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Some central limit theorems for critical beta-splitting trees”
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Abstract

We further explore a connection initially unveiled in Iksanov (2025) between critical
beta-splitting trees and infinite ‘balls-in-boxes’ schemes. Using the connection, we
derive a new joint central limit theorem for components of the height of a leaf chosen
uniformly at random in the discrete version of a critical beta-splitting tree. Also, we
obtain a joint central limit theorem for the heights in the discrete and continuous
versions of a critical beta-splitting tree.
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1 Setting and result

For 3 € (-2, +00) and integer m > 2, define the probability distribution ¢(*)(m) :=
(¢P(m,i), 1 <i<m—1)by

1 TB+i+DI(B+m—i+1)

¢ (m.) := a®(m)  Tl+1D(m—i+1)

i=1,2,...,m—1,

where T is the Euler gamma function and a(?)(m) is the normalizing constant. Following
[2], we construct a random rooted tree called beta-splitting tree with n leaves by
recursively splitting the set {1,2,...,n} of ‘elements’. There is a left edge at the root
leading to a left subtree with G,, elements {1,2,...,G,} and a right edge leading to
a right subtree with n — G,, elements {G,, + 1,G, + 2,...,n}. Here, G, is a random
variable with distribution q(ﬂ)(n). Recursively, each set of m elements with m > 2 is split
into two subsets, with a left subset having a random size with distribution ¢‘#) (). The
procedure stops once all sets of elements have become leaves (singletons). Here is a
possible realization of the procedure with n = 5:

[12345] — [12][345] — [1][2][34][5] — [1][2][3][4][5]- (1.1)
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CLTs for critical beta-splitting trees

The beta-splitting tree with § = —1 is called critical. For the critical trees,
@ Dmiy= "L o m,
2hm—1 z(m — Z)
where h,, = Z;"‘:l 1/j. The term ‘critical’ stems from the fact the leaf heights are
of order n=#~! for 3 # —1, whereas these are of order logn for 3 = —1. A detailed

investigation of the critical beta-splitting trees was undertaken very recently in a series
of papers [3, 5, 7], see also [6, 9, 14, 15]. The state of the art can be traced via the
dynamically changing arXiv article [4].

There are two versions of this construction: discrete and continuous. In the discrete
construction, the edges are assumed to have lengths 1, whereas in the continuous
construction, the edge emanating from a subset of size m > 2 has a random length with
the exponential distribution of mean 1/h,,—;. Let L,, and D,, denote the heights of a
leaf chosen uniformly at random in the discrete and continuous versions of a critical
beta-splitting tree with n leaves, respectively. The terms ‘edge-height’ for L,, and ‘time-
height’ for D,, are also used. As the splitting procedure proceeds, the sizes of subtrees
containing a uniformly chosen leaf decrease from n to 1. For j € IN, j < n — 1, denote by
L, ; the number of the size j decrements in a sequence of the sizes of those subtrees.
Referring back to (1.1) and assuming that a uniformly chosen leaf is 3, the sizes of
subtrees are 5, 3, 2and 1, Ls = 3, Ls1 = 2, Lsp = 1 and Ls3 = Ls4 = 0. Plainly,
Ly =35 Lyjand Y7} jLa; =n—1.

In Theorem 1.7 of [7], the following central limit theorems were proved. Let
Normal (0, 1) denote a random variable with the normal distribution of zero mean and

. . d e
unit variance. As usual, — denotes convergence in distribution.

Proposition 1.1. Asn — oo,

Ln — (2¢(2))" ' (log n)?
((2¢(3)/3(¢(2))3)(log n)3)1/2

where ((s) :=>_,,n"° fors > 1, and

4 Normal (0,1), n— oo,

Dy, — (¢(2)) "' logn
((2¢(3)/(¢(2))%)logn)1/2
The proof in [7] was based on an asymptotic analysis of recurrences satisfied by

u — Ee*l» and u — Ee*Pr for u > 0 and n € N, respectively. The recurrences are
actually consequences of the distributional equalities

<% Normal (0,1), n— oo.

