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Abstract. A classical fact of the theory of almost periodic functions is the existence of
their asymptotic distributions. In probabilistic terms, this means that if f is a Besicov-
itch almost periodic function and V is a random variable uniformly distributed on [−1,1],
then the random variables f (L ·V ) converge in distribution, as L→∞, to a proper non-
degenerate random variable. We prove a functional extension of this result for the ran-
dom processes (f (L ·V + t))t∈R in the space of Besicovitch almost periodic functions, and
also in the sense of weak convergence of finite-dimensional distributions. We further in-
vestigate the properties of the limiting stationary process and demonstrate applications
in analytic number theory by extending the one-dimensional results of [Limiting distri-
butions of the classical error terms of prime number theory, Quart. J. Math. 65 (2014),
743–780] and earlier works.

1. Introduction

The theory of almost periodic functions, inspired by the seminal contribution of
Bohr [8], has attracted enormous attention due to various applications in dynamical
systems, ergodic theory, number theory and other fields. Since the appearance of Bohr’s
original definition of almost periodic functions, nowadays referred to as uniformly al-
most periodic functions, many generalizations have been introduced with the most wide-
spread being Stepanov’s, Weyl’s and Besicovitch’s almost periodic functions. All these
spaces of almost periodic functions can be obtained through the procedure of comple-
tion of the set of trigonometric polynomials

T :=

 n∑
k=1

ake
iλkt : n ∈N, ak ∈C, λk ∈R, λi , λj for i , j


with respect to various norms. For example, completion of T with respect to the uni-
form norm ∥f ∥∞ := supt∈R |f (t)| gives a closed subspace of the space Cb(R,C) of con-
tinuous bounded complex-valued functions, which coincides with the space of Bohr’s
uniformly almost periodic functions. In what follows we denote this space by U . Com-
pletion of T with respect to the Marcinkiewicz seminorm, see (2.1) below, leads to the
space B2 of Besicovitch’s almost periodic functions, a basic object for the present paper.

Fix a probability space (Ω,F ,P). Given the space U , or any other space S of almost
periodic functions defined via the completion procedure described above, we intro-
duce its Borel σ -algebra and define any measurable mapping from Ω to S as an almost
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periodic stochastic process. To the best of our knowledge, the earliest work on almost pe-
riodic stochastic processes dates back to the late 1930s, specifically Slutsky’s paper [33],
where the author investigated what can now be recognized as Besicovitch’s almost pe-
riodic processes. These were expressed as convergent (Fourier) series of generalized
trigonometric polynomials with random coefficients. In [22], Hunt studied random
Fourier transforms and derived fundamental sample path properties for Fourier series
with independent, centered random coefficients, assuming that the series were square-
summable. As we shall see, such Fourier series represent certain functional averages of
Besicovitch’s almost periodic functions. A comprehensive treatment of random Fourier
series can be found in Chapter 5 of [25]. Alternative approaches to almost periodicity
in the context of stationary stochastic processes are discussed in [20] and other sources.
For an in-depth exploration of so called p-th mean almost periodic random processes,
the monograph [5] serves as an excellent resource.

A motivation for an investigation of almost periodic processes comes from analytic
number theory. Arithmetic functions are deterministic. Nevertheless, many of these
admit limiting distributions (in a sense to be defined below). Knowing this it is natural
to ask for functional limit theorems, that is, for the existence of limiting processes. As
we shall demonstrate in Section 4, the limiting processes for several classical arithmetic
functions turn out to be stationary almost periodic processes with a discrete spectrum.

2. A brief reminder on almost periodic functions

For the purpose of the present paper we recall briefly a construction of the space B2
of Besicovitch’s almost periodic functions, which are our main tools. On this path we
follow a comprehensive source [9], see Section 2.5 therein.

2.1. Besicovitch almost periodic functions. Let Lloc
2 (R,C) denote the space of locally

square-integrable measurable complex-valued functions defined on R. The mapping
∥ · ∥M2

: Lloc
2 (R,C) 7→ [0,+∞] given by

(2.1) ∥f ∥M2
:= limsup

L→+∞

(
1

2L

∫ L

−L
|f (t)|2dt

)1/2

is a semi-norm on the set M2(R,C) := {f ∈ Lloc
2 (R,C) : ∥f ∥M2

< ∞}. The set Z := {f ∈
M2(R,C) : ∥f ∥M2

= 0} is closed with respect to ∥ · ∥M2
. Hence, the quotient

M2(R,C) :=M2(R,C)/Z

is a normed vector space with respect to the norm ∥f + Z∥M2
:= ∥f ∥M2

. This space is
complete and known in the literature as a Marcinkiewicz space, see Propositions 2.18
and 2.19 in [9]. Similarly to the Lp spaces, with a slight abuse of notation, we shall think
of elements inM2(R,C) as functions even though these elements are in fact equivalence
classes. Note that two functions in the same class may take different values everywhere
on sets of positive measure and even on sets of infinite measure. For example, the
function t 7→ e−|t| belongs to Z and is therefore equivalent to the zero function.

