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Abstract

A decoupled standard random walk is a sequence of independent random variables (Ŝn)n≥1 such

that, for each n ≥ 1, the distribution of Ŝn is the same as that of Sn = ξ1 + . . . + ξn, where
(ξk)k≥1 are independent copies of a nonnegative random variable ξ. We consider the counting

process (N̂(t))t≥0 defined as the number of terms Ŝn in the sequence (Ŝn)n≥1 that lie within
the interval [0, t]. Under various assumptions on the tail distribution of ξ, we derive logarithmic
asymptotics for the local large deviation probabilities P{N̂(t) = ⌊bE[N̂(t)]⌋} as t → ∞ for a
fixed constant b > 0. These results are then applied to obtain a logarithmic local large deviations
asymptotic for the counting process associated with the infinite Ginibre ensemble and, more
generally, for determinantal point processes with the Mittag-Leffler kernel.
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1 Introduction

Let ξ1, ξ2, . . . be independent copies of a nonnegative random variable ξ with a nondegenerate
distribution. Put Sn = ξ1 + . . .+ξn for n ∈ N and then N(t) :=

∑
n≥1 1{Sn≤t} for t ≥ 0. The random

sequence (Sn)n≥1 is called standard random walk with nonnegative jumps and the random process

(N(t))t≥0 is called renewal process. Let Ŝ1, Ŝ2, . . . be independent random variables such that, for

each n ∈ N, Ŝn has the same distribution as Sn. Put N̂(t) :=
∑

n≥1 1{Ŝn≤t} for t ≥ 0. Following [4],

we call the sequence (Ŝn)n≥1 decoupled standard random walk and the process (N̂(t))t≥0 decoupled

renewal process. The distribution of Ŝ1 coincides with the distribution of ξ. We shall interchangeably
refer to the distribution of Ŝ1 or the distribution of ξ depending on convenience.

Now we explain the reason behind introducing these decoupled processes. Let Θ be an infinite
Ginibre point process on C (the set of complex numbers), that is, a simple point process such that,
for any k ∈ N and any mutually disjoint Borel subsets B1, . . . , Bk of C

E
[ k∏
j=1

Θ(Bj)
]

=

∫
B1×...×Bk

det(C(zi, zj))1≤i,j≤k dz1 . . . dzk.
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Here, det denotes the determinant, C(u,w) = π−1euw̄−|u|
2/2−|w|2/2 for u,w ∈ C (w̄ is the complex

conjugate of w). Thus, Θ is a determinantal point process with kernel C with respect to Lebesgue
measure on C. We refer to the book [19], which contains a wealth of information on the determinantal
point processes. A discussion of the Ginibre point processes can be found in Sections 4.3.7 and 4.7
of that book and in Part I of the very recent monograph [11].

A link between the infinite Ginibre point processes and the decoupled standard random walks
is established with the help of the infinite version of Kostlan’s result [22], stated in Theorem 1.1
of [17]. The result says that the set of absolute values of atoms of Θ has the same distribution as
((Ŝn)1/2)n≥1, where

Ŝ1 has the exponential distribution of unit mean. (1)

The infinite Ginibre point process is not the only point process on C giving rise to a decoupled
standard random walk. For ρ > 0, define the kernel Cρ by

Cρ(u,w) =
ρ

2π
E2/ρ, 2/ρ(uw̄)e−|u|

ρ/2−|w|ρ/2, u, w ∈ C.

Here, for a, b > 0, Ea, b denotes the Mittag-Leffler function with parameters a and b given by

Ea, b(z) :=
∑
k≥0

zk

Γ(ak + b)
, z ∈ C,

and Γ is the Euler gamma-function. It is stated on pp. 3-4 in [1] that the set of absolute values of
atoms of a determinantal point process Θρ with kernel Cρ with respect to Lebesgue measure on C
has the same distribution as ((Ŝn)1/ρ)n≥1, where Ŝ1 has the gamma distribution with parameters
2/ρ and 1, that is,

P{Ŝ1 ∈ dx} =
1

Γ(2/ρ)
x2/ρ−1e−x 1(0,∞)(x)dx. (2)

Here and in what follows, x 7→ 1A(x) denotes the indicator function, defined by 1A(x) = 1 if x ∈ A
and 1A(x) = 0 if x ̸∈ A. Plainly, the case ρ = 2 corresponds to the infinite Ginibre point process.
For each t ≥ 0, let Θρ(Dt) denote the number of atoms of Θρ inside the disk Dt := {z ∈ C : |z| < t}.
Then

(Θρ(Dt))t≥0 has the same distribution as (N̂(tρ))t≥0 =
(∑

n≥1

1{Ŝn≤tρ}

)
t≥0

, (3)

with Ŝ1 as in (2).
Further, according to Theorem 3.1 in [3], the set of absolute values of atoms of a generalized

infinite Ginibre point process parameterized by m ∈ N has the same distribution as ((Ŝ
(1)
n Ŝ

(2)
n · . . . ·

Ŝ
(m)
n )1/2)n≥1, where (Ŝ

(1)
n )n≥1, . . . , (Ŝ

(m)
n )n≥1 are independent copies of (Ŝn)n≥1, with Ŝ1 as in (1).

In [4], the asymptotic behavior of logP{N̂(t) = 0} = logP{minn≥1 Ŝn > t} as t→ ∞ was found
under various assumptions imposed on the distribution of ξ, both in the heavy- and light-tailed
scenarios. Under (1), the asymptotic behavior of logP{N̂(t) = ⌊bE[N̂(t)]⌋} as t → ∞ for b ≥ 0 was
investigated in Theorem 1.1 of [25]. Our first purpose is to extend the two aforementioned results.
Namely, we aim at determining the asymptotic behavior of logP{N̂(t) = ⌊bE[N̂(t)]⌋} as t → ∞ for
b > 0, b ̸= 1 under the same set assumptions imposed on the distribution of ξ as in [4]. Thus, we are
concerned with the local large deviations of N̂(t). The case b = 1 belongs to the realm of local central
limit theorems. Although the corresponding result is less interesting than that in the case b ̸= 1, it
will be given for completeness.

Under (1), it was shown in [18] that

P{N̂(t) = 0} = exp
(
− t2/4 − (t log t)/2 + (1 − (log 2π)/2)t+ ct1/2 + o(t1/2)

)
, t→ ∞, (4)

where the constant c is defined by a rather complicated convergent integral (see also Theorem 1.7
in [12], with g = 1, α = 0, b = 1 and r2 ∈ (0, 1), where a few additional terms of the expansion were
derived). The first three terms of the latter limit relation were also obtained in formula (4.5) of [2] via
a different argument. Our second purpose is, for a wide class of distributions of ξ, which particularly
covers the gamma distributions as in (2), to provide two terms of an asymptotic expansion like (4)
for P{N̂(t) = ⌊bE[N̂(t)]⌋} as t→ ∞ for b > 0, b ̸= 1. Finding more terms of an expansion is beyond
our reach at the moment.
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2 Main results

2.1 Local large deviations

As usual, f(t) ∼ g(t) as t→ A will mean that limt→A(f(t)/g(t)) = 1.
We have to distinguish the cases µ := E[ξ] = ∞ and µ < ∞. To begin with, we treat a subcase

of the former case. Assume that

P{ξ > t} ∼ t−αℓ(t), t→ ∞ (5)

for some α ∈ [0, 1) and some ℓ slowly varying at ∞, which particularly ensures that µ = ∞. We
refer the reader to Chapter I of [7] for the definitions and a comprehensive discussion of slowly and
regularly varying functions.

If α ∈ (0, 1), let (Wα(t))t≥0 denote a drift-free α-stable subordinator with

− logE
[

exp(−zWα(t))
]

= Γ(1 − α)tzα, z ≥ 0,

where Γ is the Euler gamma-function. Put W←α (t) := inf{s ≥ 0 : Wα(s) > t} for t ≥ 0. The process
(W←α (t))t≥0 is called an inverse α-stable subordinator. It can be checked that

E
[

exp
(
sΓ(1 − α)W←α (1)

)]
=

∑
n≥0

sn

Γ(αn+ 1)
= Eα, 1(s), s ≥ 0,

which particularly shows that the variable W←α (1) has finite power moments of all positive orders
and that E[W←α (1)] = (Γ(1 − α)Γ(1 + α))−1. Put Zα := W←α (1)/E[W←α (1)].

