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AssTrACT. A classical fact of the theory of almost periodic functions is the existence of
their asymptotic distributions. In probabilistic terms, this means that if f is a Besicov-
itch almost periodic function and V is a random variable uniformly distributed on [-1,1],
then the random variables f(L- V) converge in distribution, as L — oo, to a proper non-
degenerate random variable. We prove a functional extension of this result for the ran-
dom processes (f(L-V +1t));er in the space of Besicovitch almost periodic functions, and
also in the sense of weak convergence of finite-dimensional distributions. We further in-
vestigate the properties of the limiting stationary process and demonstrate applications
in analytic number theory by extending the one-dimensional results of [Limiting distri-
butions of the classical error terms of prime number theory, Quart. J. Math. 65 (2014),
743-780] and earlier works.

1. INTRODUCTION

The theory of almost periodic functions, inspired by the seminal contribution of
Bohr [8], has attracted enormous attention due to various applications in dynamical
systems, ergodic theory, number theory and other fields. Since the appearance of Bohr’s
original definition of almost periodic functions, nowadays referred to as uniformly al-
most periodic functions, many generalizations have been introduced with the most wide-
spread being Stepanov’s, Weyl’s and Besicovitch’s almost periodic functions. All these
spaces of almost periodic functions can be obtained through the procedure of comple-
tion of the set of trigonometric polynomials

n

T := Zuke“kf :neN, ap €C A €R Az A fori=j

k=1
with respect to various norms. For example, completion of 7 with respect to the uni-
form norm ||f||, := sup,cr|f(t)| gives a closed subspace of the space Cy(RR,C) of con-
tinuous bounded complex-valued functions, which coincides with the space of Bohr’s
uniformly almost periodic functions. In what follows we denote this space by U. Com-
pletion of 7 with respect to the Marcinkiewicz seminorm, see below, leads to the
space B, of Besicovitch’s almost periodic functions, a basic object for the present paper.

Fix a probability space (€, F,P). Given the space U, or any other space S of almost
periodic functions defined via the completion procedure described above, we intro-
duce its Borel o-algebra and define any measurable mapping from () to S as an almost
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periodic stochastic process. To the best of our knowledge, the earliest work on almost pe-
riodic stochastic processes dates back to the late 1930s, specifically Slutsky’s paper [33]],
where the author investigated what can now be recognized as Besicovitch’s almost pe-
riodic processes. These were expressed as convergent (Fourier) series of generalized
trigonometric polynomials with random coefficients. In [22], Hunt studied random
Fourier transforms and derived fundamental sample path properties for Fourier series
with independent, centered random coefficients, assuming that the series were square-
summable. As we shall see, such Fourier series represent certain functional averages of
Besicovitch’s almost periodic functions. A comprehensive treatment of random Fourier
series can be found in Chapter 5 of [25]. Alternative approaches to almost periodicity
in the context of stationary stochastic processes are discussed in [20] and other sources.
For an in-depth exploration of so called p-th mean almost periodic random processes,
the monograph [5]] serves as an excellent resource.

A motivation for an investigation of almost periodic processes comes from analytic
number theory. Arithmetic functions are deterministic. Nevertheless, many of these
admit limiting distributions (in a sense to be defined below). Knowing this it is natural
to ask for functional limit theorems, that is, for the existence of limiting processes. As
we shall demonstrate in Section[4} the limiting processes for several classical arithmetic
functions turn out to be stationary almost periodic processes with a discrete spectrum.

2. A BRIEF REMINDER ON ALMOST PERIODIC FUNCTIONS

For the purpose of the present paper we recall briefly a construction of the space B,
of Besicovitch’s almost periodic functions, which are our main tools. On this path we
follow a comprehensive source [9], see Section 2.5 therein.

2.1. Besicovitch almost periodic functions. Let LIZOC(JR,C) denote the space of locally
square-integrable measurable complex-valued functions defined on R. The mapping
I llg, : LY(R,C) + [0, +00] given by

L 1/2
@) i = timsup 5 [ 1r(0Pa)

L—+o0 -L

is a semi-norm on the set M,(RR,C) := {f € LIZOC(IR,(E) |Ifllp, < oo}. The set Z :={f €
M;(R,C): |fllp, = 0} is closed with respect to || - ||ps,- Hence, the quotient

M, (R,C) := M,(R,C)/Z

is a normed vector space with respect to the norm ||f + Z||yr, := [|fllp,- This space is
complete and known in the literature as a Marcinkiewicz space, see Propositions 2.18
and 2.19in [9]. Similarly to the Lp spaces, with a slight abuse of notation, we shall think
of elements in M, (IR, C) as functions even though these elements are in fact equivalence
classes. Note that two functions in the same class may take different values everywhere
on sets of positive measure and even on sets of infinite measure. For example, the
function t > e Il belongs to Z and is therefore equivalent to the zero function.

The Besicovitch space B, is defined as closure of 7 (or, more precisely, of 7 + Z)
in M5(RR,C). The space B, is complete but it is not separable. Indeed, {t > e'* : A €
R} C B, is an uncountable set such that [[e!"1! — eH2!]|, = V2if Ay # A,. It is clear that
the space U of uniformly almost periodic functions is a dense (with respect to || - ||ps,)
subspace of B,.
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2.2. Mean values and Fourier series. Let V_; ; be a random variable defined on the
probability space (Q, F,IP), which has the uniform distribution on [-1, 1]. Put V_; | :=
L-V_y1,so that V_; | is uniformly distributed on [-L,L]. It is known that any f € B,
possesses a mean value M(f) defined by

(2.2) M(f):= lim —f f(t)dt = hm IE[f _n)]-

L—+o00 2L

According to Theorem 2.9 in [1], see also Theorem 7 in [12]], a more general fact holds
true, namely, for any globally Lipschitz and globally bounded function g : C — C, the
limit

(2.3) lim E[g(f(V_r,))]

L—+o0

exists. In other words, the following convergence in distribution holds

d
(24) f(V—L,L) —> Mf(o), L—)+OO,
where M¢(0) is a complex random variable with the distribution implicitly defined by

E[g(M(0)]:= lim Bg(f(V_rr))]-

L—+c0

Since U is a subset of By, (2.4) obviously holds true also for f € U.

Note that the aforementioned Theorem 2.9 in [I]] is, in fact, an elementary conse-
quence of the following observation. If f € B,, then go f € B, for any bounded glob-
ally Lipschitz function g as follows immediately from the equivalent definition of the
Besicovitch space B, using translation numbers, see p. 78 in the seminal Besicovitch
book [4]. Therefore, the limit in (2.3) exists and is equal to M(g o f).

Let a € R be fixed and put f(a;t) := f(t)e 7% for t € R. According to (2.2), the limit

Fg(a):= M(f(a;t)):= lim —J- f(t)e e dt

L—+o0 2L

exists. This limit is non-zero for at most countably many a € IR, see Proposition 4.1
in [9]. The set

S(f):={aeR: Fs(a) =0

}
is called the Fourier spectrum of f, and the numbers {F¢(a) : a € S(f)} are called the
Fourier coefficients of f. The formal series }_,c5(s) Fr(a el” is called the Fourier series
of f and the pairs {(a, F¢(a)) : a € S(f)} uniquely deﬁne f (or, more precisely, f + Z), see
p- 104 in [9]. The notation
Z F elat

aeS(f

iat

is used to denote that f has the formal Fourier series ) ,cs(r)Fr(a)e'™. The Fourier

coefficients of f € B, satisfy a Parseval equality

(2.5) Z IFp(@)” = MOfIP) = IIf 13, < co.

aeS(f

It can be checked that the Fourier spectrum of a trigonometric polynomial Y _, azeltx!

withap20,k=1,...,n,is {1,..., A, }.
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2.3. Besicovitch functions with a restricted spectrum. For a subset A C R, put

n
T(A):={feT : S(f)gA}:{Zakei/\kt :neN, a€C, A €A, A=A fori:tj}
k=1

and let B;(A) be the closure of 7 (A) in B, with respect to || - ||,
Proposition 2.1. For every ACRR, By(A)={f € B, : S(f) C A}.