The Besicovitch space B2 is defined as closure of T (or, more precisely, of T + Z)
in M2(R,C). The space B2 is complete but it is not separable. Indeed, {t 7→ eiλt : λ ∈
R} ⊂ B2 is an uncountable set such that ∥eiλ1t − eiλ2t∥M2

=
√

2 if λ1 , λ2. It is clear that
the space U of uniformly almost periodic functions is a dense (with respect to ∥ · ∥M2

)
subspace of B2.
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2.2. Mean values and Fourier series. Let V−1,1 be a random variable defined on the
probability space (Ω,F ,P), which has the uniform distribution on [−1, 1]. Put V−L,L :=
L · V−1,1, so that V−L,L is uniformly distributed on [−L,L]. It is known that any f ∈ B2
possesses a mean value M(f ) defined by

(2.2) M(f ) := lim
L→+∞

1
2L

∫ L

−L
f (t)dt = lim

L→+∞
E[f (V−L,L)].

According to Theorem 2.9 in [1], see also Theorem 7 in [12], a more general fact holds
true, namely, for any globally Lipschitz and globally bounded function g : C→ C, the
limit

(2.3) lim
L→+∞

E[g(f (V−L,L))]

exists. In other words, the following convergence in distribution holds

(2.4) f (V−L,L)
d−→ Mf (0), L→ +∞,

whereMf (0) is a complex random variable with the distribution implicitly defined by

E[g(Mf (0))] := lim
L→+∞

E[g(f (V−L,L))].

Since U is a subset of B2, (2.4) obviously holds true also for f ∈U .
Note that the aforementioned Theorem 2.9 in [1] is, in fact, an elementary conse-

quence of the following observation. If f ∈ B2, then g ◦ f ∈ B2 for any bounded glob-
ally Lipschitz function g as follows immediately from the equivalent definition of the
Besicovitch space B2 using translation numbers, see p. 78 in the seminal Besicovitch
book [4]. Therefore, the limit in (2.3) exists and is equal to M(g ◦ f ).

Let a ∈R be fixed and put f (a; t) := f (t)e−iat for t ∈R. According to (2.2), the limit

Ff (a) :=M(f (a; t)) := lim
L→+∞

1
2L

∫ L

−L
f (t)e−iatdt

exists. This limit is non-zero for at most countably many a ∈ R, see Proposition 4.1
in [9]. The set

S(f ) := {a ∈R : Ff (a) , 0}

is called the Fourier spectrum of f , and the numbers {Ff (a) : a ∈ S(f )} are called the
Fourier coefficients of f . The formal series

∑
a∈S(f )Ff (a)eiat is called the Fourier series

of f and the pairs {(a,Ff (a)) : a ∈ S(f )} uniquely define f (or, more precisely, f +Z), see
p. 104 in [9]. The notation

f (t) ∼
∑
a∈S(f )

Ff (a)eiat

is used to denote that f has the formal Fourier series
∑
a∈S(f )Ff (a)eiat . The Fourier

coefficients of f ∈ B2 satisfy a Parseval equality

(2.5)
∑
a∈S(f )

|Ff (a)|2 =M(|f |2) = ∥f ∥2M2
<∞.

It can be checked that the Fourier spectrum of a trigonometric polynomial
∑n
k=1 ake

iλkt

with ak , 0, k = 1, . . . ,n, is {λ1, . . . ,λn}.
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2.3. Besicovitch functions with a restricted spectrum. For a subset A ⊂R, put

T (A) := {f ∈ T : S(f ) ⊆ A} =

 n∑
k=1

ake
iλkt : n ∈N, ak ∈C, λk ∈ A, λi , λj for i , j


and let B2(A) be the closure of T (A) in B2 with respect to ∥ · ∥M2

.

Proposition 2.1. For every A ⊆R, B2(A) = {f ∈ B2 : S(f ) ⊆ A}.

