On a discrete approximation of a skew stable Lévy
process
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Abstract

Iksanov and Pilipenko (2023) defined a skew stable Lévy process as a scaling
limit of a sequence of perturbed at 0 symmetric stable Lévy processes (continuous-
time processes). Here, we provide a simpler construction of the skew stable Lévy
process as a scaling limit of a sequence of perturbed at 0 standard random walks
(random sequences).
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1 Introduction

Let &, &, ... be independent copies of a random variable ¢ with zero mean and a 1-
arithmetic distribution. The latter means that the distribution of £ is concentrated on the
set of integers Z and not concentrated on dZ for any d > 2. Denote by S := (Se(n))nen,
(Ng := NU{0}) the zero-delayed standard random walk with increments &, for n € N,
that is, S¢(0) := 0 and Sg(n) = & + ... + &, for n € N. Denote by D := DJ[0,00) the
Skorokhod space, that is, the space of cadlag functions defined on [0,00). We always
assume that D is endowed with the J;-topology and write = for weak convergence in this
space.

It is known (see, for instance, Theorem P8 on p. 23 in [19]) that S visits every integer
point, and particularly 0, infinitely often almost surely (a.s.). Let X := (X (n))nen, be a
Markov chain with transition probabilities

P{X(n+1) =j | X(n) =i} = P{Se(n+1) = j | S¢(n) = i}
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for integer ¢ # 0 and some other transition probabilities for ¢ = 0. The chain X can be
thought of as a standard random walk perturbed at 0. It is natural to ask to what extent
classical functional limit theorems for standard random walks, with scaling limits being
a Brownian motion or other stable Lévy processes, have to be adjusted in the presence of
a slight perturbation.

The answer is known in the case when o2 := E&? € (0,00) and the jumps from 0
have a finite mean. Investigation of this case was initiated in the seminal article [8] and
continued in many papers, a survey of relevant literature can be found in Section 1 of [9]
or [T4]. While the weak limit on D of 0=*v=1/2S¢(|vt]) as t — oo is a Brownian motion,
the weak limit of o~'v™/2X (|vt]) is a skew Brownian motion. The latter process is
a reasonable model of a diffusion in a media with semipermeable membrane and finds
numerous applications in ecology, chemistry, homogenization, geophysics and finance, see
the review paper [13]. Recall that a skew Brownian motion (W, (t));>o with permeability
parameter v € [—1,1] is a strong Markov process with W,(0) = 0 and the transition
density

pi(x,y) = wi(x —y) +ysign(y) oi(|z| +y]), t>0, v,y €R,

where @, (z) = (2mt) "2 exp(—2?/(2t)), t > 0, x € R is the density of a normal distribu-
tion with zero mean and variance ¢, see formula (17) in [I3]. This process behaves like a
Brownian motion until hitting 0, then its excursions “select” a positive or negative sign
with probabilities (1 + v)/2 and (1 — 7)/2, respectively, the subsequent evolution being
analogous. It is also known (see pp. 311-312 in [§]) that the skew Brownian motion is a
unique solution to the equation

Y(t) =W(t) +~vLy (1), t>0, (1.1)

where W is a Brownian motion and L} is a local time of Y at 0. According to the claim
on p. 312 in [§] there is no solution to if [] > 1.

To the best of our knowledge, the situation where o € (0,00) and the jumps from 0
have infinite mean was only investigated in [16] and [11] under the assumption that the
jumps from 0 are a.s. positive and independent with a common distribution belonging to
the domain of attraction a S-stable distribution, 5 € (0,1). In the latter paper allowance
is made that both £ and the jumps from 0 are real-valued, whereas in the former these
are integer-valued with ¢ being bounded from below by —1. The corresponding scaling
limit is a Brownian motion with jump-exit from 0 of infinite intensity, see Theorem 1.1
in [16] or Theorem 1.1 in [IT].

Let v € (1,2). If the distribution of £, generic jump of the unperturbed random
walk Se, belongs to the domain of attraction of a symmetric a-stable distribution, then a
scaling limit of S¢ is a symmetric a-stable Lévy process U, := (U,(t))i>0 with

Eexp(iz(Uy(t) — Ua(s))) = exp(—(t — 9)|2]%), z€R, t>s>0. (1.2)

One may ask how to define a skew stable Lévy process, that is, a skew version of U,”
This intriguing problem remained open for decades. A natural definition of a skew stable
Lévy process was given in the very recent paper [10]. We stress that the approach based
on selecting a sign of excursion of U, does not work because any excursion of U, attains



positive and negative values a.s. in any neighborhood of 0, see, for instance, Theorem 47.1
in [17].

The idea exploited in [I0] that we briefly outline below is to define a skew stable Lévy
process as a weak limit of specific small perturbations of U, at the times when the process
visits 0. Let (1, (o, ... be independent copies of a random variable ¢ with P{¢ = 0} = 0,
which are also independent of U,. For each ¢ > 0, we define an approximating process
Y. := (Yz(%))+>0 which has the same increments as U, between successive visits of Y. to 0
and makes a jump e( at the time o3, of the kth visit to 0. Here is a formal construction
of Y. piece-by-piece. For each ¢ > 0, with 6. denoting a random variable which satisfies
P{6. = 0} = 0 and is independent of U, and (3, (o, ..., put

05:=0, opy =inf{t >0 : Yo(op) + Us(t) — Ua(oy) =0}, k€ Ny,
Y.(0) :=0., Y.op) =¢C, keN,
Ye(t) := Ye(op) + Ua(t) = Ua(og), ¢ € [0}, 0441), k€ No.

To define a weak limit of Y, as ¢ — 0+ we need to recall the notion of the resolvent
of a Markov process. For a strong Markov process X, put

o(X):=inf{t >0 : X(t) =0}

with the usual convention that the infimum taken over the empty set is equal to +o0, so
that o(X) is the first hitting time of 0 by X. Denote by Ry and V¥ the resolvents of the
processes X and X Kkilled upon hitting 0, respectively, that is,

RYf(z) :=E, /OOO e MAX(t)dt, A>0

and
o(X)
Vi f(x) = Ez/ e MA(X(t)dt, A >0
0

for bounded continuous functions f : R — R. Sometimes, when there is no ambiguity, we
shall write Ry and V} in place of Ry and V¥.
Here is a slight reformulation of Theorem A in [10].