Proof. We first show that f € By(A) and a € S(f) imply a € A. We argue by contradiction
and suppose that a ¢ A. Take a sequence of trigonometric polynomials (P,,),eny C 7 (A)
such that ||f - P,,[ls, — 0, as m — co. Then, for every m € N,

(2.6)
1 (* ,
LI_)T"O if flandt= h —+00 2L J ftede = Ll—igloo 2L 7L(f(t) —Py(t)e™"dt,
but, by the Cauchy-Schwartz inequality,
I . 12
Ll_i)IPoo oL J:L(f(l‘) — P, (t))e " dt| < ergil;p( o7 j I(f |2dt) —f - Pull,.

Sending m — oo shows that the left-hand side of (2.6) is equal to zero which contradicts

aeS(f)

In the other direction, suppose that f € B, and S(f) C A. It is known, see Theorem II
on p. 105 in [4], that the Bochner—Fejér sequence (0,,(f))men of trigonometric polyno-
mials constructed from the function f belongs to 7 (A) and converges to f with respect
to the || - ||y, norm. Thus, f € B(A). a

If the set A ={A4,..., A,,} is finite, the mapping
(A)> f = (Fr(A1),..., Fr(A,)) €C”

defines an isometry between B,(A) and C" viewed as inner product spaces (notation
B,(A) ~ C"). Here, B5(A) is endowed with the inner product

L —
(2.7) (f g =limsup 3 | f(0gdt, fg € Ba(a)

L—+c0

Indeed,

.90 =timsup 2 | pr el fdt—ZFf

L—+c0

Similarly, if the set A is countably infinite, implies that B,(A) endowed with the
inner product is isometric to the infinite-dimensional (separable) Hilbert space
{,(C) of square-summable sequences over C. A particularly important case is obtained
by letting A be the spectrum S(f) of a fixed Besicovitch almost periodic function f.
Summarizing, we arrive at the following result.

Proposition 2.2. Let f € B, be a fixed Besicovitch almost periodic function. The space
By(S(f)) is a complete separable Hilbert space over C with respect to the inner product (2.7).
IfIS(f)| < oo, then By(S(f)) =~ CSUN, whereas if S(f) is countably infinite, then By(S(f)) ~
05(C). In both cases the isometry xr is given by

By(S(f)) 2 g+ x£(8) := (Fg(A)aes(f)-
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3. ALMOST PERIODIC STOCHASTIC PROCESSES

Let f € B, be a fixed Besicovitch almost periodic function. A stochastic process
(f(V_p1(w) + t))teRr is a translation of f by a random number V_;; chosen uniformly
from [-L,L]. Here, w € Q) denotes an element of the probability space (Q2,F,P) on
which the random variables V_; | are defined. It is clear that f(V_; | (w)+-) € B, and the
spectrum of f(V_p (w)+-) coincides with the spectrum of f(:), for every fixed w € Q).
The latter follows from the equalit

1 (T . :
(3.1) Ffw. +)(a) =limsup J Tf(V—L,L +t)e dt = e"V-LLF ().

T—+o0

Thus, for every w € Q, f(V_r(w) +-) is an element of B,(S(f)). Let Fs(r) be the Borel
sigma-algebra on B,(S(f)). The mapping

RxQ>3(t,w)— f(V_p(w)+t)eC

defines a random element taking values in the measurable space (By(S(f)), Fs(f))-

A simpler approach could have involved defining t — f(V_; | +t) as a random ele-
ment taking values in B,. However, the non-separability of B, complicates the analy-
sis, as standard probabilistic tools (tightness of a probability measure, Prohorov’s and
Skorokhod’s representation theorems, etc.) are not readily applicable in non-separable
spaces.

3.1. Convergence in distribution on B,. Theorem below is a functional version
of in the subspace B,(S(f)) of B,. It is the starting observation for the present
paper. Even though the result is rather simple, we have not been able to locate it in the
literature.

Let T be the unit circle in C regarded as a topological group and

Tf = X TA
AeS(f)

the torus obtained by taking (either finite if |S(f)| < oo, or infinite if |S(f)| = oo) product
of copies T, of T endowed with the product topology. The collection (e!AV-LL) Aes(f) is
a random element taking values in Ty. According to Theorem 3.1 in [11], it converges
in distribution on "IFf, as L — oo, to a random variable, to be denoted by V = (V,\)/\eg(f),
whose distribution can be uniquely characterized by the Fourier transform on the Pon-
tryagin dual group ?/1? ~ 7I5), see the proof of Theorem below and, particularly,
formula (3.3).

If the collection S(f) C R is linearly independent over Q, then (V)),es(r) has the
same distribution as a collection (U)))es(y) of mutually independent and identically
distributed random variables, each with the uniform distribution on T, see [17, [18]
19, 126}, [27, 28] and also below. A bit more general, yet useful for our pur-
poses, is the situation when S(f) possesses a decomposition S(f) = C U (-C) UR U {0}
or S(f) =CU(-C) UR, where the sets on the right-hand side are pairwise disjoint and
CUR (or, equivalently (-C)UR) is linearly independent over Q. The latter, in particular,
implies that R N (—-R) = @. In other words, S(f) may now contain 0 and the opposite
pairs —A, A which are obviously linearly dependent over Q. The union C U (-C) contains
all such pairs, whereas R consists of all A € S(f) such that -1 ¢ S(f). In the most gen-
eral situation of the described case, the collection V = (V) es(f) is comprised of four

subcollections (U_))ae(-c), (Un)rec, (Un)rer and Vg = 1, with (U))recur being mutually

IThis argument also shows that arbitrary translations (random or deterministic) do not change the
spectrum.
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independent uniformly distributed on T random variables, and z is the complex conju-
gate of z. A typical example is S(f) = C U (-C), for C such that C is linearly independent
over Q, where the spectrum is symmetric around the origin and does not contain 0.

Theorem 3.1. Suppose that f € B,. Let S(f) be the spectrum of f and
f ~ ) het fi=Fr)=M(f(ne™), AeS(f),

AeS(f)

be the formal Fourier series of f. Then, as L — +oo, the stochastic processes f(V_r1 +-)
converge in distribution on the space By(S(f)) to a random element My € B,(S(f)) C B,
uniquely defined by the formal Fourier series

My(t) ~ ) Vifiet,

AeS(f)

Proof. In view of (3.1)) the formal Fourier series of f(V_ | +-) is given by
fOVopL+t) ~ Z eV frett,

AeS(f)

In the subsequent proof we assume that |S(f)| = co. A proof in the case of finite S(f)
requires only minor modifications and is, therefore, omitted.