Assume now that α = 0 and denote by Z0 a random variable with the exponential distribution
of unit mean. Just in case, we note that neither a 0-stable subordinator, nor an inverse 0-stable
subordinator exist.

For α ∈ [0, 1), define the function fα by

fα(s) :=

∫ ∞
0

log
(
(es − 1)P{Zα > y} + 1

)
dy, s ∈ R.

Observe that, for each y > 0, the integrand is strictly convex in s as the cumulant generating function
of a Bernoulli distribution with success probability P{Zα > y} ∈ (0, 1). Thus, fα is strictly convex as
a mixture of strictly convex functions. Put U(t) := E[N̂(t)] = E[N(t)] for t ≥ 0. The function U + 1
is called renewal function.

Theorem 1 Let b > 0, b ̸= 1. Suppose (5) with α ∈ [0, 1). Then

lim
t→∞

− log P{N̂(t) = ⌊b U(t)⌋}
U(t)

= Jα(b) ∈ (0,∞). (6)

Here, Jα is the Legendre transform of fα given by

Jα(x) := sup
s∈R

(sx− fα(s)), x > 0

and

U(t) ∼ 1

Γ(1− α)Γ(1 + α)

tα

ℓ(t)
, t → ∞. (7)

Remark 1 Since Jα(1) = 0, the limit relation of Theorem 1 holds true when formally putting b = 1 in it.
However, this fact does not follow from our proof of Theorem 1. Rather, it is a consequence of the local
central limit theorem (Proposition 6). It was proved in Theorem 3.5 of [4] that, for α ∈ (0, 1), limt→∞ P{ξ >
t}(− log P{N̂(t) = 0}) =

∫∞
0 (− log P{W←α (1) ≤ y})dy. In view of (7), this is equivalent to

lim
t→∞

− log P{N̂(t) = 0}
U(t)

=

∫ ∞
0

(− log P{Zα ≤ y})dy. (8)

It will be shown in the proof of Theorem 1 that fα is a continuously differentiable function. This in com-
bination with strict convexity of fα ensures that Jα(b) = bsb − fα(sb), where sb is the unique solution to
the equation f ′α(s) = b. It can be checked that limb→0+ sb = −∞ and limb→0+ bsb = 0. With this at hand,
relation (8) can be obtained by formally sending b → 0+ on both sides of (6). Of course, this argument is
non-rigorous and should be deemed as such.
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We now turn to the situations in which µ <∞. The logarithmic local large deviations probability
exhibits a universal growth rate t2 for b > 1 only, see Theorem 5 below. For b ∈ (0, 1), it depends on
the heaviness of the distribution tail of ξ. Specifically:

• If the tail is very heavy, that is, it varies regularly at infinity of a negative finite index, the growth
rate is t log t, see Theorem 2.

• If the tail is moderately heavy, that is t 7→ − logP{ξ > t} varies regularly of a positive index smaller
than one, the growth rate is −t logP{ξ > t}, see Theorem 3.

• If the tail is light, that is, E[esξ] <∞ for some s > 0, the growth rate is t2, see Theorem 4.

The distinction between the cases b ∈ (0, 1) and b > 1 can be roughly explained as follows. When
b > 1, the large deviations event {N̂(t) = ⌊bµ−1t⌋} arises from an unusually large number of events
{Ŝn ≤ t} that occur. This happens when the sequence (Ŝn)n≥1 stays below its expected value. The
behavior in this regime is governed by the distribution left tail of ξ. This tail is well-controlled due
to the standing assumption ξ ≥ 0, for instance, with the help of the large s behavior of s 7→ E[e−sξ].
When b ∈ (0, 1), the event {N̂(t) = ⌊bµ−1t⌋} is driven by an unusually small number of events
{Ŝn ≤ t} that occur. The latter is caused by the fact that the sequence (Ŝn)n≥1 stays above its
expected value. The behavior in the case b ∈ (0, 1) is thus dictated by the right distribution tail of
ξ, leading to the aforementioned trichotomy.

Theorem 2 Let b ∈ (0, 1). Assume that relation (5) holds for some α > 1. Then

lim
t→∞

− log P{N̂(t) = ⌊bµ−1t⌋}
t log t

=
(α− 1)(1− b)

µ
,

where µ = E[ξ] < ∞.

Theorem 3 Let b ∈ (0, 1). Assume that, for some α ∈ (0, 1) and some ℓ slowly varying at ∞, H(t) :=
− log P{ξ > t} = tαℓ(t) for t > 0 and that

H(t+ v(t))−H(t) = αv(t)t−1H(t) + o(v(t)t−1H(t)) + o(1), t → ∞ (9)

for any function v satisfying v(t) = o(t) as t → ∞. Then

lim
t→∞

− log P{N̂(t) = ⌊bµ−1t⌋}
tα+1ℓ(t)

=
(1− b)α+1

µ(α+ 1)
,

where µ = E[ξ] < ∞.

Remark 2 Condition (9) is not as restrictive as it appears. Some sufficient conditions for (9) can be found on
p. 991 in [9]. For example, if ℓ is eventually differentiable and ℓ′(t) = o(t−1ℓ(t)) as t → ∞, then (9) holds.

Let Λ be the moment generating function of ξ, that is, Λ(s) = E[esξ] for s ∈ R. Plainly, Λ(s) <∞
for all s ≤ 0. Assume that Λ(s) <∞ for some s > 0, which particularly entails that µ = E[ξ] <∞. It
is known, see Lemma 2.2.5 in [15], that in this case the Legendre transform I of the convex function
s 7→ log Λ(s) satisfies

I(x) = sup
s≥0

(sx− log Λ(s)) = sup
s∈D

(sx− log Λ(s)), x ≥ µ,

where D := {s ≥ 0 : Λ(s) < ∞}. Put m(s) = Λ′(s)/Λ(s) for s ∈ D and B := supD. The function
m is strictly increasing and continuous on (0, B), and the limit A0 = lims→B−m(s) may be infinite
(see Lemma on p. 287 in [23]).

Recall that the distribution of ξ is nonlattice if it is not concentrated on any lattice (s1k+ s2)k≥0
with s1 > 0 and s2 ≥ 0.

Theorem 4 Let b ∈ (0, 1). Assume that P{ξ ≤ x} < 1 for all x ≥ 0 and E[esξ] < ∞ for some s > 0. Then

lim
t→∞

− log P{N̂(t) = ⌊bµ−1t⌋}
t2

=

∫ µ−1

bµ−1
yI(1/y)dy < ∞, (10)

where µ = E[ξ] < ∞.
Under the additional assumptions that the distribution of ξ is nonlattice and µ/b < A0,

− log P{N̂(t) = ⌊bµ−1t⌋} = t2 ·
∫ µ−1

bµ−1
yI(1/y)dy +

1− b

2µ
t log t+O(t), t → ∞. (11)
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In the ‘universal’ case b > 1, we shall need a counterpart of the function I derived from the
distribution of −ξ. In this case, without any assumptions on exponential moments of ξ, the Legendre
transform Ĩ of s 7→ logE

[
e−sξ

]
satisfies

Ĩ(x) = sup
s≥0

(sx− log Λ(−s)), x ≥ −µ,

see again Lemma 2.2.5 in [15]. Put

I∗(x) = Ĩ(−x) = sup
s≥0

(−sx− log Λ(−s)) = sup
s≤0

(sx− log Λ(s)), x ≤ µ.