Proposition 1.1. (a) Let § € (0, — 1) and n* be a measure defined by
7 (dz) = (= L(—o0,0)(%) + ¢4 L(0,00) () |z " Pdz, z€R (1.3)
for nonnegative cy satisfying cy + c_ > 0. The function Ry defined by

Jo Vaf (y)n*(dy) E o—ho(Ua)
A Je Val(y)n(dy) ’
1s the resolvent of a Feller process. Here, the equality holds for any bounded continuous
function f: R — R.

(b) Assume that the random variables Y-(0) converge in distribution as € — 0+ to some
random variable 6.

Ryf(x) = Vaf(z) +

A>0, z€R (1.4)



If the distribution of ( belongs to the domain of attraction of a [-stable distribution,
p € (0,a — 1), then the processes Y. converge weakly on D to a process that starts at 0

and has the resolvent given in (1.4)) with c+ in (1.3)) defined by

. P{E(> o)
=T AN B> )

If E|¢| < oo or the distribution of ¢ belongs to the domain of attraction of a [B-stable
distribution with 5 € (o — 1,1), then Y. = 0 + U, on D as ¢ — 0+, where 0 and U, are
independent, and U,(0) =0 a.s.

The process Uy, g := (Uq, 5(t))s>0, with the resolvent given in (L.4), is defined in [10]
and called a skew a-stable Lévy process. It is a strong Markov process that behaves like
U, until hitting 0 and has a ‘jump-type’ exit from 0 of infinite intensity. The process U, g
is characterized in [I0] by means of Ito’s excursion theory and also as a solution to an
equation involving a local time. For instance, Y := U, g is a (weak) solution to

Y(t) =Y (0) + Us(t) + Ss(Ly (1), t>0,

where Sg is a 3-stable Lévy process, which is independent of U,, with the Lévy measure
being a constant multiple of n* in , and LY is the Blumenthal-Getoor local time of
Y at 0.

It is reasonable to expect that if a scaling limit of the perturbed random walk X exists,
it should behave like U, until hitting 0. We shall show that this is indeed the case and
that, furthermore, a scaling limit of X, which is precisely defined in Section , is Uq, 5.
This new result represents the main contribution of our article.

2 Main result

For a real-valued random variable 7 we shall denote by S, a standard random walk with
increments 7, for n € N, where 7, 7y,... are independent copies of 7. Assume that
the distribution of 7 belongs to the domain of attraction of a ~-stable distribution with
v € (0,2)\{1}. Then

P{|r| > 2} ~ z77(x), x— 0

and
P{r >z} ~ c;P{|7| >z} and P{—7 >z} ~c P{|7|>z}, z—

for some /¢ slowly varying at oo and some nonnegative ¢, and ¢_ summing up to one.
According to a classical Skorokhod’s result (Theorem 2.7 in [I§])

(%)20 = S, v oo (2.1)

on D, where ¢ is a positive function satisfying lim, ,. zP{|7| > ¢(z)} = 1 and S, :=
(S,(t))i>0 is a y-stable Lévy process with the characteristic function

E exp(izS,(t)) = exp(t|z|"(I'(2—7)/(y—1))(cos(my/2) —i(cy —c_) sin(my/2) sign z) (2.2)
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for z € R. Here, I" denotes the gamma function. If, for instance, P{|7| > 2} ~ Ax™" as
x — oo for a constant A € (0, 00), then one may take c(v) = (Av)/7. In general, c is a
function which is regularly varying at oo of index 1/7.

As in Section [1] let (X (n))nen, be a standard random walk perturbed at 0, that is, a
Markov chain with transition probabilities

P{¢ = j — i}, if i £ 0;
P{y =}, ifi =0,

where 7 is an integer-valued random variable with P{n = 0} < 1.

In addition to the conditions imposed on the distribution of £ in Section [I| we assume
that the distribution of £ belongs to the domain of attraction of a symmetric a-stable
distribution with a € (1,2). Thus, in the setting of the next to the last paragraph 7 = ¢,
v=a and ¢, = c; = 1/2. Further,

P{X(n+1)= | X(n)zz‘}z{

(SZ(([;};D)DO = Uy, v— 00 (2.3)

on D, where U, is a symmetric a-stable Lévy process satisfying (1.2)) and U, (0) = 0 a.s.,
and a is any positive function satisfying

lim «P{J¢] > a(x)} = ~(0(2 - a)/(a ~ 1)) cos(a,2).

The latter limit relation is a specialization of (2.1) and (2.2). Also, we assume that
either E|n| < oo or the distribution of 1 belongs to the domain of attraction of a §-stable
distribution with 5 € (0,1). In particular, in the latter case

<5n(LUtJ)
c(v)
on D and lim,,o(a(v)/c(v)) = 0 because o > f.
For each v > 0, let (X,(n))nen, be a Markov chain having the same transition prob-
abilities as (X (n))nen, but possibly satisfying a different initial condition. We are ready
to state the main result of the paper.

) = Sz, v— 00
>0

Theorem 2.1. Let © € R and assume that X,(0)/a(v) converges in probability to = as
v — 00.

(a) If the distribution of n belongs to the domain of attraction of a B-stable distribution
with 8 < a — 1, then

(Xv(Lth)

CL(U) )tZO = (Ua:ﬂ(th))tZ()? vV — OO

on D, where (U, p(x,t))i>0 is a skew stable Lévy process starting from x.
(b) If E|n| < oo or the distribution of n belongs to the domain of attraction of a B-stable
distribution with § > o — 1, then

Xy([vt])
(=

where Uy, is a symmetric a-stable Lévy process satisfying Uy(0) = 0 a.s.

>t>0 = (z+ Uo‘(t>)t20’ v — 00, (2.4)
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Our proof of Theorem [2.1| exploits a resolvent approach and bears significant similarity
to the proof of Proposition (1.1, which can be found as Theorem A in [I0]. In the cited
article, the skew a-stable Lévy process was constructed as a scaling limit of small pertur-
bations at 0 of a symmetric a-stable process. The main achievement of Theorem is
a new construction of a skew stable Lévy process as a scaling limit of locally perturbed
standard random walks. On the technical side, a passage from continuous-time processes
to random sequences requires at places additional non-trivial arguments. Last but not
least, part (b) of Theorem is a discrete-time counterpart of part (b) of Proposition
. We think our proof of Theorem (b) is much simpler than the proof of Proposition
1.1|(b), see the proof of part (b) of Theorem A in [I0].