Proof. We first show that f ∈ B2(A) and a ∈ S(f ) imply a ∈ A. We argue by contradiction
and suppose that a < A. Take a sequence of trigonometric polynomials (Pm)m∈N ⊂ T (A)
such that ∥f − Pm∥M2

→ 0, as m→∞. Then, for every m ∈N,
(2.6)

lim
L→+∞

1
2L

∫ L

−L
f (a; t)dt = lim

L→+∞

1
2L

∫ L

−L
f (t)e−iatdt = lim

L→+∞

1
2L

∫ L

−L
(f (t)− Pm(t))e−iatdt,

but, by the Cauchy–Schwartz inequality,

lim
L→+∞

1
2L

∣∣∣∣∣∣
∫ L

−L
(f (t)− Pm(t))e−iatdt

∣∣∣∣∣∣ ≤ limsup
L→+∞

(
1

2L

∫ L

−L
|(f (t)− Pm(t)|2dt

)1/2

= ∥f − Pm∥M2
.

Sending m→∞ shows that the left-hand side of (2.6) is equal to zero which contradicts
a ∈ S(f ).

In the other direction, suppose that f ∈ B2 and S(f ) ⊆ A. It is known, see Theorem II
on p. 105 in [4], that the Bochner–Fejér sequence (σm(f ))m∈N of trigonometric polyno-
mials constructed from the function f belongs to T (A) and converges to f with respect
to the ∥ · ∥M2

norm. Thus, f ∈ B2(A). □

If the set A = {λ1, . . . ,λn} is finite, the mapping

B2(A) ∋ f 7→ (Ff (λ1), . . . ,Ff (λn)) ∈Cn

defines an isometry between B2(A) and C
n viewed as inner product spaces (notation

B2(A) ≃C
n). Here, B2(A) is endowed with the inner product

(2.7) ⟨f ,g⟩2 := limsup
L→+∞

1
2L

∫ L

−L
f (t)g(t)dt, f ,g ∈ B2(A).

Indeed,

⟨f ,g⟩2 = limsup
L→+∞

1
2L

∫ L

−L

n∑
i,j=1

Ff (λi)Fg (λj )e
i(λi−λj )tdt =

n∑
i=1

Ff (λi)Fg (λi).

Similarly, if the set A is countably infinite, (2.5) implies that B2(A) endowed with the
inner product (2.7) is isometric to the infinite-dimensional (separable) Hilbert space
ℓ2(C) of square-summable sequences over C. A particularly important case is obtained
by letting A be the spectrum S(f ) of a fixed Besicovitch almost periodic function f .
Summarizing, we arrive at the following result.

Proposition 2.2. Let f ∈ B2 be a fixed Besicovitch almost periodic function. The space
B2(S(f )) is a complete separable Hilbert space over C with respect to the inner product (2.7).
If |S(f )| <∞, then B2(S(f )) ≃ C

|S(f )|, whereas if S(f ) is countably infinite, then B2(S(f )) ≃
ℓ2(C). In both cases the isometry κf is given by

B2(S(f )) ∋ g 7−→ κf (g) := (Fg (λ))λ∈S(f ).
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3. Almost periodic stochastic processes

Let f ∈ B2 be a fixed Besicovitch almost periodic function. A stochastic process
(f (V−L,L(ω) + t))t∈R is a translation of f by a random number V−L,L chosen uniformly
from [−L,L]. Here, ω ∈ Ω denotes an element of the probability space (Ω,F ,P) on
which the random variables V−L,L are defined. It is clear that f (V−L,L(ω)+ ·) ∈ B2 and the
spectrum of f (V−L,L(ω) + ·) coincides with the spectrum of f (·), for every fixed ω ∈ Ω.
The latter follows from the equality1

(3.1) Ff (V−L,L+·)(a) = limsup
T→+∞

1
2T

∫ T

−T
f (V−L,L + t)e−itadt = eiaV−L,LFf (a).

Thus, for every ω ∈ Ω, f (V−L,L(ω) + ·) is an element of B2(S(f )). Let FS(f ) be the Borel
sigma-algebra on B2(S(f )). The mapping

R×Ω ∋ (t,ω) 7→ f (V−L,L(ω) + t) ∈C
defines a random element taking values in the measurable space (B2(S(f )),FS(f )).

A simpler approach could have involved defining t 7→ f (V−L,L + t) as a random ele-
ment taking values in B2. However, the non-separability of B2 complicates the analy-
sis, as standard probabilistic tools (tightness of a probability measure, Prohorov’s and
Skorokhod’s representation theorems, etc.) are not readily applicable in non-separable
spaces.