By the isometry established in Proposition it suffices to check that ¢,(C)-valued
random variables (ei/W*L'Lf,\),\eg(f) converge in distribution, as L — +o0, to (V) fi)1es(f)-
By the Skorokhod representation theorem, retaining the original notation for the ver-
sions, we can and do assume that, for each A € S(f),

etVerr V), as.
Using that }_cs(p)l f1l? < 0o, we obtain, by the Lebesgue dominated convergence theo-
rem, that

. AV p _ 2 _ 21,AV L v 2
lim ) M-V = lim ) If[e Wl
AeS(f AeS(f

Lo+
) )

= ) AP lim et -viP =0 as.
AeS(f)

The proof is complete. O

On many occasions it is more convenient to work with a slightly different, one-sided
averages defined by t — f(Vj + 1), where V1 = L-V|o,1) and V|| is a random variable
on (QQ, F,P) with the uniform distribution on [0,1]. It turns out that this type of aver-
aging leads to the same limiting process My. In order to check this statement, we first
prove a more general version of Theorem ﬁ

Theorem 3.2. Under the assumptions of Theorem there is joint convergence in distribu-
tion

(f(Vopr+) Vo) = (Mp,U), L— oo,
on the product space By(S(f)) xR, where U has the uniform distribution on [-1,1] and is
independent of M.

Note that the non-obvious part of the statement is independence of the components
on the right-hand side!
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Proof. It suffices to check that
(3.2) ((eiAV’L’L)AES(f), V_1,1) = (V,U), L—-> oo

on the product space Ty x R with VV and U independent. The subsequent argument is
an adaptation of the proof of Theorem 3.1 in [I1]. Without loss of generality, assume
that |S(f)| = co. The Pontryagin dual group of Ty x R is isomorphic to (@/\Es(f)z/\) O R,
where Z,, for A € S(f), are copies of Z. Let k = (k))cs(f) € Daes(r)Za be such that only
finitely many integers k) are non-zero and let t € IR be a fixed real number. The pair
(k, t) (identified with the character on Ty x R) acts on Ty x R by the rule

Tf xR > ((v,\),\eg(f),u) [ eitu ]_[ V?.

AeS(f)

The Fourier transform g; ((k, t)) of the left-hand side of (3.2) is equal to

gL((kr t)) =E

L
RO H ei/\kAV_L,L] _ LJ XL+ Dcs(ry Mha) g
L

2L
AeS(f)
L
=77 7Lcos X

t/L+ Z AkA]]dx.

AeS(f)

As L — +oo, the right-hand side converges to the product g(k)sin(t)/t of the (usual)
Fourier transform sint/t of U and the Fourier transform g(k) of V given by

1, if Aky =0,
(33) g(k)—{ Lacsip A

10, otherwise.

The proof is complete. O

Below is the promised limit theorem for the one-sided averages t — f (V1 + ).

Corollary 3.3. Under the assumptions of Theorem the stochastic processes f(Vop + )
converge in distribution on the space By(S(f)) to My, as L — +oo.

Proof. Note that the distribution of f (V1 +) € B5(S(f)) coincides with the conditional
distribution of f(V_; +-) given V_1; > 0. Therefore, for every A € F5(y) satisfying
P{My € A} =0,

P{f(Vor+)€AV 1,20}

P{f (Vo +-) € A} = P{V_; ; >0}

— ZIP{Mf €A U>0}= IP{Mf €A},

as L — +oo, having utilized independence of My and U for the last equality. O

3.2. The limit process for randomly translated almost periodic function. From now
on we always assume that f € B, \ {0} satisfies:

S(f) does not have finite accumulation points and is decomposed into pairwise

3.4
(34) disjoint sets S(f) =CU(-C) UR, where C UR is linearly independent over Q.

In particular, we assume that 0 ¢ S(f). This does not reduce generality: if 0 € S(f)
and f; is the corresponding Fourier coefficient, then g(f) := f(t) — f, satisfies S(g) =
S(f)\{0}. As has already been discussed, the components of the decomposition in (3.4)
necessarily satisfy R N (~R) = @ and, without loss of generality, we can and do assume
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that C C [0, +00). Since S(f) does not have finite accumulation points by assumption, we
can enumerate the points in C = {/\gf) : k > 1} in the increasing order

(3.5) 0< A9 <l <. < hoo.

The same applies to R but the corresponding sequence is, in general, two-sided R =
{/\5:) : ke Z}y with Z* :=Z\ {0} and

(3.6) —oo< <A <A c0<aV <AV < < too

Naturally, the sequence given in (3.5) is allowed to be finite and the sequence given
in (3.6) is allowed to be finite or one-sided infinite.
With the introduced notation, the Fourier series of f and M £ can be written now as

4 (0) 4 (c) .4 (1)
f(t) ~ E (f/\(c)el/\k t+f_/\(£)e_1/\k t)+ E f/\(y)el/\k L
k k ="

k>1
Mg (t) ~ Z(u,i”fi(k +u ) Zu
k>1 keZ*

respectively, where (Z/l,i ))k>1 and (U, )keZ are independent sequences of independent
identically distributed random Varlables each with the uniform distribution on the unit
circle T.

Under (3.4), the formal Fourier series of Mf is the sum of two independent random
series, denoted in what follows by /\/l;c)(t) and M;r)(t), each of which is itself a sum

of mutually independent random variables. By Kolmogorov’s two series theorem they
both converge a.s. for every fixed t € IR. A less obvious fact is that they both converge
with probability one almost everywhere in t with respect to Lebesgue measure on IR, see
p- 296-297 in [24] and, therefore, define a random function My. By Theorem 1 in [22],

My €Mps1 L},OC(IR,(E) with probability one. Thus, we can write

) @, T ) 400
ME) = Y (600t e ) i = Y,

k>1 kez*

and

M (t) = M (6)+ MY ),

with = instead of ~ everywhere, and regard Mjf), ME:) and M 5 as random functions on
R, rather than just elements of B,.

Theorem 3.4. Assume that f € B, satisfies (3.4). The random process (Mg (t))ter is a cen-
tered stationary process with the covariance
(3.7)

2@
Ky, () = E[M (s) M (0)] = E |fale™s, E[M(s)M (0 ]_§ f c)e S seR
AeS(f) k>1

Moreover, the process My is ergodic in the usual sense: with m denoting the distribution of

Mg (0),

lim —J P(My(t))dt = Edp(M(0) :J- ¢(x)m(dx) a.s.
C
for every ¢ € L1(C,m). The process My is not mixing.
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Remark 3.5. Formula (3.7) together with Z,\es(f)|f/\|2 < oo demonstrates that K, (s) is
a uniform over s € R limit of generalized trigonometric polynomials. Thus, Ky, is Boht’s
uniformly almost periodic function.

Proof. Formulae (3.7) follow by direct calculations using that EU;|?> = 1 and EUY, =
IEZ/I/% = IEU/% =0 forevery A\e CUR.

It suffices to justify the remaining claims separately for M;C) and Mjcr) and then use

independence. We only do this for Mjf), leaving the easier case of ME:) to the reader.

We first check stationarity. By rotational invariance and independence,
i d
U1 £ U

for any collection of real numbers (by)x>1. Thus, for every fixed s € IR,

.. (o) . (0)
Z(ulic)el)\k Sf/\(c)el/\k t 1)\ Sf —1/\ )]
k
teR

k>1
(c) a9y —iAl9y
Z(Z/lk f/\(c)el k +ka_/\(c)e 14
= k k

(M (¢ +5)ser =

d

= (MY (H)rer-
teR

In order to prove ergodicity of Mﬁf), recall that, under (3.4), (Uéc))kzl is distributed
according to the Haar measure on the compact Abelian group

f _XTA—XT
AeC k>1 k

Denote this Haar measure by §. The triple (T f ,B(T}C)),ﬁ) is a probability space and,
on this space, (L{,i ))kzl may be defined as the identity mapping. The mappings

()
/1 o1, T (2 0he) = @ 2 @)1, tER
k k

preserve the measure fj and form a flow (th)telR which satisfies Tg =1d, TAS = Tf o Tf
t,s € R. Note that each th is an infinite direct product of irrational rotations. Let
gf: Tl"](f) — C be a function defined by
8r((z 0 k1 = Z(f @+ f_j0Z)0 Z@)
¢ =
In view of Zk>1(|f %+ |f | ) < Z/\es |f,\|2 < oo, the mapping gy is well-defined for

H-almost all (Z/\)Aec € ’ll"f (for $H-almost all realizations z := (z A;(c))kzl of (Uic))kzl) by
Kolmogorov’s two series theorem.