There is an essential difference between the cases E€? = 02 € (0, 00) and 0 = co when
the perturbations have finite means or more generally are sufficiently light-tailed. In the
latter case, according to Theorem (b) the perturbations have no effect asymptotically,
and the scaling limit of the locally perturbed standard random walk is, up to a shift, the
same as the scaling limit of the unperturbed random walk. In the former case, according
to the results discussed in the third paragraph of Section [I] the scaling limit of a locally
perturbed standard random walk is a skew Brownian motion, rather than a Brownian
motion (the scaling limit of the unperturbed random walk).

3 Auxiliary results

In this section we collect several results on convergence of functions and processes in the
space D. We start by formulating a fragment of Theorem 13.2.2 on p. 430 in [20].

Proposition 3.1. Forn € Ny, let (fn,gn) € D x D. Assume that, forn € N, g, are non-
negative and nondecreasing, that go is continuous and increasing, and that limy, o (fn, gn) =
(fo, 90) in the Jy-topology on D x D. Then lim, . fn 0 g, = fo© go in the Jy-topology on
D, where o denotes composition.

The following fundamental result, called the Skorokhod representation theorem, allows
us to treat convergence in distribution as an a.s. convergence. We present it as given in
Theorem 3.30 on p. 56 in [12].

Proposition 3.2. Let (0,,)nen, be random elements in a separable metric space and as-
sume that 6, converges in distribution to 0y as n — oo. Then there is a probability space
and a sequence (én)neNo defined on this space such that, for each n € Ny, 0., has the same
distribution as 0,, and

lim 6, =60, a.s.
n—oo

Remark 3.1. Let ((fn, gn))nen, be a sequence of stochastic processes in D x D, whose paths
a.s. satisfy the assumptions of Proposition 3.1} An appeal to Proposition [3.2] enables us
to deduce the weak convergence f, o g, = foogoon D as n — oc.

Proposition |3.2]is applicable both in the aforementioned setting and in the other parts
of the paper because all the function spaces appearing in the text (the spaces of continuous
functions, monotone functions, bounded cadlag functions) are measurable subsets of D,
see, for instance, p. 429 in [20].



Let (X (t))t>0 be a time-homogeneous Markov process on R with a family of transition
probabilities
P(t,z,A) =P{X(t) e A| X(0) =z}

for t > 0, 2 € R and Borel sets A on R. Denote by (P;):>0 and Ry the semigroup and the
resolvent of X defined by

Pf(z) = E. f(X(1)) = / f@)P(tx.dy), >0

and
R/\f(x):/ e—MPtf(x)dt:/ e ME, f(X()dt, z€R,A>0
0 0

for bounded continuous functions f : R — R.

Let Cy(R) be the Banach space of continuous functions on R vanishing at +0c0 equipped
with the supremum norm || f|| = sup,cg |f(z)|. Recall that a Feller process is a strong
Markov process which has a strongly continuous semigroup on Cy(R) and possesses a
cadlag modification. In the sequel, we tacitly assume that the paths of a Feller process
itself are cadlag.

In the proof of Theorem [2.1| we intend to approximate a Feller process taking values in
R by a sequence of continuous time Markov chains taking values in subsets of R. Further-
more, the subsets are different for different elements of the sequence. As a preparation,
the phase spaces of X XM in the following result are allowed to be different.

Proposition 3.3. Let X be a Feller process on R and, for each n € N, X™ ¢ time-
homogeneous Markov process on G,, a subset of R, with paths in D, where Gy, Ga,...
are possibly different, and transition probabilities P™(t,x, A) fort > 0, x € G, and
Borel subsets A on G,,. For each n € Ny and A\ > 0, denote by (P (t));>0 and R(A") the
semigroup and the resolvent of X ™.

Assume that the random variables X ™ (0) converge in distribution to X©(0) asn —
oo, and one of the following two conditions holds:

1) for each f € Cy(R) and each t > 0,

lim sup [P f(x) — B f(x)| = 0; (3.1)

n—00 l‘eGn

2) for each f € Co(R) and each X > 0,

lim sup |R f(z) — R f(z)] = 0. (3.2)
n—o0 zeGp
Then
X" = XO n oo
on D.



The proof of Proposition [3.3] will be given in the Appendix.
Let
o =1nf{t >0 : X(t) =2"}

be the first hitting time of z* and V¥ the resolvent of X killed at z* which is defined by

Vaf(x) = V¥ f(z) = E, / e NpX (D), zeR.

The next result provides a useful representation of the resolvent of X.

Lemma 3.1. For any strong Markov process X,
Ryf(z) = Vif(z) + Eze "= Ry f(z*), z€R. (3.3)
Proof. This is a standard fact, see, for instance, formula (1.2) on p. 133 in [4]. O

Let @ > 0 be a fixed parameter, 7 a random variable with P{7 = 0} = 0, and X a
Feller process that visits 0 a.s. for any starting point x € R. Construct a holding and
Jumping process X, , as follows. The process starts at x and behaves like X until the first
visit to 0. Then it spends at 0 a random period of time having an exponential distribution
of mean 1/a. Afterwards, it makes a jump, whose size has the same distribution as 7, and
then behaves like X until the next visit to 0. The evolution just described then iterates,
and all the excursions are independent (an excursion is a path between two successive
visits to 0). The so constructed process X, , is strong Markov.

Given next is the result that can be found in formula (2.2) on p. 137 in [4].

Lemma 3.2. Let R* be the resolvent of holding and jumping process X, .. Then, for
A >0,

«£(0) + B[R] _ a” £(0) + E(A)(7)]
al+ AE, (1 — e ) al+E[(VA1)(1)]
where V) is the resolvent of X, , killed at 0 and o is the first hitting time of 0 by X, ,.

AR (0) =

(3.4)

Observe that the resolvent of X, , can be calculated with the help of Lemma (with
z* =0) and Lemma

4 Proofs
4.1 Proof of Theorem [2.1](a)

We find it useful to Poissonize, for each v > 0, the process (X, (|vt])/a(v))t>o. To this end,
let (N(t))+>0 denote a Poisson process on [0, c0) of unit intensity, which is independent of
((Xy(k))reng Joso. For each v > 0, define now X, := (X,(t))i0, a Poissonized version of
(Xo([vt])/a(v))i=0, by

> X, (N (vt))

X,(t) == o) t>0.