3.1. Convergence in distribution on B2. Theorem 3.1 below is a functional version
of (2.4) in the subspace B2(S(f )) of B2. It is the starting observation for the present
paper. Even though the result is rather simple, we have not been able to locate it in the
literature.

Let T be the unit circle in C regarded as a topological group and

Tf := ×
λ∈S(f )

Tλ

the torus obtained by taking (either finite if |S(f )| <∞, or infinite if |S(f )| =∞) product
of copies Tλ of T endowed with the product topology. The collection (eiλV−L,L )λ∈S(f ) is
a random element taking values in Tf . According to Theorem 3.1 in [11], it converges
in distribution on Tf , as L→∞, to a random variable, to be denoted by V = (Vλ)λ∈S(f ),
whose distribution can be uniquely characterized by the Fourier transform on the Pon-
tryagin dual group T̂f ≃ Z

|S(f )|, see the proof of Theorem 3.2 below and, particularly,
formula (3.3).

If the collection S(f ) ⊂ R is linearly independent over Q, then (Vλ)λ∈S(f ) has the
same distribution as a collection (Uλ)λ∈S(f ) of mutually independent and identically
distributed random variables, each with the uniform distribution on T , see [17, 18,
19, 26, 27, 28] and also (3.10) below. A bit more general, yet useful for our pur-
poses, is the situation when S(f ) possesses a decomposition S(f ) = C ∪ (−C) ∪R∪ {0}
or S(f ) = C ∪ (−C)∪R, where the sets on the right-hand side are pairwise disjoint and
C∪R (or, equivalently (−C)∪R) is linearly independent over Q. The latter, in particular,
implies that R∩ (−R) = ∅. In other words, S(f ) may now contain 0 and the opposite
pairs −λ,λ which are obviously linearly dependent over Q. The union C∪ (−C) contains
all such pairs, whereas R consists of all λ ∈ S(f ) such that −λ < S(f ). In the most gen-
eral situation of the described case, the collection V = (Vλ)λ∈S(f ) is comprised of four
subcollections (U−λ)λ∈(−C), (Uλ)λ∈C , (Uλ)λ∈R and V0 = 1, with (Uλ)λ∈C∪R being mutually

1This argument also shows that arbitrary translations (random or deterministic) do not change the
spectrum.
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independent uniformly distributed on T random variables, and z is the complex conju-
gate of z. A typical example is S(f ) = C ∪ (−C), for C such that C is linearly independent
over Q, where the spectrum is symmetric around the origin and does not contain 0.

Theorem 3.1. Suppose that f ∈ B2. Let S(f ) be the spectrum of f and

f (t) ∼
∑
λ∈S(f )

fλeiλt , fλ = Ff (λ) =M(f (t)e−iλt), λ ∈ S(f ),

be the formal Fourier series of f . Then, as L → +∞, the stochastic processes f (V−L,L + ·)
converge in distribution on the space B2(S(f )) to a random element Mf ∈ B2(S(f )) ⊂ B2
uniquely defined by the formal Fourier series

Mf (t) ∼
∑
λ∈S(f )

Vλfλeiλt .

Proof. In view of (3.1) the formal Fourier series of f (V−L,L + ·) is given by

f (V−L,L + t) ∼
∑
λ∈S(f )

eiλV−L,Lfλeiλt .

In the subsequent proof we assume that |S(f )| = ∞. A proof in the case of finite S(f )
requires only minor modifications and is, therefore, omitted.

By the isometry established in Proposition 2.2 it suffices to check that ℓ2(C)-valued
random variables (eiλV−L,Lfλ)λ∈S(f ) converge in distribution, as L→ +∞, to (Vλfλ)λ∈S(f ).
By the Skorokhod representation theorem, retaining the original notation for the ver-
sions, we can and do assume that, for each λ ∈ S(f ),

eiλV−L,L → Vλ a.s.

Using that
∑
λ∈S(f ) |fλ|2 <∞, we obtain, by the Lebesgue dominated convergence theo-

rem, that

lim
L→+∞

∑
λ∈S(f )

|eiλV−L,Lfλ −Vλfλ|2 = lim
L→+∞

∑
λ∈S(f )

|fλ|2|eiλV−L,L −Vλ|2

=
∑
λ∈S(f )

|fλ|2 lim
L→+∞

|eiλV−L,L −Vλ|2 = 0 a.s.