Theorem 5 Let b > 1. Assume that P{ξ ≤ x} < 1 for all x ≥ 0, P{ξ ≤ b−1µ} > 0 and µ = E[ξ] < ∞. Then

lim
t→∞

− log P{N̂(t) = ⌊bµ−1t⌋}
t2

=

∫ bµ−1

µ−1
yI∗(1/y)dy < ∞. (12)

Under the additional assumptions that the distribution of ξ is nonlattice,

− log P{N̂(t) = ⌊bµ−1t⌋} = t2 ·
∫ bµ−1

µ−1
yI∗(1/y)dy +

b− 1

2µ
t log t+O(t), t → ∞. (13)

Example 1 Put φ(s) := e−s
1/2

(1 + s1/2) for s ≥ 0. Since −φ′(s) = e−s
1/2

/2, we infer that φ is completely
monotone. Hence, φ(s) = E[e−sξ] = Λ(−s) for some random variable ξ > 0. Further, µ = E[ξ] = −φ′(0) =

1/2, and an application of Theorem 8.1.6 in [7] yields P{ξ > t} ∼ (6π1/2)−1t−3/2 as t → ∞. Thus, by
Theorem 2, for b ∈ (0, 1),

lim
t→∞

− log P{N̂(t) = ⌊2bt⌋}
t log t

= 1− b.

On the other hand, it can be checked that I∗(x) = 1/(4x)− x+ log(2x) for 0 < x ≤ 1/2 and∫ 2b

2
yI∗(1/y)dy =

2

3
b3 − 2b2 log b+ b2 − 2b+

1

3
, b > 1.

Hence, by Theorem 5, for b > 1,

− log P{N̂(t) = ⌊2bt⌋} =
(2
3
b3 − 2b2 log b+ b2 − 2b+

1

3

)
t2 + (b− 1)t log t+O(t), t → ∞.

Example 2 Assume that ξ has the gamma distribution with parameter 2/ρ and 1, see formula (2). Then
µ = 2/ρ, A0 = (2/ρ) lims→1−(1 − s)−1 = +∞, I(x) = x − 2/ρ + (2/ρ) log(2/(ρx)) for x ≥ 2/ρ and I∗ is
given by the same formula, but for x ∈ (0, 2/ρ). As a consequence, for b ∈ (0, 1),∫ 2/ρ

2b/ρ
yI(1/y)dy =

ρ

8

(
2b2 log(1/b) + (1− b)(1− 3b)

)
and, for b > 1, ∫ 2b/ρ

2/ρ
yI∗(1/y)dy =

ρ

8

(
2b2 log b− (b− 1)(3b− 1)

)
.

Now Theorems 4 and 5 in combination with formula (3) ensure that, for b > 0, b ̸= 1,

− log P{Θρ(Dt) = ⌊b(ρ/2)tρ⌋} =
ρ

8

∣∣2b2 log b− (b− 1)(3b− 1)
∣∣t2ρ +

|b− 1|ρ2

4
tρ log t+O(tρ)

as t → ∞. In the case ρ = 2, this extends Theorem 1.1 in [25].

2.2 Local limit theorem

Recall the standing assumption that the distribution of ξ is nondegenerate.

Proposition 6 The following asymptotic relations hold:

lim
t→∞

Var [N̂(t)] = ∞ (14)

and

P{N̂(t) = ⌊U(t)⌋} ∼ 1

(2πVar[N̂(t)])1/2
, t → ∞. (15)
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Remark 3 Observe that

Var[N̂(t)] =
∑
n≥1

P{Sn ≤ t}P{Sn > t} ≤ U(t) = O(t), t → ∞,

where the last equality is a consequence of the elementary renewal theorem. This together with Proposition
6 justifies the claim made in Remark 1: under the assumptions of Theorem 1,

lim
t→∞

− log P{N̂(t) = ⌊U(t)⌋}
U(t)

= 0.

Remark 4 Under the assumption that the distribution of ξ belongs to the domain of attraction of an α-stable
distribution for α ∈ (1, 2] the asymptotic behavior of Var [N̂(t)] as t → ∞ was found in Corollary 5.3 of [4].
For instance, if σ2 := Var [ξ] ∈ (0,∞), then

Var [N̂(t)] ∼
( σ2t

µ3π

)1/2
, t → ∞,

where µ = E[ξ] < ∞. Suppose (5) with α ∈ [0, 1). One can show along similar lines that

Var [N̂(t)] ∼ cα
P{ξ > t} ∼ cαt

α

ℓ(t)
, t → ∞,

where cα :=
∫∞
0 P{W←α (1) > y}P{W←α (1) ≤ y}dy < ∞ if α ∈ (0, 1) and c0 :=

∫∞
0 P{Z0 > y}P{Z0 ≤ y}dy =

1/2.
We stress that Proposition 6 holds under the sole (standing) assumption that the distribution of ξ is

nondegenerate. In this more general setting, the divergence of Var [N̂(t)] requires a proof, which cannot
appeal to any results available under the domain of attraction assumption.

3 Proofs

3.1 Proof of Theorem 1

Relation (7) is known. It follows by an application of Karamata’s Tauberian theorem, see, for instance,
formulae (8.6.1) and (8.6.3) on p. 361 in [7].

For each n ∈ N and each t > 0, put ηn(t) := 1{Ŝn≤t}. For each s ̸= 0 and each t > 0, define a

new probability measure P(s, t) on the σ-algebra generated by Ŝ1, Ŝ2, . . . as follows:

E(s, t)[g(η1(t), . . . , ηk(t))] :=
E
[
esN̂(t)g(η1(t), . . . , ηk(t))

]
E[esN̂(t)]

(16)

for all k ∈ N and all bounded measurable functions g : Rk → R, where E(s, t) is the expectation
with respect to P(s, t). For any bounded measurable function h : R → R, put g(x1, . . . , xk) :=
h(x1 + . . .+ xk) for (x1, . . . , xk) ∈ Rk. Using (16) with the so defined g and then sending k → ∞ we
arrive at

E(s, t)[h(N̂(t))] =
E
[
esN̂(t)h(N̂(t))

]
E[esN̂(t)]

. (17)

By an approximation argument, equality (17) holds for not necessarily bounded Borel functions
h : R → R as long as the left- or right-hand side of the equality is well defined, possibly infinite. We
stress that, thanks to the independence of Ŝ1, Ŝ2, . . ., the random variables η1(t), η2(t), . . . are still
independent under P(s, t). A specialization of (17), with h(x) = e−sx 1{⌊b U(t)⌋}(x) (indicator function
of the one-point set), yields

P{N̂(t) = ⌊b U(t)⌋} = e−s⌊b U(t)⌋E[esN̂(t)]P(s, t){N̂(t) = ⌊b U(t)⌋}. (18)

For each n ∈ N and each t > 0, put pn = pn(t) := P{Sn ≤ t}. Then

ψt(s) := logE
[
esN̂(t)

]
=

∑
n≥1

log((es − 1)pn + 1), s ∈ R

and further

ψ′t(s) =
∑
n≥1

espn
(es − 1)pn + 1

, ψ′′t (s) =
∑
n≥1

espn(1 − pn)

((es − 1)pn + 1)2
, s ∈ R.
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Observe that

f ′α(s) =

∫ ∞
0

esP{Zα > y}
(es − 1)P{Zα > y} + 1

dy, s ∈ R.

We already know that fα is strictly convex on R. Hence, f ′α is strictly increasing on R. Also, it
can be seen, with the help of Lebesgue’s dominated convergence theorem, that f ′α is continuous on
R. Hence, given b > 0, the equation f ′α(s) = b has a unique solution that we denote by sb. Since
f ′α(0) = E[Zα] = 1, we conclude that sb > 0 if b > 1 and sb < 0 if b ∈ (0, 1). For each b > 0,
Jα(b) = bsb − fα(sb). In particular, Jα(1) = 0 and J ′α(b) = sb for b > 0, whence Jα(b) > 0 whenever
b > 0, b ̸= 1.

Next, we show that, for each fixed s ∈ R,

lim
t→∞

ψt(s)

U(t)
= fα(s) and lim

t→∞

ψ′t(s)

U(t)
= f ′α(s). (19)

Put ν(t) := inf{k ≥ 1 : Sk > t} for t ≥ 0. It is known (see, for instance, Theorem 7 in [16]
in the case α ∈ (0, 1) and Corollary 2.3 in [21] in the case α = 0) that ν(t)/U(t) converges in
distribution to a random variable Zα as t→ ∞. Put S0 := 0 and write, with the help of the equality
{Sk ≤ t} = {ν(t) > k}, which holds for k ∈ N0 and t ≥ 0, and the change of variable,

ψ′t(s) + 1 =

∫ ∞
0

esP{S⌊x⌋ ≤ t}
(es − 1)P{S⌊x⌋ ≤ t} + 1

dx = U(t)

∫ ∞
0

esP{ν(t) > ⌊yU(t)⌋}
(es − 1)P{ν(t) > ⌊yU(t)⌋} + 1

dy.