The Poissonized version )?U is a continuous-time Markov chain. The sizes of its jumps
are the same as those of (X,(|vt])/a(v))i>0, but unlike in (X, (|vt])/a(v))i>o the jumps
occur at random epochs given by the successive positions of a standard random walk with
exponentially distributed increments of mean 1/v. The process X, is an instance of the
holding and jumping process discussed in the paragraph preceding Lemma |3.2] The main
reason behind using the Poissonization in the present setting is availability of formula
B4).
For each T' > 0,
lim sup [v'N(vt)—t|=0 as. (4.1)

V=00 t(0, T

Since the limit function is non-random, continuous and increasing, Proposition and
Remark [3.1] tell us that the weak limits of (X, (|vt])/a(v)) and (X,(N(vt))/a(v)) are the

same, provided these exist. In particular, it is enough to prove that

Xy, = Uy, v—00 (4.2)

on D. For later use, we note that, according to Proposition 3.1 and Remark [3.1] relations

[2.3) and (4.1)) entail

Sy = Uy, v— 00 (4.3)

on D, where S, := (Se(N(vt))/a(v))io-
We intend to prove (4.2]) with the help of Proposition . Since U,, g and X, v > 0
are strong Markov processes, invoking Lemma (with z* = 0) yields, for A > 0,

Ry f(x) = V™7 f(2) + E,e MW r) B9 £(0), z€R

and N N I
RY f(I/a(v)) = Vi f(1/a(v)) + Eyjame IR F(0), 1€ Z.

By Proposition 3.3 ({.2) follows if we can show that, for each f € Cy(R) and A > 0,

lim sup Vi f(1/a(v)) = V3™ f(1/a(v))] = 0, (4.4)
v o0 c
lim sup |El/a 7J)e o(X0) _ El/a(v)e*/\U(Ua,a)‘ =0 (4.5)
v—00 =Y/
and
lim \RX £(0) = R} (0 )| = 0. (4.6)
V—> 00

Observe that, for each v > 0, the conditional distribution of (X, (k) 1{k<s(x,)})ken,
given X, (0) = x is the same as the conditional distribution of (S (k) Lir<o(se)})ken, given
Se(0) = x. This implies that

Ve =V A>0 (4.7)
and, for each | € N, ]El/a(v)e_w(x“) = ]El/a(v)e_”’(gv) = Eje=WvoSeeN) X > (. Here,

the last equality follows by a direct computation. Also, the condltlonal distribution of
(Ua, 5(t) Lit<o(, 5)})e=0 given U, 5(0) = z is the same as the conditional distribution of
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(Ua(t) Lit<owa)y)ezo0 given Uy(0) = x. This entails V/\Ua‘ﬁ = V%, A > 0 and, for each

2 €R, Eye?Wap) = E e ?la) X\ >0. Asa consequence, ([4.4]) and (4.5) are equivalent

to B
li_)m slug ]V/\Svf(l/a(v)) — V)\U‘*f(l/a(v)ﬂ =0 (4.8)
v o0 c
and
lim sup |Ey/qpe ") — Eyjgpe 7]
V—00 =/

= lim sup ‘Ele_(A/U)U(SSON) — El/a(v)e_)‘o(Uo‘)} =0. (49)
V—00 =Y/
Another application of Lemma (with * = 0) to strong Markov processes U, and
Sy, v > 0 enables us to conclude that, for A > 0,

RY f(x) = VU f(z) + Bpe U RV£(0), 2z €R

and N ~ o
Ry f(l/a(v)) = Vi f(1/a(v)) + Eijawe IR £(0), 1€ Z.

Thus, if we can prove (4.9) and

lim sup \Rf“f(x) — R f(z)| =

V—00 z€ER

lim sup ‘ /000 (Ef(x + Se(N(vt))/a(v)) — Ef(z + Ua(t))>e_’\tdt‘ =0 (4.10)

V—00 z€ER

for f € Cy(R), then holds. Once this is done, the only remaining thing is to check
(1.6).

ProOF OF (4.10). Note that each f € Cy(R) is uniformly continuous and put, for v > 0,
W (Y) 1= SUD, yer, jz—yj<y |f(T) = f(y)]. Let (v)ren be any sequence of positive numbers
satisfying limy_,o, vx = 00. Using together with the Skorokhod representation theo-
rem (Proposition we conclude that there exist (Svk)keNa versions of (gvk)keN, and U,,

a version of U,, such that R )
lim S, (t) = U,(t) a.s.

k—o0

on D. In particular, this entails the a.s. convergence for almost all £ > 0 with respect to
Lebesgue measure. Hence,

lim sup /OO IEf(z + Se(N(vit))/a(vi)) — Ef (x + Uy(t))]|e dt

k—=oo xR Jo

lim sup /OO]E‘f(a: +8,.(1) = flz+ 0a(t))‘e_’\tdt

[e.e]

<lim [ E[(w;(S, () —Ta@®)) A @] fI)]eMdt =0,

k—o0 0

10



where the last equality is justified by the Lebesgue dominated convergence theorem. Since
the diverging sequence (vy)gen is arbitrary, the proof of (4.10) is complete.
It follows from Corollary 18 on p. 64 in [2] that

E e Wa) — M, rE€R, A>0, (4.11)
uA(0)
where vy (z,y) = vA(y — =), x,y € R is the density of the resolvent kernel of U,. Actually,
according to the last cited result, formula is valid for any Lévy process, whose
resolvent kernel is absolutely continuous with a bounded density. In view of the fact that
vy is an even function, Theorem 19(iii) on p. 65 in [2] entails

1 [ cos(z0)
= — do € R. 4.12
nie) =1 [ (1.12)
To prove ({.9) we first derive in Corollary i.1| a formula for E;e (%) As a prepa-

ration, we start with an auxiliary result.

Lemma 4.1. Let Y := (Y (k))ren, be a Markov chain on a finite or countable set G. For
r* € G, put 0 := 0, :=inf{k € Ny : Y(k)=2"}. Then

ug(z, )

E,s” = ., xeG, |s| <1, (4.13)

us(x*, x*)
where us(z, %) = >, S*P{Y (k) = 2* | Y(0) = 2} forz € G.

