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Abstract

It is shown that two conjectures put forward in the recent article Iksanov and Kostohryz
(2025) are true. Namely, we prove a functional central limit theorem (FCLT) and a law of
the iterated logarithm (LIL) for a random Dirichlet series 3° # as s — 0+, where 7,
72, ... are independent identically distributed random variables with zero mean and finite
variance, and Zp denotes the summation over the prime numbers. As a consequence, an

FCLT and an LIL are obtained for log}", -, n{% as s — 0+, where f is a Rademacher
random multiplicative function. -
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1 Introduction and main results

Let 11, 19,... be independent copies of a random variable 1 with zero mean and finite
variance, which live on a probability space (€2, F,P). We present in this article limit theorems
for a random Dirichlet series X (s) := >, z% as s — O+. Here and hereafter, > denotes
summation over the set P of prime numbers. By Kolmogorov’s three series theorem, for each
s > 0, the series defining X (s) converges almost surely (a.s.) and absolutely diverges a.s.

Let o > —1/2. Functional central limit theorems (FCLTs) and laws of the iterated logarithm
(LILs) for a random Dirichlet series > ., %nk have attracted some attention in the recent
past, see [1] for an LIL in the case a = 0 and P{n = +1} = 1/2, [4] and [12] for an FCLT and
an LIL in the cases @ > —1/2 and o« = —1/2, respectively. Theorem 4.1 in [16] is an LIL-like
result under the assumption that the distribution of 1 is symmetric y-stable for v € (0, 2].

Here are our main results. We start with an FCLT on C[0, o) the space of real-valued con-
tinuous functions defined on [0, 00) equipped with the topology of locally uniform convergence.
As usual, = denotes weak convergence in a function space.

Theorem 1. Assume that E[n] =0 and 0% = E[n?] € (0,00). Then

1 "lp
((log 1/5)1/2 zp: pl/2+st

)tZO = (0B(1))i>0, s— 0+
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on C[0,00), where (B(t))i>0 is a standard Brownian motion.

We proceed with an LIL. For a family (x5) of real numbers denote by C((xs)) the set of its
limit points as s — 0+.

Theorem 2. Assume that E[n] = 0 and 0% = E[n?] € (0,00). Then

C(((%Q log 1/5 i)gbglog 1/5>1/2 ;plj}g_‘—s 1S € (O,e—e)>) =[-1,1] as. (1)

In particular,

1 1/2
li 2
lsniglip <log 1/s loglog log 1/3) Zp: 1/2+ =V as. (2)

and

1 1/2
lim inf )Y = 3
Pt log 1/s logloglog1/s > 1/2+S V2o as. (3)

Although a triple logarithm appears in formulae (2) and (3), Theorem 2 is indeed an LIL.
According to relation (5) given below, E[(X(s))?] ~ 0?log1/s as s — 0+, whence

loglogE[(X(s))?] ~ logloglogl/s, s—0+.

Here, y(s) ~ z(s) as s — 0+ means that lims_,o4(y(s)/2(s)) =

Theorem 2 provides a significant improvement over Lemma 2.1 in [2] and Theorem 1.3 in
[6].

Theorems 1 and 2 were given as Conjectures 1 and 2 in the recent article [12]. It was shown in
the cited paper that the aforestated FCLT and LIL hold true with -, -, W replacing
Zp —7575- Actually, Conjectures 1 and 2 in [12] were due to a comment of one of the anonymous
referees of that paper. The authors of [12] did not know, and neither do the present authors, how
to derive the limit theorems for 3 ﬁ from the corresponding results for 3, -, (logk)f}%.

Let p1 < p2 < ... be the prime numbers arranged in the order of increase. The prime number
theorem ensures that pi ~ klogk as k — oco. In view of this, one expects intuitively that

o e
Ek: /245 Z (klog k)1/2+s Z (log ¥) 1/2k1/2+s s = 0+,

where =< denotes some form of asymptotic closeness, without precise meaning. Not being able
to make these asymptotic relations precise, we prove Theorems 1 and 2 by following the line of
reasoning worked out in [12]. Naturally, technical details differ at places. To keep things simple
at this point, we only note that #{k € N: k < x} ~ x as © — oo, whereas, by the prime number
theorem, #{p € P :p <z} ~ x/logz.

Next, we discuss an application to Probabilistic Number Theory. To match the notation
used in number-theoretic articles, we write f(p) in place of n, if P{n, = 1} = 1/2 for p € P.
Wintner in [15] introduced a Rademacher random multiplicative function f as a model for the
Mébius function. The function is defined by f(1) := 1, f(n) := [, f(p) for square-free n
(that is, those given by products of distinct prime numbers) and f(n) := 0 for n, which are
not square-free. Thus, for instance, f(6) = f(2)f(3), f(12) = 0 and f(30) = f(2)f(3)f(5). An
important open problem is to prove an LIL (or an appropriate counterpart) for > __ f(n) as
x — 00. As far as we know, the best one-sided results available at the moment are

‘ Z f(n ) = O(z"?(loglog #)%/**%), z — 0o aus. for all € > 0,

n<x



see Theorem 1.1 in [5], and that there a.s. exist arbitrarily large values of = for which

P ——"

n<x

see Theorem 1 in [11]. The two aforementioned papers provide surveys of earlier works, in which
weaker results have been proved. Distributional convergence of Zn< . f(n), properly normalized,
as x — oo does not seem to have been proved either, even in the sense of one-dimensional conver-
gence. Tt is shown on p. 99 in [10] that the distributional limit of (E[(3",, ., f(n))?])~Y/2, -, f(n)
is not Gaussian. B -

Recall that a Steinhaus random multiplicative function « is defined as follows. The variables
(a(p))pep are independent and uniformly distributed on {z € C : |z| = 1}, where C denotes the
set of complex numbers. Further, if n =[], p, then a(n) = Hp(a(p))bp. It was very recently
shown in [7], see also [9] for an important partial result, that z~'/2(loglogz)'/*>" _ a(n)
converges in distribution to a random multiple of a random variable with the standard complex
normal distribution.

We do not contribute directly to the open problems. By an application of Theorems 1 and 2,
we obtain an FCLT and an LIL for the logarithm of a random Dirichlet series with weights f(n).
It is known that F defined by F(s) := 3, o, f(n)n~1/27% for s > 0 admits an Euler product

representation
_ f(p)
F(s) =] (1+p1/2+8), s> 0. (4)

p
—1/2—s

Since the random series Zp f(p)p converges a.s. and the series Zp p~172% converges, this

representation particularly ensures that the series defining F'(s) converges a.s. The product on
the right-hand side of the last equality is strictly positive for each s > 0. Hence, the function
s+ log F'(s) is real-valued.

Corollary 1.