Since the function y 7→ P{Zα ≤ y} is continuous on [0,∞), we infer

lim
t→∞

sup
y∈[0,∞]

|P{ν(t) > ⌊yU(t)⌋} − P{Zα > y}| = 0

(the supremum is taken over the compactified nonnegative halfline). This together with the inequality∣∣∣ x

γx+ 1
− y

γy + 1

∣∣∣ ≤ |x− y|,

which holds for any x, y ≥ 0 and a constant γ > 0, enables us to conclude that, for each fixed s ∈ R,

lim
t→∞

sup
y∈[0,∞]

∣∣∣ esP{ν(t) > ⌊yU(t)⌋}
(es − 1)P{ν(t) > ⌊yU(t)⌋} + 1

− esP{Zα > y}
(es − 1)P{Zα > y} + 1

∣∣∣ = 0.

As a consequence,

lim
t→∞

∫ ∞
0

esP{ν(t) > ⌊yU(t)⌋}
(es − 1)P{ν(t) > ⌊yU(t)⌋} + 1

dy =

∫ ∞
0

esP{Zα > y}
(es − 1)P{Zα > y} + 1

dy.

Thus, we have proved the second limit relation in (19), for each fixed s ∈ R. The convergence is
actually locally uniform, as the convergence of monotone functions to a continuous limit. This entails
the first limit relation in (19).

For later needs, we note that essentially the same argument enables us to conclude that, for each
fixed s ∈ R,

lim
t→∞

ψ′′t (s)

U(t)
= f ′′α(s). (20)

According to (19), ψt(sb) = fα(sb)U(t) + o(U(t)) as t→ ∞, whence

− log
(
e−sb⌊b U(t)⌋E[esbN̂(t)]

)
= sb⌊bU(t)⌋ − ψt(sb) = (sbb− fα(sb))U(t) + o(U(t))

= Jα(b)U(t) + o(U(t)), t→ ∞.

In view of (18) with s = sb, it remains to show that

− logP(sb, t){N̂(t) = ⌊b U(t)⌋} = o(U(t)), t→ ∞.
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Write
E(sb, t)[N̂(t)] = ψ′t(sb) = f ′α(sb)U(t) + o(U(t)) = ⌊b U(t)⌋ + o(U(t)), t→ ∞

having utilized (17) with h(x) = x for the first equality and (19) for the second. Using once again
(17) together with (20) we obtain

Var(sb, t)[N̂(t)] = ψ′′t (sb) ∼ f ′′α(sb)U(t), t→ ∞.

In particular, limt→∞Var(sb, t)[N̂(t)] = ∞, so that, by Proposition 7,

− logP(sb, t){N̂(t) = ⌊b U(t)⌋} = 2−1 log(2πVar(sb, t)[N̂(t)]) + o(1) = o(U(t)), t→ ∞.

The proof of Theorem 1 is complete.

3.2 Proofs of Theorems 2, 3, 4 and 5

Following the argument given at the beginning of the proof of Theorem 1.1 in [25] we first show that
as far as the logarithmic asymptotic behavior of P{N̂(t) = ⌊bµ−1t⌋} is concerned one can assume
that the sequence (1{Ŝn≤t})n≥1 has an initial block of 1s of size ⌊bµ−1t⌋ followed by 0s. We stress
that such a simplification is not possible under the assumptions of Theorem 1. The reason is that
limt→∞ P{S⌊v U(t)⌋ ≤ t} ∈ (0, 1) for each v > 0, whereas in the case µ <∞, by the weak law of large
numbers, limt→∞ P{S⌊vµ−1t⌋ ≤ t} is either 1 or 0 depending on whether v ∈ (0, 1) or v > 1.

Lemma 1 Let b > 0, b ̸= 1. Assume that µ = E[ξ] < ∞, P{ξ ≤ x} < 1 for all x ≥ 0 and, if b > 1, that
P{ξ ≤ b−1µ} > 0. Then

log P{N̂(t) = ⌊bµ−1t⌋} = log

( ⌊bµ−1t⌋∏
n=1

P{Sn ≤ t}
∏

j≥⌊bµ−1t⌋+1

P{Sj > t}
)
+O(t), t → ∞.

Remark 5 The assumptions concerning the support of the distribution of ξ ensure that the logarithm on the
right-hand side is not equal to −∞ for large fixed t. Although a justification of this claim is scattered over
the proof of Lemma 1, we prefer to give here a precise argument. For n ∈ {1, 2, . . . , ⌊bµ−1t⌋},

P{Sn ≤ t} ≥ P{S⌊bµ−1t⌋ ≤ t} ≥ P{ξ1 ≤ t/⌊bµ−1t⌋, . . . , ξ⌊bµ−1t⌋ ≤ t/⌊bµ−1t⌋}

≥ (P{ξ ≤ b−1µ})⌊bµ
−1t⌋, t ≥ b−1µ. (21)

If b ∈ (0, 1), then P{ξ ≤ b−1µ} > 0 holds automatically, whereas, if b > 1, it holds by assumption. The
assumption P{ξ ≤ x} < 1 for all x ≥ 0 ensures P{Sj > t} > 0 for all j ≥ 1 and t > 0. Thus the product
under the logarithm does not vanish for large fixed t.

Proof of Lemma 1 Put m := ⌊bµ−1t⌋. In what follows |A| denotes the number of elements of a finite set A
and Ac denotes the complement of A. Recall the notation pn(t) = P{Sn ≤ t} for n ∈ N and t > 0. Write

P{N̂(t) = m} = P{Ŝn ≤ t with n ∈ At for some At ⊂ N, |At| = m and Ŝn > t with n ∈ Ac
t}

=
∑

At:|At|=m

∏
n∈At

pn(t)
∏

j∈Ac
t

(1− pj(t)) ≥
m∏

n=1

pn(t)
∏

j≥m+1

(1− pj(t)).

Thus, it remains to show that, as t → ∞,

log
( ∑

At:|At|=m

∏
n∈At

pn(t)
∏

j∈Ac
t

(1− pj(t))
)
≤ log

( m∏
n=1

pn(t)
∏

j≥m+1

(1− pj(t))
)
+O(t).

Put q(x) := x(1−x)−1 for x ∈ [0, 1). The function q strictly increases and satisfies q(x) ≤ 3x for x ∈ [0, 2/3].
Observe that 1 − pj(t) > 0 for each j ∈ N and each t > 0 by assumption, that − log(1 − pj(t)) ∼ pj(t) as
j → ∞ and

∑
j≥1 pj(t) = U(t) < ∞ for each t > 0. Hence,

∏
j≥1(1− pj(t)) > 0 for each t > 0. Writing∑

At:|At|=m

∏
n∈At

pn(t)
∏

j∈Ac
t

(1− pj(t)) =
∏
j≥1

(1− pj(t))
∑

At:|At|=m

∏
n∈At

q(pn(t))
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and
m∏

n=1

pn(t)
∑

j≥m+1

(1− pj(t)) =
∏
j≥1

(1− pj(t))

m∏
n=1

q(pn(t))

and dividing both equalities by
∏

j≥1(1− pj(t)) we conclude that it is enough to prove that

log
( ∑

At:|At|=m

∏
n∈At

q(pn(t))
)
≤ log

( m∏
n=1

q(pn(t))
)
+O(t), t → ∞. (22)

Now we have to treat two cases separately.
Case b > 1. Each set At containing m positive integers coincides with some set Bt, n ⊆ {1, 2, . . . , n} such
that n ∈ Bt, n for some n ≥ m. In other words, n is the largest element of At = Bt,n. Decomposing with
respect to this largest element gives a representation∑

At:|At|=m

∏
n∈At

q(pn(t)) =
∑
n≥m

∑
Bt, n

∏
j∈Bt, n

q(pj(t)).