In particular, if z* = 0, Y(k) = S, (k) for k € Ny and (Y (k))ren, lives on the lattice
G = aZ for some a > 0, then

us(—x)
E.s” = 7 1 4.14
CES US(O) Y xz E a Y |S| < Y ( )
where
ua(r) = ug(x,0) = > $"P{S, (k) =0 | S-(0) = x} = Iy () + Y _ s"P{S, (k) = —x}.
k>0 k>1
Alternatively, ‘
(—)—i/ﬂide €az, |s| <1 (4.15)
us(—) = o 1= sEaer x €at, |s . :

Proof. Denote by R the resolvent of Y, so that

R.f(z) =) s'Ef(Y(K), z€G, |s|<1

k>0

for bounded measurable functions f : G — R. The Ry satisfies a formula similar to (3.3))

—_

Rof(x) =Y S"E,f(Y(k)) +E,s"R,f(z*), z€G, |s| <1
0

q

B
Il
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Put f(z) = L1iz+y(z). Then R, f(x) = us(x,x*), x € G, |s| < 1, whereas the first summand
on the right-hand side vanishes. This proves (4.13]). Formula (4.14]) is just a specialization
of (4.13]). To prove (4.15)), write with the help of Fubini’s theorem

D u(—x)e™ =1+ Y Y PG (k) = ate™ =1+ ) s> P{S (k) =z}l

r€aZ x€aZ k>1 k>1 real

1
-1 Fe'’T) T Eao <1, 0eR.
+k2>25 — sEelf7’ 5 ’

With this at hand, (4.15)) is an immediate consequence of a standard inversion formula. [

We stress that a continuous-time formula (4.11)) rests on non-trivial potential-analytic
results, whereas a discrete-time formula (4.13)) is rather simple.

Corollary 4.1. Let the assumptions and notation of Lemma[4.1] be in force. Denote by
(N,(t))i=0 a Poisson process on [0,00) of intensity p > 0, which is independent of Y, and
put Y(t) = Y(N,(t)) fort > 0. For z* € G, put 0 := 0, == inf{t >0 : Y(t) = 2*}.

Then
Uy(r, %) ug(z,x")

E, e = ., zeG, A>0, (4.16)

0,\(15* r*)  ug(x*, )
where s = p/(A+ p) and U\(z,2*) = [~ e e MP{Y (t) = z* | Y(0) = x}dt.

In particular, if x* = 0, Y(k) S(k) for k € No and (Y (k))ken, lives on the lattice
G = aZ for some a > 0, then

in(=x) _ us(=1)

IEwe_’\g = = = ,
ux(0) us(0)

x€aZ, \>0, (4.17)

where s = p/(A+ p) and
n(z) = tr(z,0) = /0 h e MP{Y (t) =0 | Y(0) = z)dt
- /0 T MBS (N, (1)) = —a}dt.

Proof. The first equality in (4.16)) follows from (3.3)) and the argument used for the proof
of (4.13). To prove the second equality in (4.16) we shall derive a formula relating the

resolvent R} of Y to the resolvent R of Y. By a repeated application of Fubini’s theorem

Ry f(z) =E, [ eMfY()dt= [ e ™Y e ot FY (K))dt

’ /0 / k>0

R ko-Ootgy — L N~ (P -
EM: PR (Y / o (v dt_/\+p§k20:(/\+p> IE:,,Cf<Y</<:))_A+ Raf(2),

where s = p/(A+ p). Putting f(z) = 1+ (2) for z € G, we infer

tn(z,2%) = (A + p) tug(w, %)

12



for x € G and the same s as before, thereby justifying the second equality in (4.16]).
Formula (4.17)) is a specialization of (4.16)). O

ProoOF oF (4.9). We shall prove (4.9) in an equivalent form:

lim sup ‘ELIQ(U)J e~ (W/v)o(SeoN) _ Ean(v)J/a(v)e_Aa(Uo‘) = 0. (418)

vV—00 zER

We shall use the following representation: for x € R,

T 19 |za(v)|
—(A/v)a(SeoN) — o, (— =
E o) © ta(—[za(v)])/us(0) /1—s¢ d9// 1_S¢

T 19|_acav)J d
/)\—l—vl— //_W)\—i-vl— ¥(0))

ma(v) 10an v)J/a v)
_ / / / 40 (4.19)
ra(v) )\‘I"U(l - 0/0/ /\+U 1- (9/&(1))))

with s = v/(v+ \) and ¥(0) = Eel% for § € R, where the first equality is a specialization
of (4.17) for Y =S¢, p =1 and a = 1, and the second equality follows from (4.15)) with
7 = &. Further, by (4.11)) and (4.12)),

E —Xo(Ua) :/ COS( L /CL de//
(20(v)]/a(0)® i ;) + - T ga

19 |za(v)] /a(v)
_/R A+ 0] //Aﬂe\a

Summarizing, (4.18)) is a consequence of

. ‘ / 19 |za(v)]/a(v) " / ei@I_za(v)J/a(v) d@‘ 0 (4 20)
im su — | ——————df| =0. .
% o) 12 | S nay A+ 00— $(07a@) " Je A0
To prove this, write, for any A > 1, some ¢ € (0, 7) to be specified later and large enough
v,
‘ / 19|_cca(v)j/a(v) " / ei@an(v)J/a(v) de‘
—ra(r) A T V(1 =¥ (0/a(v))) R A+|0]°
1 1 deo
. e
/_A o0 00a) AL St AT 00— G a(0)
de / de
+ —_— =:I(v,A)+J(v, A)+ K(A)+M (v).
Joos T s o= G = 10 AP AP AP0

A specialization of (2.3)) to a one-dimensional convergence entails

lim v(1 — $(0/a(v))) = |0]° (4.21)

V—00
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locally uniformly in 6, whence lim,_, I(v, A) = 0.

Relation (4.21)) entails
o L= 0620

w2 [T =9(1/a(v))
which shows that the functions 6 — |1 —(0)], 6 > 0 and 6 — |1 — (—6)|, & > 0 are
regularly varying at 0 of index «. By an analogue of Potter’s bound (Theorem 1.5.6 in
[3]), given ¢ € (0,1) and § € (0, — 1) there exists € > 0 such that

vl =9 (0/a(v)] > c(10]°° A 16]77°) (4.22)

)

for all § € [—ea(v),ea(v)] and large v. Hence,

dg
J(v, A) < e = 0, A oo

Also, trivially,
lim K(A) = 0.