1 C(1 4 2st
((logl/s 1/2< gz 1/2+st = (2 )))tZO == (B(t))t207 s — 0+

on C[0,00), where (B(t))tz() is a standard Brownian motion, and ((r) ==}, yn~" forr > 1.

Corollary 2.

C<<<2log 1/s loiloglog 1/.9)1/2( gz 1/g+s 10g<(12+28)> P8 (O’eie))) =[-1,1] as.

Recall that, for k > 2, a positive integer number is called k-free if it has no divisor which is a
perfect kth power. In particular, a 2-free number is a square-free number. Define now a random
multiplicative function f by f(1) :=1, f(n) := [, f(p) for k-free n and f(n) := 0 for n, which
are not k-free. For instance, if k = 3, then f(12) = f(3)(f(2))? = f(3) and f(24) = 0. Our last
result demonstrates that, for & > 3, both FCLT and LIL for log >, o, f(n)n™'/?7% as s — 0+
are universal and take the forms which are slightly different from those in the case k = 2.

Corollary 3. Let k > 3. Then the statements of Corollaries 1 and 2 hold true with ‘—’ replacing
‘“+’. For instance,

1 log ¢(1 + 2s?)
((logl/s 1/2< ng 1/2+st - 2 - )>t20 = (B(t))z0, s— 0+

on C10,00).




Remark 1. While Corollaries 1 and 2 are results on fluctuations of Zn>1 n{/;ls (k1 kl}ms )12

as s — 0+, Corollary 3 is concerned with fluctuations of Zn>1 n1/2+s (k1 kl}ﬂs) 172,

Sums of independent random variables indexed by prime numbers and random Euler prod-
ucts like F in (4) pop up frequently in the number-theoretic literature, see, for instance, Section
5 in [13] and already cited Lemma 2.1 in [2] and Theorem 1.3 in [6], and Section 3 in [8].
To be more specific, we only mention that Theorem 3.1 in [8] provides a precise asymptotic
behavior with remainder of P{[],., (1 — g(p)/p)~! > z} and P{I[,<,(1 — g(p)/p)~t < 1/z}
as x and y tend to co. Here, for p € P, the g(p) are independent random variables with
P{g(p) = £1} = p/(2(p + 1)) and P{g(p) = 0} =1/(p + 1).

The remainder of the paper is organized as follows. We prove Theorems 1 and 2 in Sections 2
and 3, respectively. Our proof of Theorem 2 is necessarily more technical than that of Theorem
1. On the other hand, a chaining argument used in the proof of Theorem 1 rests heavily upon
the reasoning given in the proof of Theorem 2. Summarizing, it is more convenient to prove
Theorem 2 first. We explain in Section 4 how to derive Corollaries 1 and 2 from Theorems 1
and 2. Finally, a comment on the proof of Corollary 3 is given in Section 5.

2 Proof of Theorem 2

Put

g(s) ::Eszl%ﬂﬂ 202%:1,1_1%’ s> 0.

P
By Proposition A.3 in [6],
g(s) ~ o*log(l/s), s—=0-+. (5)

We obtain separately in Propositions 1 and 2 the upper bound for limsup and the lower
bound for lim sup, respectively. The reason is that the arguments beyond these two results are
essentially different. From now on, we write log® for log log log.

Proposition 1. Assume that E[n] = 0 and 0® = E[n?] € (0,00). Then

limsup( ! )1/22 1/2+ <V20 as. (6)
P

s—0+ “og1/s log® 1/s

and

1 1/2
lim inf > V20 as. 7
s—0+ (log 1/s log®) 1/8> zp: 1/2+s = (7)

Now we explain our strategy of proving (6). We split the sum Zp 1% into two fragments:
initial and final. It is shown in Lemma 1 that the contribution of the initial fragment vanishes.
We prove in Lemma 2 that the contribution of the final fragment vanishes, too if the variables 7,
are properly truncated. Lemma 3 is concerned with the final (principal) fragment of the series,
in which the variables 7, are differently truncated and also centered. Here, it is proved that
the desired convergence only holds along a sequence. The most involved preparatory result is
Lemma 4. It is shown in it, with the help of a chaining technique, that the convergence along
a sequence obtained in Lemma 3 can be upgraded to the convergence along the real numbers.
We note in passing that a complicating factor here is that the finiteness of exponential moments
of 7 is not assumed. Under the assumption E[e*7] < oo for all s > 0, a proof would have been
much easier and shorter.



As has already been stated, our proof of Theorem 2, and particularly of Proposition 1, follows
the path of the proof of Theorem 2 in [12]. The adaptation runs, for the most part, smoothly.
The only exception is that an extra effort is required for proving (the most troublesome) Lemma
4.

For s € (0,e7°), put

1 1/2
L(s) = .
(#) <210g1/3 log® 1/5)

Let M : (0,00) — N denote a function satisfying lims_,o+ M (s) = +oo and

M(s)
im
s—0+ log 1/s

= 0. (8)

Replacing 7, with 7,/ we can work under the assumption that 0% = 1. Thus, in what follows,
it is tacitly assumed that E[n] = 0 and E[5?] = 1.
Lemma 1. The following limit relation holds

: M _
Sl_l}r(glJr L(s) Z Pyl 0 as.
p<M(s)

Proof. Let p1 < pa < ... be the rearrangement of the prime numbers in the increasing order.
Put Ty := 0 and T}, == np, +... +np, for n € N, and then T"(z) := >, np for x > 1. Observe
that T*(z) = T),(, for * > 1, where p(x) := #{p € P : p < z}.
A functional LIL for standard random walks (see, for instance, Corollary 5.3.5 on p. 294 in
[14]) entails
max T3] = O((n Ioglogn)l/Q), n— 00 a.s.

According to the prime number theorem, p(x) ~ x/logz as x — oo. A combination of these
two facts yields

T (z)| = Ty | < 1<r]£1<a;((x) |Ty| = O((z1og logx/loga:)l/Q), T — 00 a.s. (9)

Integrating by parts we infer

(1 * s M(s) (o
I Ny (18

p M (s) pl/2ts 5] xl/2+s (M (s))1/? . 23/24s

Relation (8) entails lims_,04+ (M (s))® = 1. This together with (9) enables us to conclude that,
as s — 0+,

[T (M(s))] [T (M(s))]

Qi e~ e — OlesM(s) 7 (loglog M(9))' /%) = o(1).

Since lims_,o+ L(s) = 0, the latter ensures that

. T (M (s))]
R O

We are left with showing that

: M |7 (x))
81_1>%1+ L(s)/1 —3/2rs dz =0 as.