Observe that Mﬁf)(t) = gf(th((Z/{,iC))kzl)), t € R. We need to check that, for every
¢ €L(Cm),

1 (T
(3.8) lim ff (¢ 0 8T (U )z1))dt = EGM(0) H-as.
—+00 0
Assume we have already proved that, for every h: 'IFJ((C) — C satisfying h e L, ('ﬂ"}c), H),
U B (P S
(3.9) lim —j h(T; (U )is1))dE :J h(z)H(dz) H-a.s.
To+o0 T Jg e

f
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Then limit relation follows by choosing h = ¢ o g and noting that
fm $(27(2))5(dz) = Ep(M(0)).
f

Now we prove (3.9). First of all note that the fj—a.s. convergence to some limit holds
by Birkhoff’s theorem and we only need to verify that this limit is given by the right-
hand side of (3.9). We shall do this in a sequence of steps. Observe that, for every fixed
T > 0, the mapping

Ll(qr})ﬁ)ah.—> J T/ ()dt e LTy, 5) = AT(h), T>0,

is a linear operator on L! ("Jl"j(f), $) with the operator norm bounded by 1.

Step 1. We shall first verify that the set of measurable functions from "II’J([C) to C, which
depend only on finitely many coordinates, is dense in L; ("Il"](f) , ) and hence the subset of

continuous functions, which depend only on finitely many coordinates, is also dense in

Ly (’Il"j(f), $). To see this, fix h € L; (”JFJ([C), $) and, for n € N, let F, be the o-algebra generated

by L{l(c), . .,Z/{y(,c). The sequence of random variables
Eg[h((Y, Nl neN

is an Ll("ll")(f),ﬁ)—bounded martingale and converges in LI(TJ(,C),J:)) to h((U,ic))kzl), as n —
o0, see Proposition 10.8.6 in [30]. This can be recast as

lim | ha(z)0-02,0) = (2)H(dz) =

n—o0o "IF(C)

f

where

hy(uq,...,u,) = J " h(uy, ..., Uy, Zpe1, Znsn,---)H(dz), nelN.
T
f

Step 2. Assume we have proved (3.9) on the dense subset from Step 1, that is,

1 (T~ () —
(3.10) lim = | e, 1N )dt—J- W(zy,...,2,)dz, ---dz, FH-as.
Totoo T 0 T}C)(n)

for any continuous IE 'll"}c)(n) — C, where 'IFJ(,C)(n) = T/\(]c) X oo X T/\gf)' In other words,
that the sequence of linear operators A} converges f)—a.s. pointwise on a dense subset
of Ll(T}C),f)) to the right-hand side of , as T — +oo. Since h in our dense subset
are continuous we infer, using the Lebesgue dominated convergence theorem, that A}“
converges to the right-hand side of alsoin L; (T}C),ﬁ) pointwise on a dense subset
of Li(T f ,f)), as T — +oco. Since the operator norms of A} are bounded by 1, this con-
vergence also holds on the whole space Ll("IFj(f),ﬁ). This argument identifies the limit
in (3.9).

Step 3. Proor oF (3.10). Formula (3.10) follows by the continuous multidimensional
Kronecker-Weyl equidistribution theorem, see, for example, Eq. (1.21) in [3]], with the
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right-hand side replaced by

j E(uf“)zl, o ,Z/{,(,C)zn)dzl ---dz,.
T (n)

This theorem is applicable because {)\(1 ), o /\(,,C)} are assumed linearly independent over
Q. It remains to note that changing the variables in the expression above gives

J. ﬁ(ul(c)zl,...,u,gc)zn)dzl -oodz, = J. ﬁ(zl,...,zn)dzl -o-dz,, PH-as.
T}C)(n) T ()

This proves (3.10) and ergodicity of M;C)
It remains to prove that /\/lf is not mixing. To this end, it suffices to check that the
covariance function does not converge to 0, as s — +co. But this is clearly the case, since

K, is non-zero Bohr’s almost periodic and does not have a limit as s — +oo. O

The next result demonstrates that the choice of notation for the limiting random
variable in (2.4) was not coincident.

Proposition 3.6. Assume that f € B, satisfies (3.4). Then

f(Vorr) N Mf(O):Z(UIEC)fA ) ZZ/{ ,), L — oo,

k>1 kez*

with the series on the right-hand side being a.s. convergent.

Proof. Let f(t) ~ ):/\Es(f)f,\ei’\t be the formal Fourier series of f. The sequence of
trigonometric polynomials

n

4 (n)
pn Zf Mk Zf 1/\}( Z f/\(f)el/\k t’ neN,
k

k=—n,k=0
satisfies (by Theorem 14 (i) in [12])

hm ||f Pn”M = hm 11rnsup]E|f —pa(V. LL| =0.

For every fixed n € IN, the set {/\(lc),...,/\if), /\(17),...,/\51)} is linearly independent over Q.
Thus, by the continuous multidimensional Kronecker-Weyl equidistribution theorem,
see, for example, Eq. (1.21) in [3],

n

0
itV -ia v iZv
Vorr) Ef LL+E f i+ E fime Tk
k=—n,k=#0 k
n

Zf +Zf £ ) fpll Lo

k=—n,k=0

It remains to note that, by Kolmogorov’s two series theorem,

n

Zf +Zf G+ Y ftd? Y el ROEAT ey po”

k=—n,k#0 k>1 kezZ*

as n — oo, and apply Theorem 3.2 in [6]]. O
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The convergence of f(V_p | +-) on the space B,(S(f)), settled in Theorem is a
rather weak type of convergence of random processes, for it does not even entail con-
vergence in distribution at a fixed point. Proposition [3.6|addresses this by establishing
convergence in distribution at the fixed time t = 0. Moreover, a simple argument can be
used to extend this result to the convergence of any finite-dimensional distributions.

Corollary 3.7. Assume that f € B, satisfies (3.4). Then
(f(Voprt))er = (Mp(t))ier, L — +oo
in the sense of finite-dimensional distributions.

Proof. Fix me N, —oco < t; <--- < t, <o and ay,...,a,, € C. According to the Cramér-
Wold device, it suffices to check that

(3.11) ZafVLL+t i)id,’./\/lf(t,)
_Zal Z( fyoe iUl f e f) Zu ]

=1 k>1 kezZ*

The function x - Y7, a;f(x + ;) = f(x) belongs to the space B,(S(f)). According to
Proposition [3.

m —_—

d ©z A9 0z oA t (r) 7
E a; f(Vi1+t) — E U gk i+ UY E U L — oo,
- zf( LL z) ( k f/\;() k f; k k f}(

k>1 kezZ*
(r)
where, for k> 1, f f+/\() Qi 4t and f = fin Lity @i e* i are the Fourier
Ay
coefficients of f. Th1s proves (3.11). O

3.3. Continuity of the limit process. We shall now discuss continuity properties of the
process M. In general, the random process My might not be continuous, even under
assumption (3.4). A simple sufficient condition for continuity is

(3.12) Z fal < o0,

AeS(f

since the corresponding partial sums Z/\ES(f)m[—N,N] fiV1el! in this case converge to
Mg (s) uniformly over s € R, as N — co. Then My is also a Bohr almost periodic function
with probability one.