A—oco

Since the distribution of ¢ is l-arithmetic by assumption we conclude that ¥(6) = 1
if, and only if, = 27n, n € Z. In particular, min.<jg<. |1 — ¢(¢)| > 0. Thus,

M) < a(v) 2(m —¢)

- —0, v— o
v min.gjgi<x |1 — (0)]

because a is regularly varying at oo of index 1/« < 1.
Combining fragments together we arrive at (4.20]), which completes the proof of (4.9).
ProOF OF (4.6)). It follows from (3.4)) with 7 = n/a(v) that, for A > 0,

\RE ) — LO/ BN fat)] _ fO)/0 BN w/ate)] o

1/v+ E[(V/\le)(n/a(v))] 1/v+ E[(V/\g”l) (n/a(v))]

where the last equality is secured by (4.7). Comparing a specialization of formula ((3.3)
for U,, g and (1.4]) we infer, for A > 0,

oV )y (da)
Jo VI L@ (de)

where n* is a measure defined in (|1.3)) with nonnegative cy satisfying

ARS™ £(0)

P{+n >z} ~ ciP{ln| >z}, z— (4.24)
(so that necessarily ¢; + c— = 1). Hence, (4.6) is equivalent to

po ELOR" D @fa()] _ Jo W flay (d)
v B[V 1) (n/a(v)]  Jo VA" L(@)n(do)

(4.25)

for f € Co(R).
Our proof of (4.25) is based on auxiliary facts to be discussed next.
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Lemma 4.2. Assume that the function x — P{|n| > x} is regularly varying at +oo
of index —f € (—1,0), and relation holds. Let (gu)u=0 be a family of uniformly
bounded measurable functions which satisfy the conditions:
1) for a continuous function g

lim sup |g.(z) — g(z)| = 0;

U= peR

2) for some positive constants ug, ¢, a constant vy € (0,1 — 3) and a nonnegative constant
r

lgu(2)] < c(|z] +7/u)’™, zeR, u > u. (4.26)
Then Eg, (/1)
. Gull]/ U *
B e g = (@) €

Remark 4.1. By uniform boundedness of (g,)u>0, if inequality (4.26)) holds for all z in
some vicinity of 0, then it holds for all x € R. Formulating (4.26]) in the present form
makes the subsequent proof notationally simpler.

Proof. This result is an extension of Lemma 2.4 in [10]. Here, we treat a family (g, )u>0,
whereas the cited result dealt with a single function g, say.

Write

Egu(n/u) = / gu@)d, F(uz), u>0,

where F'is the distribution function of . Given § > 0 there exists a ugs such that
|9u(@) = g(@)] < 2e((|x| +7/u) A O, 2R
whenever u > us. Now we prove that

lim Jr (] +7/w) A O)PTT — (] A 0)*7)d F ()
o P{ln| > u}

= 0. (4.27)

Indeed, let u satisfy w > r /0. Then using

(2] +7/u) A8 = (|2 A 8T = (877 — [a|*™) L5151 (J2])

+ (el +r/w)?™ = |2]757) To,5-r s (|])
we conclude that the contribution of the first summand on the right-hand side to the
expression under the limit in (4.27) does not exceed

) fi s uciates o F ) 594 (B{Jn| > ud — r} — B{|¢| > ud})
P{ln| > u} P{ln| > u}
This converges to 0 as u — oo. The remaining piece of the expression under the limit
in (4.27) is equal to
flrlﬁé—T/u ((lz] + 7/w)Pt = |2]P*7)d, F (uz) pB+e
P{in| > u} — uP{n| > u}
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The right-hand side also converges to 0 as u — oo. We have used subadditivity of
z — 2P on [0,00). The proof of (4.27) is complete.
Using (4.27) for the inequality and Lemma 2.4 in [I0] for the equality we infer

. sup‘fR x)d, F(ux) ng x)d F( ux)‘
wsoo | P{n] > u} P{ln| > u}
_ 2¢ [ (2] A 6)PTd, F (ux)
<1 R —9 NPT (dr).
< R ) WAGIRRIE

Sending 6 — 0+ and invoking the Lebesgue dominated convergence theorem we conclude
that the right-hand side vanishes. The proof closes with another application of Lemma
2.4 in [10]. We omit further details. O
Lemma 4.3. Given ¢ € (0, (a— 1) A (2 — «)) there exist positive vy and cq, which do not
depend on x and v, such that

1 a—1-6
]Etgm(v)J (1 — ei(A/v)U(S‘EON)> < CQ(|.Z'| + —> , r€eR, v>u.

a(v)
Proof. Since the left-hand side is bounded from above by 1 it suffices to prove the in-
equality for z satistying ||za(v) || < a(v).
Let £ > 0 be the same as in (4.22). Using (4.19)) and changing the variable we obtain,
for z € R,

—(A/v)o(S¢oN
JELM(U)J<1—e (A/v)o(Se ))

_ inblza(v)]/(ea(v) a(v) a9
‘/wv A+l (7T9/5a )/’/mv))\%—v 1-— (Q/a(v)))"

In view of (£.20) the denominator on the right—hand side converges to [, (A + |0]*)~'d#
as v — 00. Invoking (4.22)) in combination with

L =(rl/(ea(v))| _ @
T () a ) (%)

we arrive at a counterpart of (4.22): given § € (a — 1) A (2 — ),
vl = w(78/(ea(v)))] = (|17 A 10]*7)

3

for all 0 € [—ea(v),ea(v)], v > vy and some finite positive constant ¢;. Hence,

‘ / - 17r0[:ca( )]/ (ea(v) ‘sm 7'['9'_.1'@ J/(2€CL( )))‘de
—ca(v) >\+v (7r9/(€a |9|a+6/\ 0]~
| |za(v)]] 1—a—s Hfm a 10 [ sin(n6/(2¢))]
< 2 (MWLl [7 gji-a-sgg g5 d¢
- cl< 2ea(v / 6 i ( 6]~ >

: C%%)“ - < fel + ﬁ)a”

for = satisfying ||xza(v)]| < a(v). Our choice of § ensures that all the integrals in the last
centered formula converge. m
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PRrROOF OF (4.25). For z € R, A > 0 and bounded continuous functions f : R — R, put

V() = /OOO eE(f(Se(N(v1)/a(0))ISe(N (1)) = Lza(v)]) 155,50 dt
— ! /Ooo A/v)tE( (Se(N(t))/a(v)|Se(N(t)) = an(v)J) Lo (scon)>ey dt. (4.28)

Similarly, we define, for x € R and A > 0,
V1) = A Elnato) o) (1 = € 5) = N E oy (1 = e”¥/07GeM) - (4.29)

The functions VS“ f and VS“ 1 are piecewise constant interpolations of VS vf and VS“l re-

spectively, satisfying Vs“f( ) = VS”f( ) and VS” 1(z) = VS” 1(z) for each z € (a(v))™'Z.