Each m-tuple coming from Bt, n can be written (omitting the argument t for simplicity) as q(pj1) · . . . ·
q(pjm−1

)q(pn) for some positive integers j1 < j2 < . . . < jm−1 ≤ n− 1. The number of such tuples is
(n−1
m−1

)
.

Since q is an increasing function, and k 7→ pk is nonincreasing, we infer q(pj1) ≤ q(p1), . . . , q(pjm−1
) ≤

q(pm−1). This yields ∑
At:|At|=m

∏
n∈At

q(pn(t)) ≤
m−1∏
j=1

q(pj(t))
∑
n≥m

(
n− 1

m− 1

)
q(pn(t)).

For n ≥ m, pn(t) ≤ pm(t), and pm(t) is the probability of a large deviation event {S⌊bµ−1t⌋ ≤ t}. In
particular, b > 1 secures limt→∞ pm(t) = 0. Hence, for large t and all n ≥ m, pn(t) ≤ 2/3, whence

m−1∏
j=1

q(pj(t))
∑
n≥m

(
n− 1

m− 1

)
q(pn(t)) ≤ 3

m−1∏
j=1

q(pj(t))
∑
n≥m

(
n− 1

m− 1

)
pn(t)

for large t. There are several ways to prove the equality∑
n≥m

(
n− 1

m− 1

)
pn(t) = U∗(m)(t), t > 0,

where U∗(m) is the m-fold Lebesgue-Stieltjes convolution of U with itself. Perhaps, the simplest way is to use
Laplace-Stieltjes transforms. Indeed, put φ(s) := E[e−sξ] for s ≥ 0. Then

∫
[0,∞) e

−stdU(t) = φ(s)(1−φ(s))−1

for s > 0 and thereupon ∫
[0,∞)

e−stdU∗(m)(t) =
( φ(s)

1− φ(s)

)m
, s > 0.

On the other hand, using ∑
n≥m

(
n− 1

m− 1

)
xn =

( x

1− x

)m
, x ∈ [0, 1)

we infer ∫
[0,∞)

e−std
( ∑

n≥m

(
n− 1

m− 1

)
P{Sn ≤ t}

)
=
∑
n≥m

(
n− 1

m− 1

)
(φ(s))n =

( φ(s)

1− φ(s)

)m
, s > 0.

Summarizing, we have already shown that∑
At:|At|=m

∏
n∈At

q(pn(t)) ≤ 3

m−1∏
j=1

q(pj(t))U
∗(m)(t)

for large t.
To prove that

logU∗(m)(t) = O(t) as t → ∞, (23)

we use a crude estimate U∗(m)(t) ≤
∑

k≥1 U
∗(k)(t) for large t. Since∫

[0,∞)
e−std

(∑
k≥1

U∗(k)(t)
)
=
∑
k≥1

( φ(s)

1− φ(s)

)k
=

φ(s)

1− 2φ(s)
< ∞, s > s0,
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where s0 is the unique solution to φ(s) = 1/2, we conclude that
∑

k≥1 U
∗(k)(t) = o(e(s0+ε)t) as t → ∞ for

all ε > 0, by Theorem 2.2a on p. 39 in [26]. This entails1 (23). As a consequence,

log
( ∑

At:|At|=m

∏
n∈At

q(pn(t))
)
≤ log

m−1∏
j=1

q(pj(t)) +O(t), t → ∞.

To replace
∏m−1

j=1 with
∏m

j=1 on the right-hand side, observe that (21) implies that

log pm(t) ≥ m logF (µ/b), t ≥ b−1µ,

where F is the distribution function of ξ. Recalling that limt→∞ log(1 − pm(t)) = 0 we finally arrive at
log q(pm(t)) = log pm(t)− log(1− pm(t)) = O(t) as t → ∞. The proof of (22) is complete in the case b > 1.
Case b ∈ (0, 1). Put n := ⌊cµ−1t⌋ for c ≥ 3b ∨ 1 and define, for k ∈ {0, 1, . . . ,m}, the class of sets

At(m, k) := {At ⊂ N : |At| = m, |At ∩ {n, n+ 1, . . .}| = k}.

Then ∑
At:|At|=m

∏
n∈At

q(pn(t)) =

m∑
k=0

∑
At∈At(m,k)

∏
i∈At∩{1,2,...,n}

q(pi(t))
∏

j∈At∩{n+1,n+2,...}
q(pj(t)).

The first products contain m − k factors, the number of such products is
( n
m−k

)
, and these are of the form

(omitting again t for simplicity) q(pi1) · . . . · q(pim−k
) with positive integer i1 < . . . < im−k ≤ n. Since

q is an increasing function and k 7→ pk is decreasing, we infer q(pi1) ≤ q(p1), . . ., q(pim−k
) ≤ q(pm−k).

The second products are of the form q(pim−k+1
) · . . . · q(pim), and each such a product is dominated by

(k!)−1(
∑

j≥n+1 q(pj(t)))
k. This is justified by the multinomial theorem, which states that the coefficient in

front of the product of monomials is k!. Summarizing,∑
At:|At|=m

∏
n∈At

q(pn(t)) ≤
m∑

k=0

(
n

m− k

)
m−k∏
i=1

q(pi(t))
1

k!

( ∑
j≥n+1

q(pj(t))
)k

.

The sequence i 7→
(n
i

)
is increasing for i ≤ ⌊n/2⌋. Since m− k ≤ m ≤ ⌊n/2⌋ by the choice of n, we conclude

that
( n
m−k

)
≤
(n
m

)
. Since pi(t) ≥ pm(t) for i ∈ {1, . . . ,m} and limt→∞ pm(t) = 1, in particular, pm(t) ≥ 1/2

for large t, we infer q(pi(t)) ≥ q(pm(t)) ≥ q(1/2) = 1. Hence,
∏m−k

i=1 q(pi(t)) ≤
∏m

i=1 q(pi(t)) for large t. As
a consequence, ∑

At:|At|=m

∏
n∈At

q(pn(t)) ≤

(
n

m

)
m∏
i=1

q(pi(t))
∑
k≥0

1

k!

( ∑
j≥n+1

q(pj(t))
)k

for large t. For j ≥ n+ 1 and large t, pj(t) ≤ 2/3. Also,
(n
m

)
≤
∑n

k=0

(n
k

)
= 2n. Hence,(

n

m

)∑
k≥0

1

k!

( ∑
j≥n+1

q(pj(t))
)k

≤ 2n
∑
k≥0

1

k!

(
3
∑

j≥n+1

pj(t)
)k

≤ 2ne3U(t).

By the elementary renewal theorem,

log
((n

m

)∑
k≥0

1

k!

( ∑
j≥n+1

q(pj(t))
)k)

= O(t), t → ∞.

This completes the proof in the case b ∈ (0, 1). □

Lemma 2 Suppose µ = E[ξ] < ∞. Then, as t → ∞,

− log
∏

n≥⌊µ−1t⌋+1

P{Sn > t} = O(t) (24)

and

− log

⌊µ−1t⌋∏
n=1

P{Sn ≤ t} = O(t). (25)

1Assume that the distribution of ξ is nonlattice. Then, by Corollary 3.4 in [10] with α = b−1µ, j = ⌊bµ−1t⌋ and bounded y,

U
∗(m)

(t) ∼
µ1/2

θ(2πbσ2)1/2
eθt

t1/2

( φ(θ)

1− φ(θ)

)m
, t→∞

for appropriate positive constants θ and σ2. Although, as our argument above demonstrates, such a precision is not needed,
the latter limit relation also secures (23).
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Proof Relation (24) was proved in Lemma 6.1 of [4], see also pp. 123-124 in [19], under the additional
assumption that the distribution of ξ belongs to the domain of attraction of an α-stable distribution for some
α ∈ (1, 2]. For each a > 0,

− log P{Sn > t} ≤ − log P{ξ1 ∧ a+ . . .+ ξn ∧ a > t}, n ∈ N, t ≥ 0,

and the distribution of ξ ∧ a has a finite second moment and thus belongs to the domain of attraction of a
2-stable (normal) distribution. This shows that relation (24) holds under the sole assumption that µ < ∞.

