∈[0, t0] |Sη(Tv(⌊vt⌋ − 1))|
a(v)

≤
S|η|(Tv(⌊vt0⌋))

a(v)

≤
S|η|(Tv(⌊vt0⌋))

a(v)
1{Tv(⌊vt0⌋)>γv1−1/α+δ}+

S|η|(⌊γv1−1/α+δ⌋)
a(v)

.

In view of (4.36), the first term on the right-hand side converges to 0 in probability, as
v → ∞. To analyze the second term, recall that the function a is regularly varying at ∞
of index 1/α.
If E|η| < ∞, then choosing any δ ∈ (0, 2/α − 1) and invoking the weak law of large
numbers for S|η| we infer

S|η|(⌊γv1−1/α+δ⌋)
a(v)

P→ 0, v → ∞. (4.37)

If the distribution of η belongs to the domain of attraction of a β-stable distribution with
β ∈ (α − 1, 1), then so does the distribution of |η|, and according to (2.1), S|η|(v)/c(v)
converges in distribution to a positive β-stable random variable. For any δ ∈ (0, α−1(β −
(α − 1))) (such a choice is possible because β > α − 1) limv→∞ c(⌊γv1−1/α+δ⌋)/a(v) = 0
and thereupon (4.37) holds true.

It remains to prove (4.36). Observe that, for v, x > 0 and n ∈ N0, P{Tv(n) >
x|Xv(0) ̸= 0} ≤ P{Tv(n) > x|Xv(0) = 0}. In view of this, we assume in what follows that
Xv(0) = 0 a.s. and write T (n) for Tv(n). Relation (4.36) holds if we can show that

T (n)

n1−1/α+δ

P→ 0, n→ ∞. (4.38)

The random variable T (n) has the same distribution as

T ′(n) := 1 +
∑
k≥1

1{(1+τ
(1)
−η1

)+...+(1+τ
(k)
−ηk

)≤n}, n ∈ N0,

where (τ
(1)
k )k∈Z, (τ

(2)
k )k∈Z, . . . are independent copies of (τk)k∈Z, which are also independent

of η1, η2, . . .. Fix any n0 ∈ Z\{0} satisfying

p0 := P{X(1) = n0 | X(0) = 0} = P{η = n0} > 0.
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Put θ0 := 0 and θi+1 := inf{j > θi : ηj = n0} for i ∈ N0. The random variables θ1,
θ2− θ1, . . . are independent and have a geometric distribution with success probability p0,
that is, P{θ1 = k} = (1−p0)

k−1p0 for k ∈ N. Also, θ1, θ2, . . . are independent of (τ (1)k )k∈Z,

(τ
(2)
k )k∈Z, . . . Write

T ′(n)− 1 =
∑
i≥0

θi+1∑
k=θi+1

1{(1+τ
(1)
−η1

)+...+(1+τ
(k)
−ηk

)≤n}

≤ θ1 +
∑
i≥1

(θi+1 − θi)1{(1+τ
(θ1)
−ηθ1

)+...+(1+τ
(θi)
−ηθi

)≤n}

= θ1 +
∑
i≥1

(θi+1 − θi)1{(1+τ
(θ1)
−n0

)+...+(1+τ
(θi)
−n0

)≤n} a.s.

The latter random variable has the same distribution as

θ1 +
∑
i≥1

(θi+1 − θi)1{(1+τ
(1)
−n0

)+...+(1+τ
(i)
−n0

)≤n} =

T ∗(n)∑
k=1

(θk − θk−1),

where T ∗(n) := 1+
∑

i≥1 1{(1+τ
(1)
−n0

)+...+(1+τ
(i)
−n0

)≤n}, for n ∈ N0, is independent of η1, η2, . . ..

Summarizing, to prove (4.38) it is enough to show that, for all δ > 0,

n−(1−1/α+δ)

T ∗(n)∑
k=1

(θk − θk−1)
P→ 0, n→ ∞.

By the weak law of large numbers for the random walk (θi)i∈N, the latter holds provided
that

T ∗(n)

n1−1/α+δ

P→ 0, n→ ∞.

According to Lemma 2.1 in [1], P{τ0 > n} ∼ n−(1−1/α)L1(n) as n → ∞ for some L1

slowly varying at ∞. By Theorem T1 on p. 378 in [19],

lim
n→∞

P{τ−n0 > n}
P{τ0 > n}

= g(n0) ∈ [0,∞), (4.39)

where g is the potential kernel of Sξ. By Theorem P2 on p. 361 of the same reference,
g(k) > 0 for all k ∈ Z\{0} and particularly g(n0) > 0. This follows from the fact that
ξ has a symmetric distribution with unbounded support, so that Sξ cannot be a left- or
right-continuous random walk.