Let A > 0 be fixed and f € Cy(R) which partlcularly implies that f is uniformly
continuous on R. We intend to apply Lemmawith u=a), gV =Vf ¢? =vl1,

= V)\S” f and gq(f) = V/\Svl. It is not obvious that the so defined g&l) is a function of
a(v) alone. To justify, observe that, without loss of generality, we can assume that a is
strictly increasing and continuous, so that the inverse function a=! exists. Then v=! and
A/v on the right-hand side of are equal to 1/((a™! o a)(v)) and A\/((a™! o a)(v)),
respectively.

Now we check that the so defined functions satisfy the assumptions of Lemma [4.2]
(Uniform) continuity of ¢t is secured by boundedness and uniform continuity of f in
combination with the Lebesgue dominated convergence theorem. (Uniform) continuity of

2) follows from

Viel(z) = A Ep(1 —e W)y gz e R (4.30)
in combination with (4.11)) and (4.12)). The uniform convergence

lim sup [g80 (@) — o) ()| = Jim sup |V £ (@) = Vi (@) = 0
v o T€

uU—00 z€ER
is guaranteed by (4.8]) and uniform continuity of VAU" f = ¢W. Analogously, the relation

lim sup |g,* (x) — g ()] = lim sup V(@) = V1) = 0

U= gcR 0 zeR

follows from ([4.30), and uniform continuity of V,\"*1 = ¢®. Uniform boundedness of
(gz(f))wg follows from representation and entails uniform boundedness of (gff))wo
via
V& F@)] < |IFII VR 1(z), = €R (4.31)
for f € Co(R). We apply Lemma with 0 € (0,(a —1—08) A (2 — «)). While the
functions gf?) satisfy withy=a—-1-8-4,c= A"1c (\is from , o is from
Lemma and r = 1, the functions gq(Ll) do so as a consequence of .
Thus, all the conditions of Lemma are satisfied, and an application of Lemma

yields (4.25)) and thereupon (4.6]).
The proof of Theorem (a) is complete.
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4.2 Proof of Theorem [2.1(b)

We shall work with a particular realization of the Markov chain X = (X (n))nen,, still
denoted by X and defined by

X(n) + &npr-1(my, if X(n) 7_'é 8’ (4.32)

X(nt1)= {X(n) + D7), it X(n)

for n € Ny, where T'(n) := >} _ Lixx=oy and ni, ns,... are independent copies of 7,
which are also independent of &7, &, .... We claim that the so defined X can equivalently
be represented as follows:

X(n)=X0)+Se(n—T(n—-1)+S,(T'(n—1)), neN, (4.33)

where S¢(0) = 5,(0) =0 a.s.
To check this, write

X(n+1)—X(n)=8:(n+1-T(n)) —Se(n—T(n—-1))+5,(T'(n)) —S,(T'(n —1)).
Observe now that X (n) # 0 if, and only if, T'(n — 1) = T'(n) and that on this event
X(n+1) = X(n) = Sen+ 1= T(n)) - Se(n — T(0)) = &uv1-100

which is in line with (4.32). On the other hand, X (n) = 0 if, and only if, T'(n — 1) =
T(n) — 1 and on this event

X(n+1) = X(n) = 5 (T(n)) = 5y(T(n) = 1) = 1),

which is again in agreement with .

Put T(—1) = 0. Using with X,(n) replacing X (n), X,(0) replacing X (0) and
T, (n) replacing T'(n), where T, is a counterpart of 7" which corresponds to X, we conclude
that relation holds if we can show that

(Sg(LUtJ — To,(|vt] — 1))) —~ U v oo (4.34)
a(v) >0 “ ‘

on D and, for all 5 > 0,
supicpo, 1] |99 (To([vt] = 1))| o

0 . 4.35
2(0) — 0, v— (4.35)
Assume that we can prove that, for all 6 > 0 and all ¢ > 0,
T,([vt]) e
I-1ats — 0, v— oo. (4.36)

The sequence (7,(n))nen, is a.s. nondecreasing, and formula (4.36]) implies that, for all

t>0, v 'T,(|vt]) % 0 as v — oo. Hence, for all ¢; > 0,
|vt] — T,(lvt] — 1) P

sup —t‘ — 0, v —o0.
€0, 1] v

18



Here, the limit function is deterministic, increasing and continuous. The latter limit

relation can be combined with (2.3)) into
(&(LM) Lot] — To([vt] — 1)

a(v) ’ v

) = (Uy,I), v— o0
£>0

on D, where I(t) := t for t > 0. The left-hand (right-hand) side in (4.34]) is composition of
the coordinates on the left-hand (right-hand) side of the last limit relation. By Proposition

and Remark [3.1] (4.34) follows.
To prove (4.35)), write, for any v > 0,

sUPeo, o] [Sn(To([0t] = DI _ Sy (To(Lvto)))
a(v) B a(v)

< Sm(Tu([vto])) o Sl )
- a(v) {Ty(vto])>yvl—1/a+3} a(0) .

In view of , the first term on the right-hand side converges to 0 in probability, as
v — 00. To analyze the second term, recall that the function a is regularly varying at oo
of index 1/a.

If E|n| < oo, then choosing any ¢ € (0,2/a — 1) and invoking the weak law of large
numbers for S}, we infer

Sm(h;}(l;)l/a%“ 50, v— o (4.37)

If the distribution of 1 belongs to the domain of attraction of a S-stable distribution with
B € (a—1,1), then so does the distribution of |n|, and according to (2.1)), S, (v)/c(v)
converges in distribution to a positive 3-stable random variable. For any ¢ € (0,a (8 —
(a — 1))) (such a choice is possible because 8 > a — 1) lim,_q, c([ 0!~ ]) Ja(v) = 0
and thereupon holds true.