Ly2 Loy, +1, n>2 D,2Dyy +7, n>2 D=L =0, (1.2)

where 4 denotes equality of distributions. Here, J, is independent of (Lj, D)r>2 on the
right-hand sides and has distribution

1

P{J, =k} = oy

k=1,2,....,n—1,

and 7, is independent of J,, and (Dy)r>2 and has the exponential distribution of mean
1/h,—1. In a more recent article [15], the central limit theorem for L, was derived
from Theorem 2.1 in [16], which provides sufficient conditions ensuring the validity of
a central limit theorem for distributional solutions to recurrences like (1.2) and more
general ones. Even more recently, the scope of that approach was extended in [9].
Among other things, this enabled the authors of [9] to prove a central limit theorem for
the total length of a continuous-time critical beta-splitting tree with n leaves as n — .
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The purpose of this note is to prove® the joint convergence of (Lns-- s Lnj, Ly, Dy),
properly centered and normalized, as n — oo for each j € IN.

Theorem 1.2. Asn — oo,
( L, — (2¢(2))"(logn)? D, —(¢(2)) ' logn
(2¢(3)(¢(2))~?(logn)*)1/27 (2¢(3)(¢(2)) 2 log n)*/2

where W* := (W*(u))ye0,1) is a standard Brownian motion.
For any fixed j € IN, asn — oo,

)4 (/Olw*(u)du,w*(n), (1.3)

Loy — (¢(2)r)""logn d —3\1/2, —1yp* —1/2
(P ") L, S (@)™ AW (1) + (€)Y
(1.4)
for the same Brownian motion W* as in (1.3). Here, Y1, Y3,...,Y; are independent

random variables with the standard normal distribution, which are independent of W*.
Also, limit relations (1.3) and (1.4) hold jointly.

Remark 1.3. Observe that E[( [, W*(u)du)2] = 1/3. This explains the fact that the
denominator of the fraction involving L,, in Theorem 1.2 differs by the factor 3~'/2 from
that in Proposition 1.1.

It was shown in [14] that, for each n € N, there is a connection between beta-splitting
tree with n leaves and certain ‘balls-in-boxes’ scheme with n balls and infinitely many
boxes. Using that connection, discussed in some detail in Section 2, we provide in
Section 3 a reasonably simple proof of Theorem 1.2.

2 Our strategy

It is important for what follows that the distributional equalities in (1.2) hold true
jointly, also together with the corresponding distributional recurrences for (L, 1, ..., Ly ;),
jeN j<n-1 Fixsuchaj Forn >1, put X, := (Lp1,...,Ln;,Ln,Dy) and
Y, = (]].{anl}, ceey ]]'{Jn:j}’ 1, Tn). Then

X, L X,y +Y,, n>2 X;=1(0,0,0,...,0). (2.1)
—_——
Jj+2 zeros

Let S := (5(t))+>0 be a subordinator (an almost surely increasing Lévy process) with
S(0) = 0, zero drift, no killing and the Lévy measure v defined by

—T

e
v(de) = o= 1(0,00) () da. (2.2)

Let F1,..., F, be independent random variables with the exponential distribution of unit
mean, which are independent of S. The closed range of S has zero Lebesgue measure
and splits the positive halfline into infinitely many disjoint intervals that we call gaps. To
obtain the aforementioned ‘balls-in-boxes’ scheme, take the gaps in the role of boxes
and the points of the exponential sample in the role of balls. Denote by K, the number
of gaps occupied by at least one E;, j = 1,2,...,n. Also, for j € IN, j < n, denote by K, ;
the number of gaps occupied by j elements of the exponential sample F,..., FE,. Note
that K, = >7 | Ky jand )7 jK,; = n.

Put S (t) := inf{u > 0: S(u) >t} fort > 0 and E,, ,, := max(E1,...,E,) forn € IN.
Here is the basic observation which enables us to connect critical beta-splitting trees
with the ‘balls-in-boxes’ scheme.

1This article is partly based on the unpublished manuscript ‘Another proof of CLT for critical beta-splitting
tree’ by A. Iksanov written in May, 2024. That manuscript contained a new proof of the joint distributional
convergence of (Ly, D,). New results on the distributional convergence of (L 1,..., Ly, j, Ln, Dn) were
obtained by A. Nikitin and R. Yakymiv.
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Proposition 2.1. Foreachn > 1 andeachj €N, j <n,

(Ln+1,17 sy Ln+1,j7 Ln+17 Dn+1) g (Kn717 sy Kn,j7 Kn7 S<—(En,n))

With this at hand, limit relation (1.3) in Theorem 1.2 is a consequence of the following
result, in which v is a nonzero Lévy measure, not necessarily the same as given in (2.2).
Put

D(t) := /(0 ) (1 —exp(—t(1—e™")))v(dz), t>0,

my := Var [S(1)] = /(0 )xQV(dx), my = E[S(1)] = /(0 )a:y(da:).