To this end, write, with the help of (9),

MO |1 () oy [ e
| e < (ma 1m0 [ e = (e T)O)

= O((M(s)loglog M(s)/log M(s))*/?), s—=0+ as.
Finally, (8) entails
M (s)loglog M(s)
im =
s=0+ log1/s log® 1/s

The proof of Lemma 1 is complete. O

Forpe P, 6 >0 and s € (0,e7°), define the event

- P P28 g(s)\ 1/2
Apo(s) = {|77p| > log log 1/s(log(3) 1/5> }

Lemma 2. For all 0 > 0,

. Mol 1 a,,005)
p>M(s)+1
and “ | }
. El1nplLa, 4(s)
B > i =0 (1)
p>M(s)+1

Proof. Put h(s) := (loglog1/s)(log® 1/5)/2. For s € (0,e7¢),
7pl L4, 4(s) [y
Z pl/QZ-s < Z 12 Lo V2> 0(g() V2 (h(s)) 1y A
p=M(s)+1 p=M(s)+1
The assumption E[n?] < oo entails

lim kY2 =0 as. (12)
k—o0
and thereupon supy1 (k~/2|nx|) < oo a.s. Since lim,_,04 ((g(s))/2(h(s))~!) = 400, we infer

Lp1r2p, 120090072 (h(5)) 1} = Lsupysy (k= 1/2{m))>0(9(s))1/2(h(s)) -1} = U

a.s. for small s. We have proved that the sum in (10) is equal to 0 a.s. for small enough s.
Relation (11) is justified as follows:

E“np“lA 9(5)] 1
> —pl/zfs < > P (1111191 (g(s))~1/2(s)ln|>p1/2}]

p>M(s)+1 p>M(s)+
E||n] > p/? | > k2
p<[0=2(g(s))~1(h(s))?n?] k<[0=2(g(s)) =1 (h(s))?n?]

< 207'E[n?(g(s)) " 2h(s) = 207 (g(s))"?h(s) — 0, s—0+.

<E

The proof of Lemma 2 is complete. O



In what follows, (A, ¢(s))¢ denotes the complement of A, 4(s), that is, for p € P, § > 0 and

€ (0,e7°), C 0 P25 g(s)\ 1/2
(Ap6(s)) ::{!np! < loglogl/s(log 1/3) }

Lemma 3. Fiz any v € (0,(v/5 —1)/2), pick any 0 = 0(y) satisfying

(1—7)(1+7)2%(2 —exp(2V2(1 +7)8)) > 1 (13)

and put s, := exp(—exp(n'~7)) for n € N. Then

lim sup L(sy,) Z nﬁ’/eﬁz) <1+~ as,
e P=M (s0)+1

where Tp.0(8) = 1pL(a, 4(s))e E[npﬂ(Apg () ] forp e P and s € (0,e°).
Proof. Since (1 —v)(1 +7)? > 1 whenever v € (0, (V5 — 1)/2), 6 satisfying (13) does indeed

exist.
Put L*(s) := (2¢(s) log® 1/s)71/2 for s € (0,e7°). Since L*(s) ~ L(s) as s — 0+, we can
and do prove the result, with L* replacing L. Put

* 77 70(8) —e
X(s)=L*(s) Z Z;/2+s’ s e (0,e7°).
p>M(s)+1 p

Using e® < 1+ z + (22/2)el*! for x € R and E[7,4(s)] = 0 we deduce, for u € R,

5= T o (st 20)

p>M(s)+1

(L 0 B

The inequality

1Tp,0(5)| < 1p| LA, p(s))e + ElnplLea, o(s))e]

1/2+s 1/2 1/2
< 20p < g(s) ) / < 29p1/2+5<7g(8) ) / a.s., (14)
loglog 1/5 \10g® 1/ log® 1/s

which is valid for p € P and s € (0,e¢), implies that

exp (JulL(5) 22N < ey (2010

p1/2+s 1Og(3) 1/8

Together with the inequalities E[(7],4(s))?] < 1 and 1+ 2 < e for z € R this gives, for u € R,

E[e"X()] < H exp <u2(L*(s))2 1 exp <\@9|uy>>

A 2 g 1y

2

u V20|u
Sexp<410g 1/s p(logigll/‘s)) (15)



An application of Markov’s inequality yields, for u > 0,

P{X(sn) > 147} < e (FVUE[euX (o))
2

ex
41og® 1/s,, P log® 1/s,,

gexp<—(1—|—7)u+

Putting u = 2(1 +v) log®® 1/s,, we conclude that

P{X (sn) > 1 47} < exp(—(1+7)*(2 — exp(2v2(1 +7)6)) log™ 1/s,,)
1
T (=) (+7)2(2—exp(2V2(1+7)0))

Thus, in view of (13), >_,5;P{X(sn) > 1+ v} < oo, and invoking the direct part of the
Borel-Cantelli lemma completes the proof of Lemma 3. 0

Lemma 4. Let (sy)nen be as defined in Lemma 3, where v € (0,1/2), and
M(s) = [log1/s/loglog1/s|, se€ (0,e °).
For s € [sp+1, 8n), the following limit relation holds

. "lp "lp _
dmre( 3 SEm- X Smln) =0 e
p>M(s)+1 p=M(spy1)+1

Proof. Using the fact that M is a nonincreasing function for the arguments close to 0, write, for
8 € [Sn+1, 8n);

M Tp
Z pl/2+s Z pl/2+snt

p=M(s)+1 p=M(spy1)+1
_ Tlp 1 1 _.
- Z p/2+s + Z (p1/2+s T P/ Hsnt )777’ = o1 (s) + Ina(s).
M(s)+1<p<M(sn+1) k>M (sn+1)+1

ANALYSIS OF I, 1(s). It will be proved more than we need, namely,

lim sup |[I,1(s)|=0 as.
n—r00 86[5n+17 sn}

We obtain with the help of integration by parts

M(sn+1) T* (.%')
3/2+s

_ T'(M(sngn)  TH(M(s) +1) s
Ini(s) = (M(5n32)) 172+ (M(s) + 1)1/2+s + (1/2 + )/M(S)+1

dz + o(1),

where, as before, T*(x) = >, np for z > 1. The term o(1) is equal to 0 if M(s) +1 ¢ P and is
equal t0 1pz(s)41(M(s) +1)71/27*

1)~1/2=5 = 0 a.s. Invoking formula (9) and lim, e (M (s541))** = 1 we infer

, otherwise. In view of (8) and (12), lims—o4 Nas(s)+1(M(s) +

[T (M(snt))| [T (M(sni1))| [T (M(sp41))]
(M (sn1)) /20 = (M (spp)) /2o (M (snt1))*/?

= O((loglog M (sp11)/log M(sn41))/?) =0, n— o0 as.