It remains to prove (4.36). Observe that, for v,z > 0 and n € Ny, P{T,(n) >
x| X,(0) # 0} < P{T,(n) > z|X,(0) = 0}. In view of this, we assume in what follows that
X,(0) =0 a.s. and write T'(n) for T,,(n). Relation holds if we can show that

T(n) P
m — 0, n— oc. (438)

The random variable 7'(n) has the same distribution as

/ [p—
T'(n) =1+ Z ]1{(1+r£1,21)+...+(1+r£’j7>k)gn}’ n € No,
k>1

where (7',51)) kEZ (7',52)) kez, - - - are independent copies of (73 )rez, which are also independent

of my, 1a,.... Fix any ng € Z\{0} satisfying
po :=P{X(1) =no | X(0) =0} =P{n =ne} > 0.
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Put 6y := 0 and 0,y := inf{j > 0, : n; = no} for i € Ny. The random variables 6,
0y — 61, ... are independent and have a geometric distribution with success probability py,
that is, P{0; = k} = (1 —po)*1po for k € N. Also, 0y, 0, ... are independent of (Tél))kez,

(T]?))kez, ... Write

01
! —
T (n) —1= Z Z 1{(1+T(_1731)+,..+(1+T(_Ii7)k)§n}
i>0 k=0,+1
<6+ ;(eiJrl — ;) 1{(1+T§6n1;1)+...+(1+r£932i)Sn}
=0, + Z(9i+1 — 0;) 1{(1”&3)+...+(1+T(_9,f;()))§n} &S

i>1

The latter random variable has the same distribution as

T*(n)
91 + Z(0i+1 - 01) ]l{(l-i-TSlT)LO)+~--+(1+T£i%0)§n} = Z (ek - 91@*1)7
i>1 k=1

where T*(n) := 1 +Z¢21 ]l{(l_i_T(_lT)LO)+.”+(1+T(_i7)10)
Summarizing, to prove (4.38) it is enough to show that, for all § > 0,
*(n)
pn~ -1/t Z (O — O—1) 50, n— oo
k=1

<ny for n € Ny, is independent of 1y, 19, .. ..

By the weak law of large numbers for the random walk (6;);cn, the latter holds provided
that T (n)
n P
T ijate — 0, n— oo
According to Lemma 2.1 in [1], P{ry > n} ~ n~("Y9L;(n) as n — oo for some L,
slowly varying at co. By Theorem T1 on p. 378 in [19],

lim P{T_n, >n}

n—oc P{ry > n} = 9(m) €0, 00), (4.39)

where g is the potential kernel of S¢. By Theorem P2 on p. 361 of the same reference,
g(k) > 0 for all £ € Z\{0} and particularly g(ng) > 0. This follows from the fact that
¢ has a symmetric distribution with unbounded support, so that S¢ cannot be a left- or
right-continuous random walk.

The sequence (T*(n))nen, is the first-passage time (generalized inverse) sequence for
Si4r_,,- In view of and g(ng) > 0, the distribution tail of 1 + 7_,, is regularly
varying at oo of index —(1 — 1/a) € (—1,0). Then P{7r_,, > n}T*(n) converges in
distribution to a random variable having a Mittag-Leffler distribution (the distribution of
an inverse (1 — 1/«)- subordinator evaluated at time 1), see, for instance, Theorem 7 in
[7]. Since, for all § > 0 and any L* slowly varying at oo, lim,, ;. n’L*(n) = oo, relation
follows.

The proof of Theorem [2.1|(b) is complete.
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5 Appendix

Proof of Proposition[3.3. If condition prevails, the result follows from a specializa-
tion of Theorem 2.11 on p. 172 in [6].

If condition holds, then we argue along the lines of the proof of Trotter’s approx-
imation theorem (Theorem 4.2 on p. 85 in [15]). An additional useful information can be
found in Section 3.6 of the cited book.

We intend to show that entails (3.1)). Let (T4 (?))>0 and (T5(t)):=0 be strongly
continuous semigroups defined on Banach spaces A and B with infinitesimal generators
A and B and resolvents Ry(A) := (Al — A)™}, A >0 and Ry\(B) := (Al — B)™', A > 0,
respectively. Let 7w : A — B be a continuous linear operator. We claim that, for f € A,

Rx(B) (WTA(t) - TB(t)w> Ry(A)f = /Ot Ti(t — s) (mA(A) - R)\(B)W> Ta(s)fds, t>0.

(5.1)
Indeed,
STt — ) RA(B)TTa(s)Rr(4)] ]
= —Tp(t — s)BRA(B)mTa(s)RA(A) f + Ts(t — s)Rx(B)nTa(s)ARN(A) f
= —TB(t — S)BR (B)T('R)\(A)TA S)f + TB(t — S)R)\(B)WAR)\<A)TA(S)f
= Tg(t — s) [-BRA(B)TRA\(A) + Rx(B)TAR\(A)| Ta(s)f. (5.2)

Recall that AR)(A) = AR)(A) — I. Hence, the right-hand side of (5.2)) is equal to

Tp(t — ) [~(ARA(B) — I)mRA(A) + RA(B)m(ARA(A) — I)] Ta(s) f =
Tp(t = s) [TRA(A) = Ba(B)7| Ta(s)

and integration in s € [0, ¢] yields (5.1)).

For n € Ny, denote by A™ the infinitesimal generator of X™. For n € N, denote
by B(G,) the Banach space of bounded measurable functions on G,, with the supremum
norm || - || (the same notation as for the supremum norm in Cy(R)) and by m,f the
restriction of f € C'O(R) to G- Getting back to the setting of the Markov processes, put
A = Cy(R), A := A T,(t) := PO(t) and, for each n € N, B := B(G,,), B := A™
Tp(t) := P("()andwf =T f.

For f € Co(R),

1P (), — 7 PO () RA(AO) f]| <
1P (8) (1 RA(A) = Ra(A™) ) £ + | RA(A™) (™ () — 7 PO(E) fI|+
I(BA(A™) 7, — 7 RA(A)) PO f|. - (5.3)

Relation (3.2]) ensures that the first and the third terms on the right-hand side of (/5.3])
converge to 0 as n — oo. When analyzing the second term on the right-hand side of (/5.3])
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we first assume that f = Ry(A®)g for g € Cp(R). It then follows from (5.1)) that
IBA(A™) (P (), — m0 PO () RA(A ) g =
t
| / PU(E) (7 RA(A®) = Ry (A", PO(1)) PO (s)gds |
0

The right-hand side converges to 0 as n — oo by (3.2) and the Lebesgue dominated
convergence theorem. Thus, we have shown that

(P (), — T, PO()A|| =0, n— oo (5.4)

with h = R\(A©)f = (R\(A®))2g where g is an arbitrary function from Cy(R), that
is, holds for any h € Dom ((A®)?), the domain of (A®)2. By Theorem 2.7 on p.6
in [15], Dom ((A(®)?) is dense in Cy(R). Hence, relation holds for any h € Cy(R),
which is equivalent to (3.1)). 0
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