Theorem 2.2. Assume that t — ®(e') is regularly varying at oo of positive index 3 and
thatm, € (0,00). Then, as n — oo,

(K" —m [y Ry 5B~y o8
(mom; *logn)1/2®(n) ~  (mgm; ®logn)l/2

KN (5 /1 Wil — u)uﬁfldu,W(l)),

where W := (W(u))ue[o,u is a standard Brownian motion.

Now let v be as in (2.2). According to a Hurwitz identity (see, for instance, formula
(23.2.7)in [1D),

1
m, = / 2 v(dz) = / z7 (=log(l —z))"dz =T(r + 1)¢(r +1), r>0,
(0,00) 0

where T is the Euler gamma function. In particular, m; := {(2) and my, = 2¢(3). Further,

1—e%

O(t) = /(o,oo) (1 —exp{—t(1—e *)})r(dz) = /0oo (1 —exp{-t(1—e")})
= /t y M1l —e ¥)dy =logt+v+0("), t—o0, (2.3)
0

where v = fol y~ (1 —e¥)dy — ["y~'e ¥dy is the Euler-Mascheroni constant. This
shows that 5 in Theorem 2.2 is equal to 1 and

/ Y~ 1(y)dy = (logn)2/2 + v logn + o(logn) = (logn)2/2 + o((logn)*'2), n — co.
1

Thus, limit relation (1.3) in Theorem 1.2 does indeed follow from Proposition 2.1 and
Theorem 2.2.

In view of Proposition 2.1, limit relation (1.4) and the joint convergence in Theorem
1.2 follow from Proposition 2.3 given next. We write ®(") to denote the rth derivative of
.

Proposition 2.3. Let j € IN. Assume that
O(t)=logt+c+0O(t™ ), t— o0 (2.4)

for some constants ¢ € R and ¢ > 0, and that v has a continuous density on (0, o0)
and satisfies v([y,]) = O(e™®) as y — oo for some § > 0. Assume also that, for each
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r = 1,...,j, the function t ~ (—1)"*'®(")(¢)t" is nondecreasing on (1,00). Then, as
n — oo,
Ky — (m7)"'logn d —3y1/2,.-1 —1/2
( (Togn) 172 )ISTSJ‘ = ((mom )2 W (1) + (rmy) Z’“)lgrgj (2.5)
for the same Brownian motion W as in Theorem 2.2. Here, Zy, Z>, . .., Z; are independent

random variables with the standard normal distribution, which are independent of W.
Also, limit relations of Theorem 2.2 and Proposition 2.3 hold jointly, namely, as n — oo,

((Km, — (myr)~1 logn) K, — (2m;)"'(logn)? S (E,,)—mn' logn)
(logn)t/2 1<r<j’ (logn)3/2 ’ (logn)t/2
1
S ((mamy )2 W)+ (rm) "22,) s (mam )2 [ W (w)du, (mom )2V (1)),

0
(2.6)

We shall derive relation (2.5) from Theorem 15 in [12]. The distributional convergence
of K, as stated in Proposition 2.3 was earlier obtained in Theorem 12 of [12]. The proof
of this result given in [12] is different from our proof of Theorem 2.2.

The measure v as in (2.2) has a continuous density on (0, co) and satisfies v([y, oc]) ~
e Y as y — oo. According to (2.3), the corresponding ¢ satisfies (2.4) with ¢ = ~ and
any ¢ > 0. Further, forr € N, put F,.(t) ;== 1 —e (1 +t+t2/2+... +t""1/(r — 1)!) for
t > 0. Thus, F. is the distribution function of a gamma distributed random variable with
parameters r and 1. It can be checked with the help of mathematical induction that

(=) 4 M () = (r — 1)!IF.(t), t>0.
In particular, the function ¢ — (—1)"*'#"®(")(¢) is increasing on [0, c0). Thus, Proposition
2.3 applies to the ‘balls-in-boxes’ scheme with v as in (2.2).
3 Proofs
Proof of Proposition 2.1. For fixed n € IN and each ¢ > 0, put
N,(t) =#{1 <k <n:E;,>S(@#)}.

Then N,, := (N,(%))t>0 is a decreasing integer-valued continuous-time Markov chain
which starts at n and gets absorbed at 0. The variable S (E,, ,,) is the absorption time
at 0. According to Theorem 5.2(i) in [11], N,, goes from m to m — k with probability

(7]?) f() - (1 _ e—w)ke—z(m—k)y<dx) m\ 1l 211 — pym—kdy
(0,00) _ k) Jo
31 (0) Jo o (L —em)hematm=Ru(da) 370 () fy 2kt (1 — 2)mHda
1
= k=1,2,...,m.