If does not hold we decompose Mgy into three sums

(3.13) Zu +Zu +Zu teR

k>1 k>1 kez*

and note that all of them are of the same type ¥ ; Xel"t! for a sequence (Xj) of inde-
pendent identically distributed random variables. For such random series, a sufficient
condition of a.s. sample path continuity can be found in Theorem 2 in [22]]. In the
present case, this sufficient condition ensuring a.s. continuity of M; takes the form

Z|f |+|f ?)log! 1] + Z|f Plog ™A <00 forsome &>0

k>1 keZ*
or, more compactly,

(3.14) Z If1l*log!*¢|A| < 0o  for some &> 0.
AeS(f
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Assumptions (3.15) and (3.16) in the next result are variations of (3.14) ensuring also
Holder continuity of the paths.

Proposition 3.8. Suppose that f € B, satisfies (3.4). Assume that for some a € [0,2) and
g>0,

(3.15) Z AP Taey = O(%),  x — +oo,
AeS(f)

and also

(3.16) Y 1ALy = O(7F), x> +oo.
AeS(f)

Then the process My has a version with a.s. locally y-Holder continuous paths for every
y <min(1 - a/2,/2).

Proof. The proof of Proposition[3.8]is a standard application of the Kolmogorov-Chentsov
theorem. First, observe that, by Rosenthal’s inequality, see Theorem 3 in [31]], for some
positive constant C(m) > 0 which only depends on m > 1,

2m
B () - MO = B[ ) U f (e
kez*
max{[zlf ||elx\ t ] Zlf |2m|elx\ t 1|2m}
kez* kez*
(3.17) m)| ) Ifo Pl - 1|2]
kez*

where we have used that (U,Er))kez* are centered with unit variance and unit 2m-th ab-
solute moment. We note in passing that the previous inequality holds as an equality in
the case m = 1, namely,

B0 - MO = Y 1f o Ple - 11

kez*

Since all the three summands in (3.13) have the same structure, (3.17) and the inequal-
ities

(a+b+c)2m a2m 4 p2m 4 2m
< , abc>0
3 3
entail
m
(3.18) E|M(t) - Mg (0)P" < 32" C(m [ Y 1APe™ -1 2] :
AeS(f)

Decompose the sum on the right-hand side as

(3.19) Z |ei/\t—1|2|f,\|2§4t2 Z /\2|f/\|2]l{|/\|5t‘1}+4 Z If/\|2]l{|/\|>t‘1}'

AeS(f) AeS(f) AeS(f)

The first sum is O(t™%) in view of (3.15), whereas the second sum is O(t#) in view
of (3.16). Thus, the right-hand side of (3.19) is O(t™n2-@)) as t — 0+. Plugging
this into (3.18) implies that, for every m € IN and T > 0, there exists K = K(m,T) > 0
such that

E[M(t) = Ms(0)P™ < K[f"™nCE@P), ¢ < T.
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Picking m € IN such that mmin(2 — «, 8) > 1 completes the proof. O

3.4. The tangent process. In this section, we prove a functional limit theorem for a
suitably normalized “chordal process” (My(et) — M (0))scr, as € — 0+. The limit pro-
cess is called the tangent process of /\/lf, a notion introduced by Falconer [13} [14].

Observe that associated with any f € B, \ {0} is a probability measure S¢ supported
by the spectrum S(f) and defined by the equality

AP AP
N - e
SRS e R T

If cff is a random variable on (Q), F,IP) which is distributed according to Sf, our condi-

tions (3.15) and (3.16) take the form

(3.20) E[£71(i¢/1<q] = O(x%),  x — +oo,
and
(3.21) Pll&fl > x] = O(x7F), x> +oo,

respectively. In order to identify the tangent process of M, we need more information
about the behavior of Fourier exponents and Fourier coefficients of f (encoded by the
probability measure S¢). More precisely, we shall assume that the truncated second
moment of S¢ is a function which varies regularly at +oco with index 6 € (0, 2), that is,

(3.22) E[£7 g 1<q] ~ x7€(x),  x = +oo,
According to Eq. (5.16) on p. 577 in [15]], relation (3.22) implies

x972¢(x), x — +oo.

0
(3.23) Pl >x) ~ 5

Fix any € > 0. Since lim,_, o, x ¢¢(x) = 0, we conclude that and secure
and with o =60 + ¢ and =2 -0 — ¢, respectively. By Proposition this yields
y-Holder continuity of M for each y <1-6/2.

Theorem 3.9 below is the promised functional limit theorem for the tangent process
(Mg (et) — Mf(0))scr under the additional assumption that the spectrum of f is sym-
metric with respect to the origin, R = @, and the Fourier coefficients satisfy

(3.24) fa=fu AeS(f).
Assumption (3.24) implies that the distribution of & is symmetric in the sense &¢ £ =5
Under (3.24), the process My = M;C) is given by

O, T iy
My(1) = Z(u,ﬁ” frae et Fge f) = 2Re
k>1

(c) iAl%
wafﬂ-

k>1

In particular, it is real-valued.

Theorem 3.9. Suppose that f € B, satisfies (3.4) with R = @ and (3.24). Assume that (3.22))
holds with some 0 € (0, 2) and € slowly varying at infinity. Then, as € — 0+,

M (et)= My (0)
e2-0¢(e7 1)

on the space C(IR,IR) with the locally uniform topology. Here By_g/, is a centered fractional
Brownian motion with the covariance

EB_g>(t)B1_g/a(s) = Cro(t> 0 +1sI” % |t =sI*™?), tseR,

(3.25) (Te(t))ter == [ ] = (B1-g/2(t))ters
teR
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where Cg s is a positive constant given by equality (3.28) below.
Proof of Theorem Observe that

.q(c) - .1 (0)
Mf((‘:t) —Mf(o) = Z(UJEC)f/\g(c)(el/\k et _ 1) +u}iC)f/\;:)(e—1/\k et _ 1)

k>1

is the sum of independent random variables. Thus, a standard way to check the con-
vergence is to apply the Lindeberg-Feller sufficient conditions. To this end, it suffices
to check (i) convergence of covariances, (ii) the Lindeberg condition (we shall check the
Lyapunov condition instead) and (iii) tightness.

CONVERGENCE OF COVARIANCES. Using IEbllic) = lE(Ulic))

clude that

2_-0and independence, we con-

1 i1 _iy© G ()
E[T.(t)Te(s)] = 20711\ Z|fA(c)|2((elAk 1) (e M E — 1)+ (e E — 1)(e M - 1))
e 9¢(e 1) ="

2 2 (0) (0) (0)
W(E_I)I;If/\y)l (cos(A"e(t —s)) —cos(A,"et) —cos(A "es) + 1)

= #(5—1) AE;}) Ifal*(cos(Ae(t —s5)) — cos(Aet) — cos(Aes) + 1)

where v(t) := (1 - cos(&yt)), for t € R. In view of (3.23), Theorem 8.1.10 in [7] ensures
that

0> 0¢(e71)

2 E[1- ~ , .
(3.26) [ =cos(ére)] ~ Sr3gysinmerzy € 0%
Thus, for every fixed t,s € R,

(3.27) E[T.()T.(s)] = Cro(t? 0 +[s” 0 —1t—s*7), &— o0+,
where
70|l fllm
2 = 2 .
(3.28) Creo 2T(3 - 0)sin(10/2)

NEGLIGIBILITY OF ATOMS. Before we can proceed with the verification of the Lyapunov
condition, we show that each individual atom in S(f) N [-x,x]° (respectively, in S(f) N
[—x, x]) of the distribution of cff makes a negligible contribution to the tail (respectively,
truncated second moment), as x — oo.