By a similar argument we conclude that

b O D]
n—oo S€[Sn+1, Sn) (M(S> +1

Further, for s € [sp+1, S| and large n,

M(Sn+1) * 3n+1)
< / u; gx)’dx < ( sup  |T*(y | /
M(s)+1 % [2+s y<M(sSp+1) s)+1

———dx

M(Sn+1 T (l’)
13/2+s

$3/2+S

2
<( sw [T"O)) 7 Syem = 0 sw [Tl
(l/SM(Sn+1) ) (M(s))!/2+s (ygmsnﬂ) ) (M(sn))1/2+5n+1

= O((loglog M (sp41)/log M(sp41))"?) — 0, n— o0 as.

We have used (9), limy, o0 (M (8p41)/M(sy)) = 1 and lim, oo (M (s,,))*"*+! =1 for the equality.
ANALYSIS OF I, 2(s). We claim that

1 1
lim sup E ( — )]77 11 1/2 =0 as. (16)
1/2+s, 1/2+s ) P17 {|np|>(p/ log p)'/? log n}
n—oo szsn+l pZM(sn+1)+1 p Sn+1 p S 'p
and ) )
lim sup ( — )E[\np\]l ~(p/1ogp) /2 lognt] = 0. (17)
o S>S"+1p>M(§+l)+1 pl/2+snt1  pl/2+s {Inp|>(p/ log p)'/? log n}
As before, let p1 < pa < ... be the sequence of prime numbers arranged in the order of

increase. By the prime number theorem, py/logpr ~ k as k — oo. We note for later use that
this implies that, given ¢ € (0, 1),
pi/logpy, > 6%k (18)

for large k. By the direct part of the Borel-Cantelli lemma, limg_,~ (px/ logpk)_lﬂ\npk\ =0 a.s.

and thereupon supj; (px/1og pr) /2|y, | < oo a.s. Hence, relation (16) follows from

1 1
Z ( 1/245nt1 1/2+s)|77Pk|ﬂ{\npk|>(pk/10gpk)1/210gn}
ki pe>M(spi1)+1 Pk Py

’npk’ﬂ
172~ {(p/ log ) =1/ 2[mp,, |>log n}
k: p>M(sny1)+1 Pk

< a.s.

and the fact that the summands on the right-hand side are equal to 0 for large enough n.
Relation (17) follows along the lines of the proof of (11):

1 1
( 1/24sn41 1/2+3>EU77P1€’ﬂ{lnpkb(pk/logpk)l/?logn}]
ki p>M(sny1)+1 Pk Dy

1 1
< Z TQE[’mH{\nbékl/Qlogn}] < Z WE[M|]1{k<(élogn)*2n2}]
ki p>M(sny1)+1 Pk E>M(spi1)+1
1 _
E[\n\ Z k1/2] <267 'E[n*)(logn)™" — 0, n — oco.

k<|(6logn)—2n2]

We have used (18) for the first inequality.



Put 7p(n) := 1 L1y, 1< v/ tog )1 /2 10g n} ~ El0L{jn, 1< (p/ 1o p)1/2 10g my] Tor p € P and n € N. For
n € N and small positive u, put

Yiw:= Y ;@(QZ

p>M (spy1)+1
In view of (16) and (17), we are left with showing that, for each s € [s,41, S,

lim L(s,)(Y, (s) =Y, (sn+1)) =0 a.s.

n—oo

We shall prove an equivalent limit relation: for each v € [v,41, vp],

lim L(sy)(Yn(v) — Yo(vnt1)) =0 as., (19)

n—oo

where Y, (v) := Y, (exp(—1/v)), v, := 1/(log 1/s,) = exp(—n'~7) for n € N and v > 0.
For j € Ng and n € N, put

Fi(n) := {tjm(n) := vps1 + 279 m(vy — vpy1) : 0 <m < 27},

Note that Fj(n) C Fj41(n) and put F(n) := (J;5q Fj(n). The set F'(n) is dense in the interval
[Un+1a Un]- For any u € [UnJrla Un]v put

2j(u - Un—&-l)J .

uj = max{v € Fj(n):v < u} =v,11+277 (v, — U"H)L —
n — Un+l

Then lim;_,oc u; = u (we omit the dependence on n in the notation). An important observation
is that either u;_1 = u; or uj_1 = u; — 2*j(vn — Up+1). Consequently, uj = tj;, for some
0 < m < 27, which implies that either Uj—1 = tj m OF Uj_1 = t; ;m—1. Since Y, is a.s. continuous
on [Un41,Vp], we obtain

Yy (u) = Yo (vnt1)| = llggo Yo (u) = Yo (vng1)]

l—o0

l
= Tim | S (Va(uy) = Ya(uj-1)) + Ya(uo) = Ya(vni1)|
j=1

< lim max |Y,(tj m) — Yn(tj m—1)|

= Zlglnaé] Yo (tj,m) = Ya(tj,m—1)]-
7>0

Thus, our purpose is to prove that, for all € > 0 and sufficiently large ng € N,

ZP{ZIS;??W $0)| Yo (tj,m) — Y (tj,m— 1)‘>5}<OO

n>ng

Put a;j := (j+1)2779/2 for j € Ny. In view of > j>0@j < 00, it suffices to show that, for all € > 0,

Z ZIP’{ max  f(sp)|Yn(tjm) — Yn(tjm-1)| > saj} < 0. (20)

1<m<2J
n>ng j2>0 m

10



The subsequent argument is similar to that used in the proof of Lemma 3. In view of this,
we only give a sketch. Write, for v € R and sufficiently large n,

E[exp (£ u(Ya(tj,m) = Ya(tj,m-1)))]

- E[eXp (i uo p11/2 <pexp(11/tj,m) - pexp(ll/tj,ml) )ﬁp(n))}

p=M(sny1)+1
u’ 1 1 2
< I (+5( _ )
B —1/t; m —1/tj m—
p>M(sn+1)+1 2p pexp( /tj,m) peXp( /tj,m=1)

oo o (2 s - e )

Now we prove that, for large n, all j € Ng and integer m € [0,2’] and some constant C' > 0,

o 1 1 1 2 C27 (v — vpt1)
= pzM(szil)+1p<peXp(_l/tj’m) B peXp(_l/tj’m_l)) - Vit '
For z > e, put Lj (z) = (zlogz) ™! (z= @P(1/tim) — g=exp(=1/t;m-1))2 " The function L; ,, is
differentiable and decreasing on (e, 00), whence L, (z) < 0 for z > e. Also, for z > e, put
A(z) = f(e’ 2] logzdp(z). By the prime number theorem, for zy large enough (in particular,
xo > e) there exists Cy > 0 such that A(z) < Cpx for x > xy. Hence, there exists C; > C such
that A(z) < Ci(x —e) for x > . Also, there exists Cy > 0 such that A(z) < Cy(z — e) for
x € [e, ko). Thus, putting C := max(C1, C2) we infer A(z) < C(z —e) for > e. Integrating by
parts twice, forward and then backward, we obtain

i) < [ L@@ = [T @)@ <€ [ (L] @) (o - e)da
= C’/OO Lj m(z)dz.
According to formula (17) in [12],

> 1 1 9=J (p. —
[ Lintonie s Lo L B
e tj, m—1 tj,m Un+1

This proves the claimed inequality for A;(n).
Next, we estimate

L e S T0]
pl/2 peXp(*l/tj,mfl) pexp(*l/tj,m) e

Bj(u,p,n) :

for p > | M(spy1)| + 1. Assume first that 27 > v;ﬁl(vn — Up41) for integer j. For a > 0 and
0 < s < t, the following holds

0 < exp(—ae™'/®) — exp(—ae™t) < aexp(—ae™V*)e Vi(1/s — 1/t).