Now we prove (25). Recall that it is our standing assumption that the distribution of ξ is nondegenerate.
Observe that

−1

t
log

⌊µ−1t⌋∏
n=1

P{Sn ≤ t} =
1

t

⌊µ−1t⌋∑
n=1

(− log P{Sn ≤ t}) ≤ − 1

µ
log P{S⌊µ−1t⌋+1 ≤ t}.

Put n := ⌊µ−1t⌋+1 and observe that n ≤ µ−1t+1 implies t ≥ µ(n− 1). Thus, it suffices to show that there
exists c ∈ (0, 1] such that for all sufficiently large n ∈ N,

P{Sn ≤ µ(n− 1)} ≥ c. (26)

This relation is obvious if E[ξ2] < ∞ because, by the central limit theorem, limn→∞ P{Sn ≤ µ(n−1)} = 1/2.
Thus, in what follows we assume that E[ξ2] = ∞. To prove (26) we apply the argument given at the beginning
of the proof of Theorem 2.1 in [20], with xn = µ(1−n−1). Define the function m∗ : [0,+∞) 7→ R by m∗(s) =
E[ξe−sξ]/E[e−sξ] = Λ′(−s)/Λ(−s) and observe that m∗ is continuous and strictly decreasing on (0,+∞)
with m∗(0+) = µ. Let λn > 0 be the unique solution to m∗(λn) = xn. Put also R(s) := − log Λ(−s)−sm∗(s)
for s ≥ 0. According to the aforementioned argument from [20] it suffices to show that

lim
n→∞

nR(λn) = 0. (27)

Using m∗(0+) = µ we conclude m∗(0+) − m∗(λn) = µn−1. It is clear that λn → 0+ as n → ∞. Thus, by
the mean value theorem for differentiable functions

(m∗)′(θn)λn = −µ

n

for some θn → 0+. From this and lims→0+(m∗)′(s) = −Var ξ = −∞ we obtain that λn = o(1/n) as
n → ∞. In particular, given ε > 0 the inequality λn ≤ εn−1 holds for all sufficiently large n ∈ N. Note that
nR(λn) = −n log Λ(−λn)− nλnxn and nλnxn → 0 as n → ∞. Furthermore,

−n log Λ(−λn) ≤ −n log Λ(−ε/n) ∼ n(1− Λ(−ε/n)) → εµ, n → ∞.

Here, the first inequality holds for all sufficiently large n ∈ N. Since ε > 0 is arbitrary, this finishes the proof
of (27) and hence (26). The proof of Lemma 2 is complete. □

According to Lemma 1 and relation (24), when proving Theorems 2, 3 and formula (10) in
Theorem 4 it suffices to show that the limit relations in focus hold true with
− log

∏⌊µ−1t⌋
n=⌊bµ−1t⌋+1 P{Sn > t} replacing − logP{N̂(t) = ⌊bµ−1t⌋}. This can be done along the lines of

the proof of Theorems 3.5(b), 3.6 and 3.1(a) in [4], in which the asymptotic behavior of − logP{N̂(t) =
0} = − log

∏
n≥1 P{Sn > t} has been investigated. In view of this we only provide sketches referring

to [4] for details. We give a full proof of formula (11) because its counterpart was not obtained in [4].

Proof of Theorem 2 We intend to prove that

lim
t→∞

− log
∏⌊µ−1t⌋

n=⌊bµ−1t⌋ P{Sn > t}
t log t

=
(α− 1)(1− b)

µ
.

By Theorem 3.3 in [13], for all δ > 0,

lim
n→∞

sup
t≥δn

∣∣∣P{Sn − µn > t}
nP{ξ > t} − 1

∣∣∣ = 0. (28)

Thus, for any δ ∈ (0, µb−1(1− b)),

⌊(µ+δ)−1t⌋∑
n=⌊bµ−1t⌋

log P{Sn − µn > t− µn} ∼
⌊(µ+δ)−1t⌋∑
n=⌊bµ−1t⌋

(
logn+ log P{ξ > t− µn}

)
, t → ∞.

Observe that
⌊(µ+δ)−1t⌋∑
n=⌊bµ−1t⌋

logn ∼
( 1

µ+ δ
− b

µ

)
t log t, t → ∞.

Further, the assumption concerning the distribution tail of ξ implies that

lim
t→∞

− log P{ξ > t}
log t

= α.
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Hence, for any ε ∈ (0, α), all sufficiently large t and all positive integers n ≤ ⌊(µ+ δ)−1t⌋,

(α− ε) log(t− µn) ≤ − log P{ξ > t− µn} ≤ (α+ ε) log(t− µn).

Since

⌊(µ+δ)−1t⌋∑
n=⌊bµ−1t⌋

log(t− µn) = (⌊(µ+ δ)−1t⌋ − ⌊bµ−1t⌋) log t+
⌊(µ+δ)−1t⌋∑
n=⌊bµ−1t⌋

log(1− µn/t)

= ((µ+ δ)−1 − bµ−1)t log t+ t

∫ (µ+δ)−1

bµ−1
log(1− µx)dx+ o(t), t → ∞,

we conclude that

lim
t→∞

∑⌊(µ+δ)−1t⌋
n=⌊bµ−1t⌋ (− log P{Sn − µn > t− µn})

t log t
=
( 1

µ+ δ
− b

µ

)
(α− 1).

It was shown in the proof of Theorem 3.5(b) in [4] that

lim
δ→0+

lim sup
t→∞

1

t log t

⌊µ−1t⌋∑
n=⌊(µ+δ)−1t⌋+1

(− log P{Sn > t}) = 0.

The proof of Theorem 2 is complete. □

Proof of Theorem 3 It suffices to prove

lim
t→∞

− log
∏⌊µ−1t⌋

n=⌊bµ−1t⌋ P{Sn > t}
tα+1ℓ(t)

=
(1− b)α+1

µ(α+ 1)
.

As in [4], an application of Theorem 2.1 in [9] yields

⌊µ−1t⌋∑
n=⌊bµ−1t⌋

(
− log P{Sn − µn > t− µn}

)
∼

⌊µ−1t⌋∑
n=⌊bµ−1t⌋

(t− µn)αℓ(t− µn)

∼
∫ µ−1t

bµ−1t
(t− µx)αℓ(t− µx)dx =

1

µ

∫ (1−b)t

0
xαℓ(x) dx ∼ (1− b)α+1

µ(α+ 1)
tα+1ℓ(t), t → ∞.

The proof of Theorem 3 is complete. □

Proof of Theorem 4 To prove (10), we first write

− t−2 log

⌊µ−1t⌋∏
n=⌊bµ−1t⌋

P{Sn > t} = t−2
∫ ⌊µ−1t⌋

⌊bµ−1t⌋

(
− log P{S⌊y⌋ > t}

)
dy

=

∫ t−1⌊µ−1t⌋

t−1⌊bµ−1t⌋

−y log P{S⌊ty⌋ > t}
ty

dy. (29)

The assumptions P{ξ ≤ x} < 1 for all x ≥ 0 and E[esξ] < ∞ for some s > 0 ensure that I(x) < ∞ for all
x > 0. Indeed, by Markov’s inequality, for all n ∈ N and all x, u > 0,

− log P{ξ > x} ≥ ux− logE[euξ],

whence 0 ≤ I(x) ≤ − log P{ξ > x} < ∞ for all x > 0. Further, by the Chernoff-Cramer theorem (see, for
instance, Theorem 2.1 on p. 116 in [14]), for each y ∈ [bµ−1, µ−1],

lim
t→∞

− log P{S⌊ty⌋ > t}
ty

= I(1/y). (30)

Furthermore, the convergence is uniform in y ∈ [bµ−1, µ−1] by Polya’s theorem (see, for instance, p. 113 in [8])
because y 7→ I(1/y) is a continuous function (I is convex) and, for each t, the function − log P{S⌊ty⌋ > t}/(ty)
is nonincreasing. Hence,

lim
t→∞

∫ t−1⌊µ−1t⌋

t−1⌊bµ−1t⌋

−y log P{S⌊ty⌋ > t}
ty

dy =

∫ µ−1

bµ−1
yI(1/y)dy < ∞. (31)

The proof of (10) is complete.