The proof is complete. □

On many occasions it is more convenient to work with a slightly different, one-sided
averages defined by t 7→ f (V0,L + t), where V0,L = L ·V[0,1] and V[0,1] is a random variable
on (Ω,F ,P) with the uniform distribution on [0,1]. It turns out that this type of aver-
aging leads to the same limiting processMf . In order to check this statement, we first
prove a more general version of Theorem 3.1.

Theorem 3.2. Under the assumptions of Theorem 3.1, there is joint convergence in distribu-
tion (

f (V−L,L + ·),V−1,1
)

=⇒ (Mf ,U ), L→ +∞,

on the product space B2(S(f )) ×R, where U has the uniform distribution on [−1,1] and is
independent ofMf .

Note that the non-obvious part of the statement is independence of the components
on the right-hand side!
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Proof. It suffices to check that

(3.2)
(
(eiλV−L,L )λ∈S(f ),V−1,1

)
=⇒ (V ,U ), L→∞,

on the product space Tf ×R with V and U independent. The subsequent argument is
an adaptation of the proof of Theorem 3.1 in [11]. Without loss of generality, assume
that |S(f )| =∞. The Pontryagin dual group of Tf ×R is isomorphic to

(
⊕λ∈S(f )Zλ

)
⊕R,

where Zλ, for λ ∈ S(f ), are copies of Z. Let k = (kλ)λ∈S(f ) ∈ ⊕λ∈S(f )Zλ be such that only
finitely many integers kλ are non-zero and let t ∈ R be a fixed real number. The pair
(k, t) (identified with the character on Tf ×R) acts on Tf ×R by the rule

Tf ×R ∋ ((vλ)λ∈S(f ),u) 7−→ eitu
∏
λ∈S(f )

v
kλ
λ .

The Fourier transform gL((k, t)) of the left-hand side of (3.2) is equal to

gL((k, t)) = E

eitV−1,1
∏
λ∈S(f )

eiλkλV−L,L

 =
1

2L

∫ L

−L
eix(t/L+

∑
λ∈S(f )λkλ)dx

=
1

2L

∫ L

−L
cos

x
t/L+

∑
λ∈S(f )

λkλ


dx.

As L → +∞, the right-hand side converges to the product g(k)sin(t)/t of the (usual)
Fourier transform sin t/t of U and the Fourier transform g(k) of V given by

(3.3) g(k) =

1, if
∑
λ∈S(f )λkλ = 0,

0, otherwise.

The proof is complete. □

Below is the promised limit theorem for the one-sided averages t 7→ f (V0,L + t).

Corollary 3.3. Under the assumptions of Theorem 3.1, the stochastic processes f (V0,L + ·)
converge in distribution on the space B2(S(f )) toMf , as L→ +∞.

Proof. Note that the distribution of f (V0,L + ·) ∈ B2(S(f )) coincides with the conditional
distribution of f (V−L,L + ·) given V−1,1 ≥ 0. Therefore, for every A ∈ FS(f ) satisfying
P{Mf ∈ ∂A} = 0,

P{f (V0,L + ·) ∈ A} =
P{f (V−L,L + ·) ∈ A,V−1,1 ≥ 0}

P{V−1,1 ≥ 0}
→ 2P{Mf ∈ A,U ≥ 0} = P{Mf ∈ A},

as L→ +∞, having utilized independence ofMf and U for the last equality. □

3.2. The limit process for randomly translated almost periodic function. From now
on we always assume that f ∈ B2 \ {0} satisfies:

(3.4)
S(f ) does not have finite accumulation points and is decomposed into pairwise

disjoint sets S(f ) = C ∪ (−C)∪R, where C ∪R is linearly independent over Q.

In particular, we assume that 0 < S(f ). This does not reduce generality: if 0 ∈ S(f )
and f0 is the corresponding Fourier coefficient, then g(t) := f (t) − f0 satisfies S(g) =
S(f ) \ {0}. As has already been discussed, the components of the decomposition in (3.4)
necessarily satisfy R∩ (−R) = ∅ and, without loss of generality, we can and do assume
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that C ⊂ [0,+∞). Since S(f ) does not have finite accumulation points by assumption, we

can enumerate the points in C = {λ(c)
k : k ≥ 1} in the increasing order

(3.5) 0 < λ(c)
1 < λ

(c)
2 < · · · < +∞.

The same applies to R but the corresponding sequence is, in general, two-sided R =

{λ(r)
k : k ∈Z∗} with Z

∗ := Z \ {0} and

(3.6) −∞ < · · · < λ(r)
−2 < λ

(r)
−1 < 0 < λ(r)

1 < λ
(r)
2 < · · · < +∞.