Putting a = logp, t =t ,—1 and s = t; ,,, we obtain

1 1 log p 1ty m 1 1
) (t )

= pexP(=1/tj m-1) B pexP(=1/tj,m) = pexp(=1/tj,m—1 jom—1 tim

11



Using ze~%® < (ea)~! for z > 0 and our present assumption concerning j we further conclude
that the right-hand side does not exceed

Lo/t m1=1/tm (; _ L)

e tim-1  tjm

27 (Un - vn—i—l)) 277 (Un - Un+1) < 277 (Un - Un+l)

2
vn—i—l

1
< exp (
e
We have shown that
lul2' 7 logn vy — Vpi1
Bj(u,p,n) <
! (log M(5n+1))1/2 U721+1

whenever p > | M(s,41)] + 1 and 27 > v;ﬁl(vn — Upt1)-
)

=: Cj(u,n)

Assume now that 2/ < v~ 7, (v, — v,11) for nonnegative integer j. In view of

n+1
1 1
— <
peXp(_l/tj,Tn—l) peXp(_l/th) - 1
we infer ul1
u|logn
Bj(u,p, < =: Cj )
j(u.pim) (log M (sp+1))1/2 HCRD)

whenever p > | M (sp41)] + 1.
Using now 1+ z < e® for x € R we arrive at

—Jj _
B exp (£ u(Yalty ) ~ Yaltym 1)) < exp (5 2=ttt csom) -y e
n+1

By Markov’s inequality and the inequality e*?l < ¢¥ 4+ ¢~ for 2 € R,

P{L(s0) Ya(tsn) = Yaltym-1)] > a5} < exp (= w25 ) Elexp(ul Yoty m) = Yaltym-1)])]

L(sy)
< 2exp ( _ ue u72 ¢z (U; — Un+1)ecj(u7n)).
L(sy) 2 v
Put /2 ) )
27 v 1 v
U ° ntl and k, = ntl

- CL(sp) vp — Upt1 C(L(sp))2 vn — Uny1

As a consequence of

" 1/2
(1OgM(sn+1))_1/2 ~ n’)’/2—1/2, (&) ~ (177)—1/2ny/2’ N — 00
Un — Un+41

and
lim (log1/sp)vp41 =1,
n—oo
we infer, for j satisfying 27 > v;ﬁl(vn — Unt1)s
lul2' 7 logn vy — vpi1 £2179/210gn

1) = g Mo )2 W2y, CL(sn)(l0g M(sn1 1))

< 2elogn Up+1
= OL(5) (108 M {50t ) (0 — 1) 12
£23/2((log 1/5p)vn41)2(log® 1/5,) 2 logn 1 vpg1 | 1/2
- C(log M (sp41))/?2 (Un — vn+1)
~ 50_123/2n7_1/2(10gn)3/2 — 0, n— oo.

12



If nonnegative integer j satisfies 27 < v;fl(vn — Up+1), then

C(um) 2Jullogn 249/ 2logn v2 4

] u, n)= =

’ (log M (sn11))t/?  CL(sp)(log M(sn41))!/2 vn = vnp1
2elogn Un+1

= 0 .
< CLlm)log Mimr )2 (on — vy = 0 m e

Thus, we obtain, for large n satisfying k, > ¢ 2log2 and e%i(%m) < 3/2,

ZP{ max  L(s0)[Vo(t5.m) — Yo (tmo1)| > saj}

S ismsy
» , 2 exp(—e2k, /4)
< 22exp(—*(j + 1)k 3e%kn/4) = :
< ; exp(—e”(j + 1)ky) exp (3e°kn/4) T 2exp(—<2h)
Since k,, ~ 2C~n7logn as n — oo, (20) follows. O]

After all these preparations we are ready to prove Proposition 1.

Proof of Proposition 1. Recall our convention that o2 = 1. To prove (6), we choose any v > 0
sufficiently close to 0, put s, = exp(—exp(n'™)) for n € N and select § = () such that
(13) holds true. Let M(s) = [log1/s/loglog1/s| for s € (0,e7¢). Using Lemmas 2 and 3 in
combination with E[np]l(Ap’e(s))c] = _E[npﬂAz,’g(S)] we conclude that

. Ty
IITILILSOlcl)p L(sp) Z D12+ <1+7v as. (21)
p>M(sn)+1

Relation (21) together with Lemma 4 ensures that

lim sup L(s) Z 175+S <1+7v as.
50+ p>M(s)+1 P

With these at hand, an application of Lemma 1 yields

limsupL(s)Z <144 as

5s—0+ P p1/2+s B
Sending 7 — 0+ we arrive at (6).
Relation (7) follows from (6), with —n, replacing 7,,. O

Proposition 2. Assume that E[n] =0 and 0 = E[n?] € (0,00). Then

1 1/2 "
lim su P> \/20 as. 22
$_>0+P <log 1/s log(3) 1/S> zp: pl/2+s = (22)
and 1 »
i "lp
lim inf < V20 as. 23
s—0+ (log 1/s log® 1/3> Ep: pl/2ts = (23)

13



At this point it is reasonable to explain the argument justifying (22). The sum ﬁ will
now be split into three fragments: initial, intermediate and final. It will be shown in Lemma 5
that the initial and the final fragments do not contribute to the LIL provided that the variables
7p Within each fragment are properly truncated and centered. Lemma 6 treats the intermediate
fragment which gives a principal contribution to the LIL. Our proof is based on the converse
part of the Borel-Cantelli lemma, which requires independence. The independence requirement
complicates to some extent a selection of the intermediate fragment. Unlike in the proof of (6), it
suffices to prove (22) for a suitable sequence. This is a simplifying feature of (22) in comparison
to (6).

In what follows we assume without further notice that E[n] = 0 and o2 = Var ] = 1. Also,
we use the sets A, g(s) and the corresponding variables 1, ¢(s) with § = 1.