12



To prove (11), we apply precise large deviations results both in the linear and moderate settings. First,
in view of Theorem 10 on p. 230 in [24] (see also the statement of Theorem 2 on p. 219 in [24] and comments
following it), the assumption E[esξ] < ∞ for some s > 0 ensures that there is a constant β > 0 such that

P{Sn − µn > σx} =
(
1− Φ

( x

n1/2

))
exp

(x3
n2

λ
(x
n

))
(1 + ρβ)

for large n and x ∈ [0, βn], where ρ = ρ(x, n, β) is bounded by an absolute constant, λ is a power series with
a positive radius of convergence, called Cramér’s series, σ2 = Var [ξ] ∈ (0,∞), and

y 7→ Φ(y) :=
1√
2π

∫ y

−∞
e−s

2/2ds, y ∈ R

is the standard normal distribution function.
As a consequence, for a sufficiently small ε > 0 satisfying b < µ/(µ+ ε),

− log

⌊t/µ⌋∏
n=⌊t/(µ+ε)⌋+1

P{Sn > t} = − log

⌊t/µ⌋∏
n=⌊t/(µ+ε)⌋+1

P{Sn − µn > t− µn}

= −
⌊t/µ⌋∑

n=⌊t/(µ+ε)⌋+1

log
(
1− Φ

( t− µn

σ
√
n

))
−

⌊t/µ⌋∑
n=⌊t/(µ+ε)⌋+1

(t− µn)3

σ3n2
λ
( t− µn

σn

)
+O(t)

= I + II +O(t).

We shall need an asymptotic expansion of Φ:

1− Φ(x) =
e−x

2/2

(2π)1/2x

(
1 +O(x−2)

)
, x → ∞.

Fix some δ ∈ (0, 16 ) and put t1 := ⌊t/(µ + ε)⌋ + 1 and t2 := ⌊t/µ − t1/2+δ⌋. For large t, we further split I

depending on whether t− µn ≤ µt1/2+δ or t− µn > µt1/2+δ:

I =

⌊t/µ⌋∑
n=t2+1

. . .+

t2∑
n=t1

. . . =: I1 + I2.

We proceed by estimating I1:

I1 = −
⌊t/µ⌋∑

n=t2+1

log
(
1− Φ

( t− µn

σn1/2

))
≤ −(⌊t/µ⌋ − t2) log

(
1− Φ

(µt1/2+δ

σt
1/2
2

))
∼ µ3

2σ2
t1/2+3δ

= o(t), t → ∞
having utilized the fact that the function x 7→ − log(1 − Φ(x)) is increasing on (0,∞). As for the second
fragment we infer

I2 = −
t2∑

n=t1

log
(
1− Φ

( t− µn

σn1/2

))

=

t2∑
n=t1

1

2

( t− µn

σn1/2

)2
+

t2∑
n=t1

log
( t− µn

n1/2

)
+

t2∑
n=t1

log(2πσ−2)1/2 +

t2∑
n=t1

log
(
1 +O

( n

(t− µn)2

))

= t2 · 1

2σ2t

t2∑
n=t1

t

n

(
1− µn

t

)2
+

t2∑
n=t1

log
( t− µn

n1/2

)
+

t2∑
n=t1

log(2πσ−2)1/2 +

t2∑
n=t1

O(t−2δ)

= t2 · 1

2σ2t

⌊t/µ⌋∑
n=t1

t

n

(
1− µn

t

)2
+O(t

1
2+3δ) +

t2∑
n=t1

log
( t− µn

n1/2

)
+

t2∑
n=t1

log

(
2π

σ2

) 1
2

+

t2∑
n=t1

O(t−2δ)

=: t2 · I2,1 +

t2∑
n=t1

log
( t− µn

n1/2

)
+O(t),

where the penultimate equality follows from

⌊t/µ⌋∑
n=t2+1

t

n

(
1− µn

t

)2
≤ 1

t2t

⌊t/µ⌋∑
n=t2+1

(t− µn)2 ≤ ⌊t/µ⌋ − t2
t2t

(t− µt2)
2 = O(t−1/2+3δ).

For each t > 0, put gt(x) := (t/x)(1−µx/t)2, x > 0. The function gt is decreasing on [t/(µ+ ε), t/µ]. Hence,

2σ2tI2,1 =

⌊t/µ⌋∑
n=t1

gt(n) =

∫ t/µ

t/(µ+ε)
gt(x)dx+O(gt(t/(µ+ ε))) +O(gt(t/µ))
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= t

∫ 1/µ

1/(µ+ε)
y−1(1− µy)2dy +O(1), t → ∞.

Further, we claim that

t2∑
n=t1

log
( t− µn

n1/2

)
=

t2∑
n=t1

log(t− µn)− 1

2

t2∑
n=t1

logn =
ε

2µ(µ+ ε)
t log t+O(t), t → ∞. (32)

Indeed, by Stirling’s formula,

t2∑
n=t1

logn =
ε

µ(µ+ ε)
t log t+O(t), t → ∞.

The first summand in the penultimate formula admits the same expansion. By monotonicity, it suffices to
prove this fact with t = µk for k ∈ N. Another application of Stirling’s formula yields

⌊k−(µk)1/2+δ⌋∑
n=⌊(µk)/(µ+ε)⌋+1

log(µk − µn) =

k−⌊(µk)/(µ+ε)⌋−1∑
n=−⌊−(µk)1/2+δ⌋

logn+O(k) =
ε

µ+ ε
k log k +O(k)

=
ε

µ(µ+ ε)
t log t+O(t), t → ∞.

Thus, (32) has been justified. Summarizing

I = t2 · 1

2σ2

∫ 1/µ

1/(µ+ε)

1

y
(1− µy)2dy +

ε

2µ(µ+ ε)
t log t+O(t), t → ∞. (33)

To estimate II, observe that decreasing ε > 0 if necessary, we can assume that the function y 7→
(1−µy)3

y2 λ(t/(σy)−µ/σ) has a bounded derivative on [1/(µ+ε), 1/µ]. Thus, approximating the Riemann sum

by the corresponding integral yields

II = − 1

σ3

⌊t/µ⌋∑
n=t1

(t− µn)3

n2
λ

(
t

σn
− µ

σ

)
= − t2

σ3

1

t

⌊t/µ⌋∑
n=t1

(1− µn/t)3

(n/t)2
λ

(
t

σn
− µ

σ

)

= − t2

σ3

∫ 1/µ

1/(µ+ε)

(1− µy)3

y2
λ

(
1

σy
− µ

σ

)
dy +O(t), t → ∞. (34)

Recall that ε > 0 is chosen such that b < µ/(µ+ ε). We now estimate

− log

⌊t/(µ+ε)⌋∏
n=⌊bµ−1t⌋

P{Sn > t}.

To this end, we invoke a precise large deviation result proved in Theorem 1 of [5] and Theorem 1 of [23]. If
θ ∈ (µ+ ε,A0 − ε), then

P{Sn > θn} =
e−nI(θ)

αν(2πn)1/2
(1 + o(1)), n → ∞,

where α is a parameter such that Λ′(α) = θ and ν2 = Λ′′(α). Given n and t, let αn denote a parameter
satisfying Λ′(αn) = t/n =: θn and put ν2n := Λ′′(αn). Then the term o(1) is uniformly small (see Theorem
1 in [23]) and all the parameters αn and νn are bounded. In view of (30), for each t > 0, the function
x 7→ (x/t)I(t/x) is nonincreasing on [bµ−1t, µ−1t] as the pointwise limit of nonincreasing functions. This
ensures that

⌊t/(µ+ε)⌋∑
n=⌊bµ−1t⌋

(n/t)I(t/n) = t

∫ 1/(µ+ε)

b/µ
yI(1/y)dy +O(1), t → ∞.

Using this together with Stirling’s formula we infer

− log

⌊t/(µ+ε)⌋∏
n=⌊bµ−1t⌋

P{Sn > t} =

⌊t/(µ+ε)⌋∑
n=⌊bµ−1t⌋

nI(θn) +
1

2

⌊t/(µ+ε)⌋+1∑
n=⌊bµ−1t⌋

logn−
⌊t/(µ+ε)⌋∑
n=⌊bµ−1t⌋

log

(
1 + o(1)

αnνn
√
2π

)

= t2 · 1
t

⌊t/(µ+ε)⌋∑
n=⌊bµ−1t⌋

n

t
I(t/n) +

1

2

⌊t/(µ+ε)⌋+1∑
n=⌊bµ−1t⌋

logn+O(t)

= t2 ·
∫ 1/(µ+ε)

b/µ
yI(1/y)dy +

1

2

(
1

µ+ ε
− b

µ

)
t log t+O(t), t → ∞.