Lemma 3.10. Assuming (hence, also ) the following holds true
max{P{&r = A} : [A]>x, A € S(f)}
P& ¢l > x)
max{P{&f = MAZ A <x, A e S(f))
BlEF L g 1<x)]

Proof. To prove the first relation, let R(x) := P{|{&f| > x} for x > 0. By (3.23), R(x) is
regularly varying at co with negative index 6 — 2. Fix € > 0. By the uniform convergence

— 0, x— +oo,

(3.29)

- 0, x—> +oco.
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theorem, see Theorem 1.5.21in [7]], 0 < 1— (y(+)1 < ¢ for all sufficiently large p. It follows
that, for sufficiently large x,

max{P{Ey = A} : N> x5 A €S(f)} _ SuPyex(RBH) Ry +1)) _ esupy», R(Y)
P{l&s] > x} - R(x) - R
The proof of the second relation is similar. Define T(x) := E[éf]l{léflsac}] for x > 0.

=E&.

By (3.22), T(x) is regularly varying at co with positive index 6. Fix ¢ > 0. Again, by

. T(y+1)
Theorem 1.5.2 in 7], 0 < TGO

Therefore, for sufficiently large x,

—1 < £ whenever y > ¢ for some sufficiently large c,.

max{P{& = AJA% : ¢ < |A| < x, A € S(f))

BEFL e j<x]

- SUP e (T +1) - T () S €SP yeico x T (¥) e
T(x) T(x)
which implies the second relation because the maximal atom of |£|in [0, ¢] is bounded,
whereas T (x) — oo. ]
.1 (0)
THE Lyapunov conprtion. Fix t € R and put Y, k(€) := 2Re(U,£C)f/\(c) (e €' —1)). Then the
k
Lindeberg condition reads as follows: for every fixed 9 >0 and t € R,

(330) m ZIE |ytk )l ]]'{lytk 2>862-0¢(e ] -0, €—->0+.
k>1

We shall prove (3.30) by checking a stronger Lyapunov condition
1
ZIE |V k(e =0, £—-0+.

(3.31) 002
(e500e))”
Using
Sq(0)
Ver(e)l* <161 ol fe e <! - 1]
we conclude that

> BT < 16ma(If, 0PIt = 1) Y If o Pl -1

k>1 k>1
.4 (0) .
:8 2 ( c 2 1/\k st_12)lE 1§f£t_12
£z, 2 {1yl " JEle |
<16||f|2, max 2leMet _12)E(1 - cos(&fet)).
11, max (IfsPle"'! = 11%) E(1 —cos(é )
According to (3.26)), relation (3.31) follows once we can check that

max)es(f) (lfAlzleim - 1|2)

— 0, ¢->0+.

e270¢(e1)
Observe that
max el/\Et 1 2 max 2 ei)\et -1 2 + max 2 ei/\et -1 2
max (|fA| | )< MU ?) s (1A ?)
<4 max 24 41%¢? max 2)2%).
AeS(f): A>e! Al AeS(f): A<e ! (IfAI )

Upon dividing by £279¢(e7!) the first summand tends to zero by the first part of (3.29).
The second summand does so by the second part of (3.29). Thus, (3.30) holds true.



ALMOST PERIODIC STOCHASTIC PROCESSES 17

TicaTNESs. For the proof of tightness observe that, (3.18) and (3.19) imply, for ¢ # s and
m €N,

B[ My(et) = My (es)P" B[My(e(t -s)) — M7(0)]2"
(e279¢(e1)m - (e279¢(e~1))m

(3.32) E[T.(t)- T.(s)]*" =

4"32m=1C(m) 2 21012 2
< oy |l Y MUAPYer-+ ) AP Ly

AeS(f) A€S(f)
Since 2 -6 > 0, the limit relations

1 2
T 2 Y AP peeny = 113,270 e 0+
AeS(f)

and
1 0 _
207 T) Z AP s ezt — ||f||]2\42m22 0 &—0+
AeS(f)

hold uniformly in z € (0, T] for every fixed T > 0, see Theorem 1.5.2 in [7]. Thus, (3.32)
implies that, for every ¢y >0, T > 0 and m € IN there is a constant C = C(gg,m,T) > 0
such that

E[T.(t) - T.(s)]*" < Clt s>, ¢€(0,e0), O0<|t—s|<T.
Picking m € IN such that (2—0)m > 1 we conclude that the family (T, (#));cr, € > 0 is tight
in C(R,C). O

Example 3.11. A general example of f € B, satisfying all the assumptions of Theorem
can be constructed as follows. Let €1,€, be two functions which are slowly varying at infinity
and A > 0 a positive constant. We take a countable set C of positive real numbers without
finite accumulation points and such that C is linearly independent over Q. We enumerate the
points of C in the increasing order

O< Ay <Ay<eo< A, <o

Suppose that the sequence (Ay) e is regularly varying at infinity with some index a > 0, that
is, A, ~ ny(n), as n — oo. It is known that the function

AT(x):=inflk>1: A >x}, x>0,

is regularly varying at +oo with index a~!, see Theorem 1.5.12 in [7]. Denote by N a random
variable on IN with distribution

(3.33) PIN =n) ~ i7" Deyn), n— oo
for some 0 < b < 2a. Let f € B, be any function with the Fourier spectrum S(f) =C U (-C)
and the Fourier exponents (f)aes(r) satisfyinﬂ
Ifi, P =APN =k} and f, =fi, k>1
for some fixed A > 0. Observe that
Pllépl>x) =2 ) 1onPIN =k} = 2P(A > A7 (x))
k>1
Since (3.33)) implies that x — P{N > x} is regularly varying at inﬁnity with index —b, we
conclude thut x > P{|E¢| > x} satisfies (3.22) and (3.23) with 0 =2 - b

ZNote that the arguments of the complex numbers f) are allowed to take any values in T.
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3.5. Locally uniform convergence: a conjecture. Corollary establishes that the
finite-dimensional distributions of (f(V_pr +t));er converge to those of (Mg(t))scr,
while Theorem addresses the convergence in the space B,(S(f)). This raises the
question of whether a convergence also holds in a more classical functional space, such
as the space of continuous functions C(IR, C) or the Skorokhod space D(IR, C). Naturally,
for this question to be meaningful, the converging and limiting processes have to belong
to the corresponding spaces with probability one.

Recall that either (3.14) or (3.15) and (3.16) ensure that M has a.s. continuous sam-
ple paths. It also clear that f(V_; | +-) is a.s. continuous if, and only if, so is f. We
conjecture that, under these assumptions, the convergence of finite-dimensional distri-
butions in Corollary [3.7|can be lifted to the convergence in C(IR,C) endowed with the
topology of locally uniform convergence.

Conjecture 3.12. Assume that [ € By N C(R,C) satisfies (3.4) and either (3.14), or (3.15)
and (3.16)), hold true. Then,

(f(Vepr+ ier = (My(t))er, L — +oo,

on C(RR, C) endowed with the topology of locally uniform convergence.