Thus, denoting by J;; the number of exponential points (out of n) falling into the left-most
occupied gap we infer
1
P{Jy =k} = =P{Jup =k}, k=12....n

Let 77 be the time of the first decrement of NV,,. This random variable has the exponential
distribution with mean

1 1

izt (i) f(o,m)(l —e T)kez(n=F)y(dz)  h,’
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Fix any j € N, j < n. Now, with X} = (K,1,..., K, ;,K,,S (E,,)) and Y} :=
(Lgge=1y,---, Lgg==jy,1,7,;) for n > 1, we infer

XX L4V, n>1, X;=(0,0,0,...,0),

j+2 zeros

where J is independent of Y,* and (X})x>1 on the right-hand side. Comparing this
distributional equality with (2.1) completes the proof of the proposition. O

Proof of Theorem 2.2. Let D([0,1]) be the Skorohod space of cadlag functions defined
on [0, 1] equipped with the .J;-topology. In what follows, = denotes weak convergence
on this space. It is a standard fact that

(S(ut) —myut

-W t
(mgt)1/2 )uG[O,l] = ( (U))uem’l]’ -

(it is more convenient to write here —W (u) rather than W(u)). By inversion (see, for
instance, Lemma 1 in [17])

(S“(ut) —my tut

(mom; 3t)1/2 )ue[oyl] = (W(w)ueoy, ¢ = o0 (3.1)

Specializing this to one-dimensional convergence and recalling that E,, , —logn converges
in distribution to a random variable with the Gumbel distribution we conclude that

— -1
57 (Enn) —m;_logn 4 W(l), n—oo.

(mom ® log n)1/2

This demonstrates the distributional convergence of the second coordinate in Theorem
2.2. The distributional convergence of the first coordinate was proved in Theorem 3.1(a)
of [10]. Thus, we only need to combine these into the joint convergence.

For each t > 0, put

SE(t(1 —u)) —my (1 — u)

Wi = ,
t(U) (m2m1—3t)1/2

u € [0,1].

An inspection of the proof of Theorem 3.1(a) of [10] reveals that the distributional conver-
gence of the first coordinate in Theorem 2.2 is driven by that of f[o 1 Wi (u)d, (®(e™)/P(eh)).
Thus, we are left with showing that, for all real a;; and as,

a1 W(0) + a2 Wi(u)du (®(e™)/ (")) = / (1 W(0) + a2 Wi (u))du (2(e™) /@ (e"))
[0,1] [0,1]

1 1
LN ﬂ/ (a1W(1)+a2W(1fu))uﬁ71du:041W(1)+0z25/ Wl —w)u’~tdu, t— occ.
0 0

Since, for each t > 0, u — ®(e'*)/®(e!), u € [0,1] is the distribution function of a
nonnegative random variable, lim;_, . (®(e/*)/®(e!)) = u” for each u > 0 and, in view
of (3.1), (a1Wt(0) + QQWt(U))ue[O,l] = (OQW(I) + O[QW(I — u))ue[o’l] as t — oo, this
convergence is secured by Lemma 4.2 (a). The proof of Theorem 2.2 is complete. O

Proof of Proposition 2.3. Let 7 := (7 (t)):>0 denote a Poisson process on [0, +00) of unit
intensity. For » € IN and ¢ > 0, denote by K(¢,7) the number of gaps that contain r
elements of the Poissonized sample E1, ..., Eq .
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By Theorem 15 in [12], under the assumptions of Proposition 2.3, excluding the
monotonicity assumption, for any fixed j € N,

d
— (Xr)lgrgjy n — oo,

(Kn’r — (my7r)~tlog n)
(logn)1/2 1<r<j

where (X,)1<,<; is a centered Gaussian vector with E[X, X,] = mom; ® (rs) ~1+1,_) (m7) ™!
forr,s=1,2,...,7. Also,

(K(t, r) — (m7r) " Llogt

d
(logt)1/2 )199‘

— (Xr)lgrgjy t — 00, (32)

see p. 596 in [12]. The formula for the covariance entails that
XT = (m2m1_3)1/27d712+(m1T)71/22T7 r= 1727"'7j7

where Z, Z,,...,Z; are independent random variables with the standard normal distri-
bution. It remains to identify Z with W (1), where W is a Brownian motion as in Theorem
2.2. To this end, we use a decomposition, forr =1,...,7,