Combining pieces together we obtain
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− log

⌊µ−1t⌋∏
n=⌊bµ−1t⌋

P{Sn > t} = t2 ·
(

1

2σ2

∫ 1/µ

1/(µ+ε)

1

y
(1− µy)2dy +

∫ 1/(µ+ε)

b/µ
yI(1/y)dy

− 1

σ3

∫ 1/µ

1/(µ+ε)

(1− µy)3

y2
λ
( 1

σy
− µ

σ

)
dy

)
+

1− b

2µ
t log t+O(t).

On the other hand, according to the first order asymptotic secured by (29) and (31), we must have

1

2σ2

∫ 1/µ

1/(µ+ε)

1

y
(1− µy)2dy +

∫ 1/(µ+ε)

b/µ
yI(1/y)dy

− 1

σ3

∫ 1/µ

1/(µ+ε)

(1− µy)3

y2
λ
( 1

σy
− µ

σ

)
dy =

∫ 1/µ

b/µ
yI(1/y)dy,

for any sufficiently small ε > 0. Thus, relation (11) does indeed hold true. The proof of Theorem 4 is
complete. □

In view of Lemma 1 and formula (25), it is enough to check that relations (12) and (13) stated

in Theorem 5 hold with − log
∏⌊bµ−1t⌋

n=⌊µ−1t⌋+1 P{Sn > t} replacing − logP{N̂(t) = ⌊bµ−1t⌋}.

Proof of Theorem 5 As far as (12) is concerned, it suffices to show that

lim
t→∞

− log
∏⌊bµ−1t⌋

n=⌊µ−1t⌋ P{Sn ≤ t}
t2

=

∫ bµ−1

µ−1
yI∗(1/y)dy < ∞.

The argument behind proving this limit relation mimics that exploited in the proof of (10) in Theorem 4.
The only difference is that now we invoke a version of the Chernoff-Cramer theorem for the left distribution
tail (see again Theorem 2.1 on p. 116 in [14]) saying that, for each y ∈ [µ−1, bµ−1],

lim
t→∞

− log P{S⌊ty⌋ ≤ t}
ty

= I∗(1/y). (35)

Finiteness of the right-hand side is secured by 0 ≤ I∗(1/y) ≤ − log P{ξ ≤ 1/y} < ∞ for y ∈ [µ−1, bµ−1],
where the last inequality is justified by the assumption P{ξ ≤ b−1µ} > 0. We omit further details.

The second claim (13) can be proved by the same reasoning as in the proof of (11) but applied to the
random walk (−Sn)n≥1 with the generic step −ξ. This also explains the appearance of the function I∗

derived from the moment generating function of the distribution of −ξ in (12) and (13). □

3.3 Proof of Proposition 6

We only need to prove relation (14). Once this is done, formula (15) is secured by Proposition 7.
Recall the notation ν(t) = inf{k ≥ 1 : Sk > t} for t ≥ 0 and observe that

Var [N̂(t)] =
∑
k≥1

P{ν(t) > k}P{ν(t) ≤ k}, t ≥ 0.

For t > 0, let m(t) denote the median of the distribution of ν(t), that is, any positive integer satisfying

P{ν(t) ≥ m(t)} ≥ 1/2 and P{ν(t) ≤ m(t)} ≥ 1/2.

Plainly, limt→∞ ν(t) = ∞ a.s. entails limt→∞m(t) = ∞. Let a : (0,∞) → N be a function to be
specified later. We estimate Var [N̂(t)] from below:

Var [N̂(t)] ≥
m(t)+a(t)−1∑

k=m(t)

P{ν(t) > k}P{ν(t) ≤ k} ≥ P{ν(t) ≤ m(t)}
m(t)+a(t)−1∑

k=m(t)

P{ν(t) > k}

≥ 1

2
a(t)P{ν(t) > m(t) + a(t) − 1} =

1

2
a(t)P{Sm(t)+a(t)−1 ≤ t}.

Thus, (14) follows once we can find a such that

lim
t→∞

a(t) = ∞ and lim sup
t→∞

P{Sm(t)+a(t)−1 > t} < 1. (36)
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In what follows, let t > 0 be large enough so that m(t) ≥ 2. Note that

P{Sm(t)+a(t)−1 > t} =

∫
[0,∞)

P{t− y < Sm(t)−1}P{Sa(t) ∈ dy}

= P{Sm(t)−1 > t} +

∫
[0,∞)

P{t− y < Sm(t)−1 ≤ t}P{Sa(t) ∈ dy}

= 1 − P{ν(t) ≥ m(t)} +

∫
[0,∞)

P{t− y < Sm(t)−1 ≤ t}P{Sa(t) ∈ dy}

≤ 1/2 +

∫
[0,∞)

P{t− y ≤ Sm(t)−1 ≤ t}P{Sa(t) ∈ dy}.

The integrand on the right-hand side can be estimated with the help of Theorem 9 on p. 49 in [24].
The cited result implies that, for some absolute constant C > 0 (which depends on the distribution
of ξ),

P{Sm(t)+a(t)−1 > t} ≤ 1/2 + C

∫
[0,∞)

(
y + 1

m(t) − 1
∧ 1

)
P{Sa(t) ∈ dy}

= 1/2 + C E
[
Sa(t) + 1

m(t) − 1
∧ 1

]

≤ 1/2 + C

a(t)∑
k=1

E
[

ξk
m(t) − 1

∧ 1

]
+

C

m(t) − 1

= 1/2 + C a(t)E
[

ξ

m(t) − 1
∧ 1

]
+

C

m(t) − 1
.

Here, x∧ 1 = min(x, 1) for x ≥ 0, and we have used subadditivity of x 7→ x∧ 1 on [0,∞) for the last
inequality. Using limt→∞m(t) = ∞ and Lebesgue’s dominated convergence theorem, we conclude
that

lim
t→∞

E
[

ξ

m(t) − 1
∧ 1

]
= 0.

Hence, we can choose a satisfying limt→∞ a(t) = ∞ and

lim
t→∞

a(t)E
[

ξ

m(t) − 1
∧ 1

]
= 0.

With this choice, the lim sup in (36) does not exceed 1/2. This finishes the proof of both (14) and
Proposition 6.

4 Appendix

Here, we formulate a local central limit theorem for triangular arrays of independent Bernoulli random
variables.

Let (ηk,t)k≥1,t≥0 be a family of Bernoulli random variables defined on a common probability
space. We assume that, for each t ≥ 0, the random variables η1,t, η2,t, . . . are independent. Put

Y (t) :=
∑
k≥1

ηk,t, t ≥ 0

and, for each k ≥ 1 and each t ≥ 0, put pk,t := P{ηk,t = 1}. Fix any t0 > 0. By the Borel-Cantelli
lemma, the series defining Y (t0) converges a.s. if, and only if,

∑
k≥1 pk,t0 <∞. On the other hand, if∑

k≥1 pk,t0 = ∞, then the series diverges a.s. We assume in what follows that
∑

k≥1 pk,t <∞ for all
t ≥ 0. In particular, E[Y (t)] =

∑
k≥1 pk,t < ∞ and Var [Y (t)] =

∑
k≥1 pk,t(1 − pk,t) ≤ E[Y (t)] < ∞

for all t ≥ 0.
Given next is the result which follows from Theorem 2 in [6].
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Proposition 7 Assume that limt→∞Var [Y (t)] = ∞. Then

lim
t→∞

sup
k≥0

∣∣∣(Var [Y (t)])1/2P{Y (t) = k} − 1

(2π)1/2
exp

(
−
( k − E[Y (t)]

(Var [Y (t)])1/2

)2/
2
)∣∣∣ = 0.

In particular,

P{Y (t) = ⌊E[Y (t)]⌋} ∼ 1

(2πVar [Y (t)])1/2
, t → ∞.
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