Since our primary motivation stems from analytic number theory, and the almost
periodic functions that arise in our applications are not continuous, we do not pursue a
proof of this conjecture. Instead, we only note that Theorems 1 and 2 in [[16]] may be use-
ful for checking tightness, which is the only part that requires a proof. The aforemen-
tioned theorems justify a uniform approximation of f by trigonometric polynomials on
a subset of R of upper density arbitrarily close to one.

4. APPLICATIONS IN ANALYTIC NUMBER THEORY

Almost periodic functions play a significant role in number theory, particularly in
the analysis of asymptotic distributions of arithmetic functions. In what follows we
denote by P the set of prime numbers and by C the Riemann zeta-function defined by
the series C(s) := ) 5 % for Re(s) > 1 and by an analytic continuation for all other s € C,
s= 1.

4.1. The von Mangoldt function and its partial sums. To the best of our knowledge,
the first connection between almost periodic functions and analytic number theory is
due to Aurel Wintner [35] who considered partial sums of the von Mangoldt function.
Recall that the von Mangoldt function is a mapping A : IN — R defined by

A(n) = logp, ifn=pl forsomepePandjeN,
a 0, otherwise.

Its partial sum (or summatory) function defined by ¢ (x) =}, ., A(n), x > 0, is called the
second Chebyshev function. It is known that the prime number theorem is equivalent
to the asymptotic relation

(4.1) P(x) ~ x, x— +o0.

A link between functions A and C is settled by the formula

) _ _ZA(”), Re(s)> 1,

C(S) n>1 "
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which follows by taking the logarithmic derivative on both sides of Euler’s product
1/C(s) = ]_[pep(l —p~®). Equivalently, one can write

C'(s) s “P(x)
C(s) 1 xstl

Put J(x) = (p(x + 0) + P(x — 0))/2. By Perron’s inversion formula, see Theorem 11.18
in [2]], we infer from (4.2)
. 1 c+ico C/(S)xs
4.3 =——

(4.3) plx)=-5~ e T
where ¢ > 1 is an arbitrary fixed constant.

Inversion formula (4.3) suggests that the asymptotic behavior of i is regulated by
the poles of the integrands which are precisely the zeros of . Throughout this section
we assume the Riemann hypothesis (RH) saying that all zeros of C in the critical strip
0 <Re(s) < 1 lie on the line Re(s) = 1/2, thus take the form p = 1/2+iy, y € R. Assuming
the RH we shall use the following notation for zeros of C and their imaginary parts. Put

={y>0:C(1/2+iy)=0}, ZF:=1/2+i-I.

Thus, under the RH, the set of all zeros of C in the critical strip is Z; = Zg U Zg For
p € Z¢, we denote by y = y(p) the imaginary part of p. The points in Z; are enumerated
by non-zero integers Z* := Z\{0} such that k < m implies y < y,, and y_; <0< y;. Thus,
a sum of the form } ;5 4, is understood as } ycz- ap,. Moreover, if the series does not

(4.2)

dx, Re(s)>1.

ds, x>1,

converge absolutely we understand the latter as the hmlt M7 s00 D kezniyyl<T Gpx-

Having introduced the above notation we can now state the von Mangoldt formula
which is essentially a residue expansion in (4.3)), see Theorem 29 in [23]] for the formal
derivation,

~ xPkC'(0) 1 1
(4.4) Blx)=x— —————1og(1——2), x> 1.
e C0) 2 X
Replacing here x with e and rearranging, we obtain
(45
— . plef)-e e T(0) Ly e 2t _
¢(t)._T_—Z k< log (1 €)= —thyy(t) + Ry(t), >0,

kez*

1ykt
where ¥g,(t) = Y ez S5

As the difference of a continuous and a discontinuous functions, ,, is not contin-
uous. It is also not cadlag for, by definition, its value at a discontinuity point is half
the sum of left and right limits at this point. In particular, i,, cannot be a Bohr almost
periodic function. On the other hand, we claim that i, is a Besicovitch almost periodic
function. Indeed, it is known, see pp. 97-100 in [10], that

1
(4.6) Y Ty =) Ty ~ X Ofx, X = +oo.
pezf k>1

By a standard Tauberian argument this implies that, for s > 1/2,

1—251
(4.7) Z =y l”” 98X X 4oo,

25 2s -1)
= IpI & lexl 2n(2s-1)

|725

and that the series Zpezg |pI~*° converges if, and only if, s > 1/2. Using this fact, with

s = 1, demonstrates that 1, is a Besicovitch almost periodic function with the Fourier
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spectrum Z; and the Fourier coefficients {1/p : p € Z¢} by the Riesz-Fischer theorem,
see p. 110 in [4]. Observing that Ry(t) — 0, as t — +oco, Wintner inferred using a one-
sided version of formula (2.4), that o Vo,) converges in distribution, as L — +oo, to a
nondegenerate random variable. Note that for t = V{1, formula holds with proba-
bility one when 1 is replaced by .

The results of Sectionallow us to analyze the process | VoL ++). The remainder term
Ry is an elementary function and its analysis is trivial. For example, it is clear that

sup [Ry(Vor+ 8 > 0, L— -+co,
tefa,b]

for every fixed 0 <a < b. For the principal term 1),, we have the following generalization
of Wintner’s result.

Proposition 4.1. Assume (RH). As L — +oo, the random processes gbap(Vo’L +-) converge in
distribution on the space By(Z;) (and, therefore, on the space B,) to the stationary random
process My, .

The following hypothesis
(4.8) The set I is linearly independent over Q,

is widely believed to be true but its proof seems to be currently out of reach. Under this
hypothesis, (3.4) holds true with C = Zg and R = @. Moreover, the Fourier coefficients
satisfy p_ = p for k > 1. The process M, turns out to be a.s. continuous, see Figure

for a sample path realisation and Figure|2|for the correlation function, which is a Bohr
almost periodic function.

Proposition 4.2. Assume (RH) and (4.8). Then, for all t € R, the limit process in Proposi-
tion[4.1 has the Fourier expansion

My, (t)= Z(p,:lukei”t +pr Ue ) = 2Re
k>1

Zp;lukeiykf],

k>1

which converges a.s. almost everywhere with (Uy)xs1 being independent random variables
with the uniform distribution on the unit circle. The process My, = has 6-Holder continuous

paths for every o < 1/2. Moreover, (,,(Vor + t))ier converge, as L — oo, in the sense of
finite-dimensional distributions to (M%p(t))telR.

Proof. The claim follows from Proposition Indeed, in view of (4.6), formula (3.15)
holds with any a > 1, whereas (4.7) implies that (3.16) is true for any < 1. O

Remark 4.3. Note that condition (3.14) is also satisfied, thereby ensuring a.s. continuity of
My,, without the Holder property.

According to Theorem 25c in [23]], asymptotic relation (4.6) can be inverted to get
(4.9) Yu ~ 2mn/logn, n— +oo.

Therefore, we are in the setting of Example with C = 7, a = b = 1, which means
that Theoremholds true for the process My, and the limit process By_g/» = By, is
a standard Brownian motion.
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H.i fl W‘MH I m i l J |
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Ficure 1. Realisation of the process My, (t) = 2Re(Y j>1 p,;lukeiykt), te
[0,10], appearing in Section [4.1}

05

mlmh,lulmnlh
TR

=05

Ficure 2. Correlation function of the process Mlp appearing in Sec-
tion[4.1} for ¢ € [0,10].