The sequence (T ∗(n))n∈N0 is the first-passage time (generalized inverse) sequence for
S1+τ−n0

. In view of (4.39) and g(n0) > 0, the distribution tail of 1 + τ−n0 is regularly
varying at ∞ of index −(1 − 1/α) ∈ (−1, 0). Then P{τ−n0 > n}T ∗(n) converges in
distribution to a random variable having a Mittag-Leffler distribution (the distribution of
an inverse (1 − 1/α)- subordinator evaluated at time 1), see, for instance, Theorem 7 in
[7]. Since, for all δ > 0 and any L∗ slowly varying at ∞, limn→∞ nδL∗(n) = ∞, relation
(4.38) follows.

The proof of Theorem 2.1(b) is complete.
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5 Appendix

Proof of Proposition 3.3. If condition (3.1) prevails, the result follows from a specializa-
tion of Theorem 2.11 on p. 172 in [6].

If condition (3.2) holds, then we argue along the lines of the proof of Trotter’s approx-
imation theorem (Theorem 4.2 on p. 85 in [15]). An additional useful information can be
found in Section 3.6 of the cited book.

We intend to show that (3.2) entails (3.1). Let (TA(t))t≥0 and (TB(t))t≥0 be strongly
continuous semigroups defined on Banach spaces A and B with infinitesimal generators
A and B and resolvents Rλ(A) := (λI − A)−1, λ > 0 and Rλ(B) := (λI − B)−1, λ > 0,
respectively. Let π : A → B be a continuous linear operator. We claim that, for f ∈ A,

Rλ(B)
(
πTA(t)− TB(t)π

)
Rλ(A)f =

∫ t

0

TB(t− s)
(
πRλ(A)−Rλ(B)π

)
TA(s)fds, t ≥ 0.

(5.1)
Indeed,

d

ds

[
TB(t− s)Rλ(B)πTA(s)Rλ(A)

]
f

= −TB(t− s)BRλ(B)πTA(s)Rλ(A)f + TB(t− s)Rλ(B)πTA(s)ARλ(A)f

= −TB(t− s)BRλ(B)πRλ(A)TA(s)f + TB(t− s)Rλ(B)πARλ(A)TA(s)f

= TB(t− s) [−BRλ(B)πRλ(A) +Rλ(B)πARλ(A)]TA(s)f. (5.2)

Recall that ARλ(A) = λRλ(A)− I. Hence, the right-hand side of (5.2) is equal to

TB(t− s) [−(λRλ(B)− I)πRλ(A) +Rλ(B)π(λRλ(A)− I)]TA(s)f =

TB(t− s) [πRλ(A)−Rλ(B)π]TA(s)f,

and integration in s ∈ [0, t] yields (5.1).
For n ∈ N0, denote by A(n) the infinitesimal generator of X(n). For n ∈ N, denote

by B(Gn) the Banach space of bounded measurable functions on Gn with the supremum
norm ∥ · ∥ (the same notation as for the supremum norm in C0(R)) and by πnf the
restriction of f ∈ C0(R) to Gn. Getting back to the setting of the Markov processes, put
A := C0(R), A := A(0), TA(t) := P (0)(t) and, for each n ∈ N, B := B(Gn), B := A(n),
TB(t) := P (n)(t) and πf := πnf .

For f ∈ C0(R),

∥(P (n)(t)πn − πnP
(0)(t))Rλ(A

(0))f∥ ≤
∥P (n)(t)(πnRλ(A

(0))−Rλ(A
(n))πn)f∥+ ∥Rλ(A

(n))(P (n)(t)πn − πnP
(0)(t))f∥+

∥(Rλ(A
(n))πn − πnRλ(A

(0)))P (0)(t)f∥. (5.3)

Relation (3.2) ensures that the first and the third terms on the right-hand side of (5.3)
converge to 0 as n→ ∞. When analyzing the second term on the right-hand side of (5.3)
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we first assume that f = Rλ(A
(0))g for g ∈ C0(R). It then follows from (5.1) that

∥Rλ(A
(n))(P (n)(t)πn − πnP

(0)(t))Rλ(A
(0))g∥ =∥∥∥∫ t

0

P (n)(t)
(
πnRλ(A

(0))−Rλ(A
(n))πnP

(0)(t)
)
P (0)(s)gds

∥∥∥.
The right-hand side converges to 0 as n → ∞ by (3.2) and the Lebesgue dominated
convergence theorem. Thus, we have shown that

∥(P (n)(t)πn − πnP
(0)(t))h∥ → 0, n→ ∞ (5.4)

with h = Rλ(A
(0))f = (Rλ(A

(0)))2g where g is an arbitrary function from C0(R), that
is, (5.4) holds for any h ∈ Dom ((A(0))2), the domain of (A(0))2. By Theorem 2.7 on p.6
in [15], Dom ((A(0))2) is dense in C0(R). Hence, relation (5.4) holds for any h ∈ C0(R),
which is equivalent to (3.1).
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