Lemma 5. Fir any v > 0 and put s, := exp(—exp(n'™?)) for n > 1. Let Ny and Ny be
functions which take positive integer values, may depend on ~ and satisfy' limg o+ N1(s) = oo,
lims_,04 (loglog Ni(s)/log1/s) = 0, lims_,o4+ (loglog Na(s)/log1/s) =1 andlims_,o+ slog Na(s) =
oo. Then

. M (8n) _
71113;@ L(sy) aten = 0 as. (24)
p<Ni(sn)
and P (6n)
. Mp,1(8n)
lim L(sy) > e, =0 as. (25)
p>Na(sn)+1

Proof. As in the proof of Lemma 3, we obtain the result, with L* replacing L. For s > 0 close
to 0, put

Zi(s) = L*(s) ”ﬁjﬁz.
p<Ni(s)
The reasoning used to derive both (24) and (25) is similar to the one applied in the proof of
Lemma 3. Therefore, we give a proof of (24) and indicate the only minor change needed for a
proof of (25).
Regarding (24), in view of the direct part of the Borel-Cantelli lemma, it is sufficient to
demonstrate that, for all € > 0,

> P{Zi(sn) > €} < 0. (26)

n>1

To this end, we obtain a counterpart of (15), for u € R,

E[euzl(s>]§exp<w y ol exp ( V2/ul )).

1+2 3
2 p<Ni(s) P 10g( ) 1/8

Recalling the notation p(z) = #{p € P : p < z} for x > 1 we obtain with the help of integration
by parts

3 p—1—252/

Nl(s)
2”1 dp(x) = (Ni(5)) " 2 p(N1(s)) + (1 + 2s) / z 2 p(w)da.
p<N1(s) (L M (s)] 1

'For instance, one can take Ni(s) = |[(log1/s)'/?] or Ni(s) = |exp(e'°8l/s/logloel/s)| and Ny(s) =

lexp((1/s)log1/s)].
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The assumption lims_,o (loglog Ni(s)/log1l/s) = 0 entails lims_,0+ slog N1(s) = 0. By the
prime number theorem, p(z) ~ x/logx as x — co. As a consequence,

sgr(glJr(Nl(S))fl’Qsp(Nl(S)) =0.

By another application of the prime number theorem, as s — 0+,

N (s) Ni(s) 25 log N1 (s)
/ 2% p(z)dr ~ / z 172 (logz) "tz = / yle7¥dy ~ loglog Ni(s).

1 2 (2log2)s
Thus, we have proved that

Z p 172 ~ loglog Ni(s), s—0+. (27)
p<Ni(s)
By assumption, limg_,o+ (loglog N1(s)/g(s)) = 0. Hence, there exists an r > 0 close to 0 such
that
> pT <rg(s)
p<N1(s)

for small positive s, and also (1—6)(147) > 1, where 6 := r(4¢?) ! exp(v/2e 1) with £ appearing
in (26). Then, for u € R and small s > 0,

2 * 2 2
uZ1(s) rug(s)(L*(s)) ﬁ‘u‘ _ ru ﬂ‘UI
Ble" 4] < exp 2 P <1og<3> 1 /S)) P (410g<3> 175 P (10g<3> 1 /s»'

Put u = (1/¢) log®) 1/s,. By Markov’s inequality, we infer, for large n,

—ueTp[ uZ1(5n) (1 _ 2y—1 V2! (3) _ 1
P{Zi(sn) > e} < e “Ele ] <exp(—(1—r(4e”)" e )log® 1/s,,) = o

This proves (26) and (24).
We omit a proof of (25), which is analogous to that of (24), and only point out a counterpart
of (27):
Z p 172 =0(1), s—0+. (28)
p>No(s)+1
This is justified as follows:

o

S ot [T et mape) - - AL [
p>Na(s)+1 Na(s)+1 (N2(s) +1) Na(s)+1

The first summand is o(1) as s — 0+. By the prime number theorem, as s — 0+,
(0.9} o0 oo
/ 727 p(x)dr ~ / 7172 (logz) " tda = / e Yy~ tdy = o(1).
Na(s)+1 Na(s)+1 2slog(Na2(s)+1)

We have used the assumption lims_,04 slog(Na2(s) + 1) = oo for the last equality. O

Lemma 6. Fiz sufficiently small § > 0, pick v > 0 satisfying
(1+7)(1 —4%/8) < 1 and let, as before, 5, = exp(—exp(n'*7)) for n € N. Then

Mp,1(8n)
1/24+sn
» p

lim sup L(s,,) >1-6 as.

n—o0
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Proof. For any function r such that lims_,o4 7(s) = 400, we can choose a function Ny in Lemma
5 satisfying
log log N1 (s)

s—0+ log1/s r(s) = +oo.

Thus, relation limy, oo ($,+1/6,) = 00 ensures that there exists an Ny satisfying

loglog N1 (sp41) _ loglog N1(sp+1) log1/8,41
log1/sp, log1/sp41 log1/s,

+ 00, mn — o0.

For instance, one can take Nj(s) = |exp(elogl/s/loglog1/s)|
Let N5 be any function satisfying the assumptions of Lemma 5. Since

. loglog Na(s,)
lim ——————~ =1,

n—oo  log1/s,
we conclude that there exists ng € N such that

loglog N1(sp41) S loglog Na(sy,)
log 1/sy, —  logl/s,

for all n > ny,

whence
Ni(8p+1) > Na(s,) for all n > nyg. (29)

Put, for small s > 0,

Z(s) := L(s) Z Zzi/lz(fz :

N1(s)<p<Na(s)

Lemma 5 ensures it is enough to prove that

limsup Za(s,) > 1—0 a.s. (30)

n—oo

Our plan is to show that there exists 5 > 0 such that, for all s € (0,5),
P{Zy(s) > 1 — 6} > 3L (1-0%/8)log™ 1/, (31)

Pick n1 > ng such that s, < 3 for n > ny. Inequality (31) together with (14 7)(1 —§2/8) < 1

secures
> P{Zy(sn) > 1 -6} > 37" Z 1+7 —E =

n>ni n>n1

In view of (29), the random variables Zs(sy,), Z2(Sn,+1),... are independent. Thus, by the
converse part of the Borel-Cantelli lemma, divergence of the latter series entails (30).
When proving (31) we use the event

Us:={1-6<Zo(s) <1} = {1 = &)V (s) < W(s)/(g(s)/* < V(s)},

where V(s) = (2 log® 1/5)'/2 and

W(S) — ZQ(S) — Z ﬁp,l(s).

1/24+s
N1(s)<p<Na(s) p
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For v € R and small s > 0, let Q,, be a probability measure on (€2, §) defined by

E[ed(5)/(s() /21 ]
E[ewW )/ ()]

Qs,u(A) = A€ 3 (32)

Then

E[ V()6 2=VEN]Q, o (Uy) = eV OE[e"W &/ 66D, ]
< B(U,) < P{Zy(s) > 1~ 5}. (33)

We claim that

Qsu(Us) 2 1/3 (34)
and
E[e“(V 6/ (@) 2=V ()] > o=(1-82/8)10g® 1/s (35)
provided that
u=u(s) = vV2(1 —§/2)(log"® 1/s)'/2. (36)

The argument given in the proof of Lemma 6 in [12], which justifies an inequality analogous
to (34), applies without any changes. Hence, it is omitted. Now we show that (35) holds.
Inequality (30) is an immediate consequence of (34) and (35).