K(e',r) —ml_l/t hew)dy = (K('r) = [ he(t = 2)dS* (@)

0 [0, ]

+ (/M he(t —2)dS* (z) —mp /Ot hr(y)dy) =: A(t,r) + B(t,r),

where h,(t) := (=1)"F1(r1) 710 (et)e™ for t € R. We shall show that
(B(t, r)

t1/2 )1953'

S (mom )V 2W () (1 1<pey,  t— 00, (3.3)

where (W (u)),e[o,1) is @ standard Brownian motion as in (3.1), and that

t
/ hy(y)dy = r~'logt + O(1), t— ooc. (3.4)
0

In view of (3.2), we then have

(A(t,r)

qd —1/2 '
1172 )198, = ((mr) Zy)1<r<j, t— 00.

Finally, these together with the argument given in the proof of Theorem 2.2 will justify
formula (2.6).
Proof of (3.3). We intend to check that, for any a4, as,...,a; € R,

Sloiar g, bt —2)d(S< (2) —my ') a J
(momy *1)1/2

Integrating by parts we conclude that the left-hand side is equal to

(0,1]

(momy *t)1/2 (mom; *t)1/2

r=1

Forr =1,...,j, the functions h, are nondecreasing by assumption and satisfy lim;_,, k. (t) =
r~! by Lemma 4.1. Also, relation (3.1) entails

(S‘_(t(l —2)) —my 't(1 — ) = (W1 —=2))uepor), t— o0

(mom [ 3t)1/2 >ze[0,1]
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in the Ji-topology on D([0,1]). With these at hand, an application of Lemma 4.2(b)
ensures that

J “(t) —m; ! “ —z)) —m; (1 — =z

(mom; )1/2 (mom; )1/2
S WY ah (0)+ W) S an(r = ke (0) = W(1) S ar .
r=1

r=1 r=1

r=1

Proof of (3.4). We use mathematical induction. If r = 1, then
t
/ hi(y)dy = ®(e*) — ®(1) =logt + O(1), t— oc.
0

Assume that (3.4) holds with = s. Then using this together with h,(t) = O(1) as t — oo,
we infer

/t hsy1(y)dy = he(t) — hs(0) + s(s + 1)1 /t he(y)dy = (s +1)"tlogt +O(1), t— oo.
0 0

The proof of Proposition 2.3 is complete. O

4 Appendix

Here, we collect a couple of auxiliary results. Recall that
O(t) = / (1 —exp(—t(1 —e™)))v(dx), t>0.
(0, OO)

Lemma 4.1. Let ¢ > 0. The relation

lim (®(At) — ®(t)) = clog A (4.1)

t—o0

for all A > 0 implies that, for each r € NN,

lim (—=1)" 1470 () = ¢(r — 1)1, (4.2)

t—o00

Conversely, if relation (4.2) holds for some r € IN, then (4.1) holds.

Proof. Since @’ is a nondecreasing function, relation (4.1) is equivalent to lim;_,, t®’'(¢t) =
c by Theorem 3.6.8 in [8]. For the converse part of the lemma, assume that (4.2) holds
for some r > 2. Applying Karamata’s theorem (Proposition 1.5.10 in [8]) » — 1 times we
obtain (4.2) with r = 1.

For the direct part, assume that (4.2) holds with » = 1. Now we shall prove by
mathematical induction that it holds for all » € IN. Indeed, let (4.2) hold with r =
k. By Bernstein’s criterion, the function ®’ is completely monotone. In particular,
(=1)*+2®(*+1) is a nonincreasing function. Now (4.2) with » = k + 1 follows from a
version of the monotone density theorem (see the remark following Theorem 1.7.2 in
[81). O

The second result is essentially Lemma 6.4.2 in [13].

Lemma 4.2. Let a,b > 0. Assume that X; = X ast — oo on D([0,a]) in the J;-topology.
(a) If (1)¢>0 is a family of finite measures such that v, converge weakly to v ast — oo,
where v is a finite measure on [0,a] which is continuous with respect to Lebesgue
measure, then

[ ]Xt<y>ut<dy> 4 [ ]X<y>u<dy>, t = oo,
0,a 0,a
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(b) If f : [0,00) — [0, 00) is a nondecreasing function satisfying lim;_, ., f(t) = b, then

. ]Xt<y>dyf<ty> L X(O040)(b - f(0+)), t— oo
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