4.2. The Mobius and Mertens functions. An analogue of Wintner’s analysis of the
Chebyshev function remainder has been carried out for the M6bius summatory func-
tion in [29]. Recall that the Mébius function y: IN — {-1,0,1} is defined by

1 ifn=1,
u(n) =130, if n is not square-free,
(=1)K, if n = pypy--- pi for pair-wise distinct primes py,..., p.

The summatory function M(x) = }_,, p(n) is called the Mertens function. A counter-
part of (4.3) can be derived by noting that

1 IR ) I a7 (69
(4.10) m=]—[(1—p )= il Wiy dx, Re(s)>1,
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which by Perron’s inversion yields

. 1 c+ico xs
(4.11) M(X):%L_ioo ?(S)ds, x>1,

where ¢ > 1 is an arbitrary fixed constant. Here, M(x) = (M(x+0)+M(x—0))/2. Assuming
(RH) and also that all non-trivial zeros of C are simple, a residue expansion of the right-
hand side in (4.11) yields

)2n -2n-1/2

M) _ g
(4.12) N: Zka(pk) VX Z 2n'nC(2n+1) e

kez*

see Theorem 14.27 in [34]]. The series representing the first term on the right-hand side
of (4.12) does not converge absolutely and is understood as the limit of the partial sums

Y keZrl<T % along an appropriate sequence T = T, diverging to +co0. Replacing x
with e’, we obtain
M(t):= e "2M(e') =t Muy(t) + Rp(t), t>0,

where My, (t) = }_jez- Pkc%z(;k) is an almost periodic part and Ry, is the remainder.

In contrast with the case of the Chebyshev function, the condition of square summa-
bility of the Fourier coefficients which would guarantee that Map € B,, namely,

“13) Z kaC Pl lekc (o) =

kezZ* k>1

does not hold a priori. Hence, it has to be postulated for our purposes. A known suffi-
cient condition for (4.13) is the weak Mertens hypothesis

T 2
(4.14) L (M;x)) dx=0(logT), T — +oo,

see Theorem 14.29(B) in [34]]. Another sufficient condition which will also play an im-
portant role in what follows is the weak Gonek conjecture

1

(4.15) J(T) = ;

o 0P
see [21] and also the discussion in the introduction to [29]. It is clear that the weak
Gonek conjecture implicitly assumes that all zeros on the critical line are simple. Fur-
thermore, according to Lemma 1 in [29], it entails and hence (4.13). Assuming
(RH) and (4.15), Theorem 2 in [29] states that M\(VO’L) converges in distributio Here
is a functional version of this result in the space B;, which follows immediately from

Corollary

Proposition 4.4. Assume (RH) and (4.13). As L — +oo, the random processes My, (VoL +)
converge in distribution on the space B,(2;) (and, therefore, on the space B;) to the stationary
random process MMW. If, in addition, (4.8)) holds true, then (Map(Vo,L +t))ter converge to

(MMup(t))telR also in the sense of finite-dimensional distributions.

=0(T), T - +oo,

Under the assumptions of Proposition [4.4] including (4.8), the random Fourier series

Mg, (=) ((oxC () Uee*" + (e (i) Uge ) = 2Re| Y (pkC(pi)) ™ U™
k>1 k>1

3Note that the remainder R clearly satisfies Ryg(t) — 0, as t — +oo.
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converges a.s. almost everywhere. Furthermore, in this case, Proposition recovers
Theorem 2 in [29]] because

P
sup |RM(V0’L+t)|—>0, L — +o00
tefa,b]

for all 0 <a < b. If a slightly stronger version of (4.13) holds true, namely,

log1+€
(4.16) 5 <
,;‘hokC (pel

for some ¢ > 0, then My, isa.s. continuous in accordance with (3.14). Assuming (4.15),
which is stronger than (4.16)) as follows from the proof of formula (4.18) given below,
we deduce Hélder continuity of My, .

Proposition 4.5. Assume (RH), (4.8) and (4.15). The process MMW is a.s. 6-Holder contin-
uous with 6 < 1/2.

Proof. We apply Proposition [3.8] The left-hand side of (3.15) reads

Z|PkC (pr) Ly 1<x) = Z’|PkC (Ol? 1y, <x)

kez* k>1

Z|( Liye<x) = Jo1(x) = O(x),  x — +oo,

k>1

where the last O-estimate is just the weak Gonek conjecture (4.15). The left-hand side
of (3.16) in the present situation is

lekC o) |2 ]].{|7k|>x 2Z|ka RE 7/k>x szk( 11{2] Le<yp<2ix):

kez* k>1 j=1 k>1

By Lemma 1(ii) in [29], (4.15) ensures that there exists a constant K; > 0 such that

1 K,
(4:17) Zm 2] 1x<;/k£2jx} < ﬁ

for all x large enough and j > 1. Summing over j > 1 yields

T s =0, e

k>1

In order to see that (4.17) (hence (4.15)) entails (4.16) observe that

log ¢ log,*¢ Vk
(4.18) + + j
Y o Iy Y e e

k>1 j>1 k=1
10g1+€ 2]
E 1+€ Hj § § o+ T
< IOg 2 |p C pk |2 {2] 1<7k<2}} < 2K1 2] < 0.
i>1 k>1 j>1
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4.3. The Liouville function and its partial sums. Let A :IN + {—1,+1} be the Liouville
function defined as A(n) = 1 if n is the product of an even number of primes, and A(n) =
-1 if it is the product of an odd number of primes, counted with multiplicities. Put
L(x):= ¥ ey A(n) and L(x) := (L(x + 0) + L(x — 0))/2.

Embarking on the relation

L(29) ! (1f _\- Aln)
C(SS) :]_[1+p—5:]_[Z psk :Zn_:l’ Re(s) > 1
peEP

PEP k>0 nx1

and using again Perron’s inversion with the subsequent residue decomposition one can
check that under (RH)

T\ e /2Tt 1 C(Zpk) iyt ¢
L(t):=e L(e)_—C(1/2)+k;—PkC'(pk)eyk +R(ef), t>0

for an appropriate remainder R satisfying R;(x) — 0, as x — +oo, see, for example,

Eq. (4.21) in [T]. Like similar sums discussed earlier, the sum L,(t) := ¥ ycz- pi(cz,‘()gi)e%t
C(2pk)

is understood as the limit of } ez, <7 meint along an appropriate sequence T =

T, diverging to infinity.
Invoking

(4.19) C(2px) = C(1+2y;) = O((log yx loglog yx)¥*),  k — oo,
see Theorem 6.14 in [34], and the results of Sectionwe conclude the following.

Proposition 4.6. Assume (RH) and ([#.15). As L — +oo, the random processes Lap(VoL+-)
converge in distribution on the space By(Z) (and, therefore, on the space B,) to the stationary
random process MLap' If, in addition, holds true, then (Lqy(Vo,L +t))ser converge to
(MLap(t))telR also in the sense of finite-dimensional distributions.

Under the assumptions of Proposition [4.6] including (4.8), the random Fourier series

C(Zpk) iyt
M; (t)=2R " _Ue'k
Ly (1) e[; pxC’ (k) ke ]

converges a.s. almost everywhere. Using (4.19) and calculations similar to those in the
proof of Proposition [4.5|we arrive at a proposition.

Proposition 4.7. Assume (RH), (4.8) and (4.15). The process MLap is a.s. y-Holder contin-
uous with y < 1/2.

4.4. Further examples. Assuming (RH) and it was shown in [32] that the remain-
ders in the prime counting functions in arithmetic progressions possess limiting distri-
butions. The results of the present paper can be used to derive functional versions of
that result. Many further examples of this flavor can be found in [1].
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