PROOF OF (35). We first prove that, with u = O((log® 1/s)'/2),

E[eUW(S)/(Q(S))l/Q] ~ eW/2Tuth(s) oy (37)
for some function h satisfying lims_o4 h(s) = 0. Put
_ 771771(8) —e
fp(s) - (g(s))1/2p1/2+87 pE 7)7 s € (0,6 )

As a consequence, for u € R,

uW(s)/(g() 2= D uls).

N1(s)<p<Na(s)
According to the second inequality in (14),
|uép(s)| = O(1/loglogl/s) = o(1), s—0+ as.
for each p € P. Invoking
e =1+x+22/24 0% and log(l+z)=z4+0(?), z—0,
we obtain

E [V )/ 6()'/?] = I1 E[exp(uép(s))]
N1(s)<p<Na(s)

= I E[t+ubls) +u?E(s)(1/2 4 o(1))]

N1(s)<p<Na(s)

= exp Z log (1 + U2E[§§(3)(1/2 + 0(”)})

N1(s)<p<Na(s)

—ep (w2(1/2400) Y. EEGI+ato( D EEE)D?)). (68

Ni(s)<p<Nz(s) Ni(s)<p<Na(s)
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Here, we have used the fact that the o(1) term can be chosen nonrandom. In view of (27) and
(28),

Z p 172~ g(s), s—0+.
N1(s)<p<Na(s)

The limit relation

~ 2
E[T]g,l(s)} = E[ 2 ( (s ))c] ( [ ]1(Ap 1(5))c]) — 1, s — 0+
holds uniformly in p € [Ni(s) + 1, Na(s)], p € P. A combination of these two facts yields

S OEEE=— ) W%L s 04, (39)

N1(s)<p<Na(s)

Finally,
u? (B[ 1(s)])
Ol B S Y e
1(s)<p<Na(s) N1(s)<p<Na(s)
u? 1
< — =o0(1), s—0+. (40)
TP

Now (37) follows from (38), (39) and (40).
Finally, formula (37), with u as in (36), entails

E[e(W(9)/(g()'/2=V(5)] = ¢=(1-0%/4) 108 1/s+0(log™ 1/5) > o= (1-02/8)log!*) 1/s

for small s > 0.
The proof of Lemma 6 is complete. 0

Proof of Proposition 2. To prove (22), pick sufficiently small § > 0 and v > 0, and put s, =
exp(— exp(n!*7)) for n > 1. Using E[n] = 0, write

n n
Lisn) ) pl/ﬁsn = L(sn) > pl/;—)ksn

p p<|(log 1/s,)1/2]

1
— L(sn) Z m(ﬁp]lmp,l(sn))c —EmpLa,(s0))))
p<[(log1/sn)1/2]

1
+ L(sn) Z m(np]l/lp’l(sn) - E[np]lAp’l(sn)])
p>|(log 1/5,)/2 |41

1
+Lisn) ) W(nﬂmp,ugn))e —E[npl(a,,.(sa))))-
P
The first term on the right-hand side converges to 0 a.s. as n — oo by Lemma 1, with M(s) =
|(log1/5)'/2|. The second term does so according to formula (24) of Lemma 5, with Ni(s) =
|(log1/5)'/2|. Finally, the third term vanishes by Lemma 2, again with M(s) = |(log1/s)/2].
By Lemma? 6,

. 1
nlLH;o f(ﬁn) Z W(np:ﬂ.(lqp’l(sn))c — E[np]l(Ap,1(5n))c]) Z 1-— 5 a.s.
p

2Just in case, we attract the reader’s attention to a somewhat delicate point. Although we apply Lemma 5,
with M(s) = |(log1/s)'/?|, we are not supposed to take the same M while proving Lemma 6. Actually, M used
in the proof of Lemma 6 grows much faster than s — | (log1/s)'/?].
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and thereupon

lim sup L(s) Z 1/2+ > limsup L(s,) Z pl/zzisn >1—-46 as.

s—0+ » n—o00 »

Letting 6 — 0+ completes the proof of (22). Relation (23) follows from (22), with —n, replacing
Tp- u

Proof of Theorem 2. Relations (2) and (3) are secured by Propositions 1 and 2, respectively.
It remains to prove (1). As a preparation, put H := {z € C: Rez > 0} and

— "p
X(Z)—ZW7 ZGH
p

The so defined X is a random analytic function. Th1s implies that the random functions s —
X(s) =>,p “1/2=sp and s — (20%1og1/s log® 1/5)1/2X (s) are a.s. continuous on (0, o)

and (0, e), respectively. Now (1) follows from (2) and (3) with the help of the intermediate
value theorem for continuous functions. O]

3 Proof of Theorem 1

We shall prove the result in an equivalent form

1 Mp
(31/2 Z p1/2+exp(—ts)>t>0 = (0B(t))iz0, s— +00
b >

on C[0,00). As before, we can and do assume that 0% = 1.

We use a standard approach, which consists of two steps: (a) proving weak convergence of
finite-dimensional distributions; (b) checking tightness.
(a) If t = 0, then, for s > 0, X(e™%) = X(1) = pr*S/an, and s~1/2X (1) converges in
probability to B(0) =0 as s — +o0.

Thus, it suffices to show that, for ¢1,t2 € (0,00) (we do not need to consider t = 0),

E[X(e7"*)X(e7™%)] ~ min(ty,t2)s, s— 400 (41)

and check the Lindeberg-Feller condition: for all ¢ > 0 and each fixed ¢t > 0,

2
sgrfoo g Z E [( 1/2+exp( ts)> ]l{|77p‘>5P1/2+ex‘)(_ts)51/2} =0. (42)

PROOF OF (41). Using (5) we obtain

Mp Tlp. o 1
E[Z p1/2+exp(—t15) Z 1/2+exp(—t25):| - Z p1+exp(—t1s)+exp(—t25)

p pe Px p
~ —log(e™% +e72%) ~ min(ty,ta)s, s — +oo.

PROOF OF (42). For each p € P, each s > 0 and each t > 0, p~Y/2=exp(=ts) < 1. Hence, the
expression under the limit on the left-hand side of (42) does not exceed

E[n* T {jg)»es1/2)] 3 1
S > p1+2exp(—ts)'
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As shown in the proof of (41), pr_l_ze"p(_ts) ~ ts as s — +o0. Further, E[n?] < oo entails
limSH+OOIE[172]l{|m>581/2}] = 0. With these at hand, (42) follows.
(b) We have to prove tightness on C[0, 7] (the set of continuous functions defined on [0,77) for
each T' > 0. Since (B(t))c[o,r] has the same distribution as Tl/Z(B(t))te[o’l], it is enough to
investigate the case T' =1 only.

As in the proof of Lemma 1, write, for t € [0,1] and s > 1,

‘ Z 1/2+exp —ts)

p< LSJ

T*(| s 1s1/2] T
| + 1/ exo(ts) | /fz)dx)

_ (s ) [
<G s T |

Donsker’s functional limit theorem (see, for instance, Theorem 14.1 on p. 146 in [3]) entails

=2 maxg<, [Tk N IN(0,1)] as n — oo, where % denotes convergence in distribution and
N(0,1) denotes a random variable with the normal distribution of mean 0 and variance 1. This
together with the prime number theorem ensures that

s 2 (log )Y/ max [T*(y)| = s~ /?*(log s)'"/? max |T}| 4 IN(0,1)], s— o0.

y<[s] k<p(ls])
As a consequence,
sginoo 31? tg}épl] ’ Z 1/2+exp | = =0 in probability. (43)

Put a(s) := (log|s])'/? for s > 1. Arguing as in the proofs of (16) and (17) we infer

1
Jmsup D e L5 o oz 2a) = O 2 (44)
tel0,1] p> s J+1p
and 1
lim sup Y e SB[ 5 o 10g ) 2ae)] = O (45)
telo, 1] p>[s]+1 p

For instance, for s > 1,

1 1
Sup Z p1/2+exp(—ts)’np’]l{|77p‘>(19/10€p)1/2a(5)}S Z Tp’np,]l{lnp\>(p/10gp)1/2a(8)} a.8.,
0N p> 5] 41 p>[s]+1

and the right-hand side is equal to 0 for large enough s a.s.
Put

. o ny(8)
X*(t,s) = Z e () t>0, s>0,
p>|s]+1

where 77 (s) = np]l{|np|§(p/10gp)1/2a(8)}—E[np]l{mp‘g(p/10gp)1/2a(s)}] for p € P and s > 0. Relations
(43), (44) and (45) guarantee that we are left with proving tightness of the distributions of
(X*(t,5))tepo,1 for large s > 0. By formula (7.8) on p. 82 in [3], it is enough to show that, for
all € > 0,

lim lim sup P{ sup | X*(u,s) — X*(v,s)] >es'/?} = 0. (46)

100 s—o0 u,v€[0,1], jlu—v|<L277
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The proof of (46) is analogous to the last part of the proof of Lemma 4. We use dyadic
partitions of [0, 1] by points o = 27Jm for j € Ng and m = 0,1,...,27. Similarly to the
argument preceding formula (20) we infer

sup X (u,8) = X*(v,8)| <D0 max XUt ,,8) — XF(E 1, 8)]-
u,we[0,1], [u—v|<L277 ‘5 Lsm<Y

Thus, it suffices to prove that, for all € > 0,

lim hmsupIP{ Z1ina<xz | X*( J7m,s) — X*(t;m_l,sﬂ > 551/2} = 0.
m J

100 5400

Put a} := 279/242 for j € Ny. The last limit relation follows if we can show that, for all € > 0,

lim hmsupz { max |X* (],mas)_X*(t;,m—l’ s)| >5a* 1/2} =0.

1—00 g—s+too 1<m<27

Denote by A%(s) and Bj(u,p,s) the counterparts of A;(n) and Bj(u,p,n), namely, for small
5>0,j€Ngand m € [0,27],

. 1 1 1 2
Aj<8> = Z 5( exp(—t;ims) o exp(—t*% ))

p>lsj+17 P p st

and

" _ [ 1 1 )
Bj(u.p, s) = N <pexp(—t;:ms> I )'”P(S)|’ p=ls]+1

Then A;(s) < C279s and, if 27 > s, B;-‘(u,p, 5) < |u]2t s =: C;-‘(u,s), if 27 < s, B}‘(u,p, s) <

2lu =: C}(u, s). With these at hand we obtain

—_i 9
C277su eC;(%S)

Eexp (£ u(X* (£ 10,8) = X7 (8] 11.9))] < exp (= ). ueR

and thereupon

P{IX( = X s 8)| > calst/?)
< exp(—uea}s'?)Eexp(u| X * (£ 1, 8) = X*(t] 11, 5)|)]
2 su?
uecj<u,s>)_

2

]m’)

SQexp(—ua? 7/2 25172

Putting u = £27/2571/2 we conclude that C7(u,s) < 2¢ and further

ZP{ max [ X*(5 1, 8) — X*(E5 oy, 8)| > cals 1/2}

1<m<29

< 2€Xp(052€2€/2)22j6752]~2 — 0, i— o0.
Jj=i

The proof of Theorem 1 is complete.
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4 Proofs of Corollaries 1 and 2

Put R(s) :=3_,2 13 CEVIO)" g1 ¢ > 0. In the proof of Proposition 3.2 in [6] (see also

fpF(7275)
Lemma 2.4 in [2]) it is shown that

log( + 25s)
10%2 1/2+s Z 1/2+s Z 1/2+s ), s 0+ as

n>1

Corollary 2 follows from this relation and Theorem 2.
Corollary 1 follows from Theorem 1 and a relation that we are now going to prove: for all
T >0,
i SUP¢eio, T) |R(s")]
im
s—0+ log1/s

Indeed, for s € (0,1) and ¢ € [0, 7],

=0 in probability.

1 1/2+s? 91/2

P 1
‘ = Z Z kpk(1/2+st = Ep: p3(L/24sY) pl/2+st 1 = 21/2 _q Ep: p3(1/2+sT)'

p k>3

The right-hand side converges to 5 /2 1 Zp < ooass = 0+. This justifies the claimed limit
relation.

5 Proof of Corollary 3

Starting with an Euler product representation

Z 1/2+S—H(1+ /(p) +<f<p>>2+m+(f(p))m)

p1/2+s p1+25 p(1/2+s)(k71)
we obtain
1
logz;1 1/2+s Z( 1/2+s 1+23> Z( 1/2+s 1+23> +0(1)
n P P
Z 1/2+s %Z i72s T Z p log(( +25)+0(1), s—0+ as.
P P
Put
k—1 (f j k— .
= zp: - p(1/2+s Zp: 1+2s ;; (Z p(1/2+s)e) , §>0,
so that

I
logz 1/2+s OgC(12+25):Z {/(254-]%*(3)—1—0(1), s—=0+.

n>1 p

The fact that, for all T' > 0,

I SUP¢e(o, T \R*(St”
1m

_ . 1
Jim log 1/5 0 in probability



follows along the lines of the previous proof.
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