Naturally, the sequence given in (3.5) is allowed to be finite and the sequence given
in (3.6) is allowed to be finite or one-sided infinite.

With the introduced notation, the Fourier series of f andMf can be written now as

f (t) ∼
∑
k≥1

(
f
λ

(c)
k

eiλ(c)
k t + f−λ(c)

k
e−iλ(c)

k t
)

+
∑
k∈Z∗

f
λ

(r)
k

eiλ(r)
k t ,

Mf (t) ∼
∑
k≥1

(
U (c)
k f

λ
(c)
k

eiλ(c)
k t +U (c)

k f−λ(c)
k

e−iλ(c)
k t

)
+

∑
k∈Z∗
U (r)
k f

λ
(r)
k

eiλ(r)
k t ,

respectively, where (U (c)
k )k≥1 and (U (r)

k )k∈Z∗ are independent sequences of independent
identically distributed random variables, each with the uniform distribution on the unit
circle T .

Under (3.4), the formal Fourier series ofMf is the sum of two independent random

series, denoted in what follows by M(c)
f (t) and M(r)

f (t), each of which is itself a sum
of mutually independent random variables. By Kolmogorov’s two series theorem they
both converge a.s. for every fixed t ∈ R. A less obvious fact is that they both converge
with probability one almost everywhere in t with respect to Lebesgue measure on R, see
p. 296-297 in [24] and, therefore, define a random functionMf . By Theorem 1 in [22],
Mf ∈

⋂
p≥1L

loc
p (R,C) with probability one. Thus, we can write

M(c)
f (t) =

∑
k≥1

(
U (c)
k f

λ
(c)
k

eiλ(c)
k t +U (c)

k f−λ(c)
k

e−iλ(c)
k t

)
, M(r)

f (t) =
∑
k∈Z∗
U (r)
k f

λ
(r)
k

eiλ(r)
k t ,

and
Mf (t) =M(c)

f (t) +M(r)
f (t),

with = instead of ∼ everywhere, and regardM(c)
f ,M(r)

f andMf as random functions on
R, rather than just elements of B2.

Theorem 3.4. Assume that f ∈ B2 satisfies (3.4). The random process (Mf (t))t∈R is a cen-
tered stationary process with the covariance
(3.7)

KMf
(s) := E[Mf (s)Mf (0)] =

∑
λ∈S(f )

|fλ|2eiλs, E[Mf (s)Mf (0)] =
∑
k≥1

f
λ

(c)
k
f−λ(c)

k
eiλ(c)

k s, s ∈R.

Moreover, the processMf is ergodic in the usual sense: with m denoting the distribution of
Mf (0),

lim
T→+∞

1
T

∫ T

0
φ(Mf (t))dt = Eφ(Mf (0)) =

∫
C

φ(x)m(dx) a.s.

for every φ ∈ L1(C,m). The processMf is not mixing.
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Remark 3.5. Formula (3.7) together with
∑
λ∈S(f ) |fλ|2 < ∞ demonstrates that KMf

(s) is
a uniform over s ∈ R limit of generalized trigonometric polynomials. Thus, KMf

is Bohr’s
uniformly almost periodic function.

Proof. Formulae (3.7) follow by direct calculations using that E|Uλ|2 = 1 and EUλ =

EU2
λ = EU2

λ = 0 for every λ ∈ C ∪R.

It suffices to justify the remaining claims separately forM(c)
f andM(r)

f and then use

independence. We only do this for M(c)
f , leaving the easier case of M(r)

f to the reader.
We first check stationarity. By rotational invariance and independence,

(U (c)
k eibk )k≥1

d= (U (c)
k )k≥1

for any collection of real numbers (bk)k≥1. Thus, for every fixed s ∈R,

(M(c)
f (t + s))t∈R =

∑
k≥1

(
U (c)
k eiλ(c)

k sf
λ

(c)
k

eiλ(c)
k t +U (c)

k eiλ(c)
k sf−λ(c)

k
e−iλ(c)

k t

)
t∈R

d=

∑
k≥1

(
U (c)
k f

λ
(c)
k

eiλ(c)
k t +Ukf−λ(c)

k
e−iλ(c)

k t
)
t∈R

= (M(c)
f (t))t∈R.

In order to prove ergodicity of M(c)
f , recall that, under (3.4), (U (c)

k )k≥1 is distributed
according to the Haar measure on the compact Abelian group

T
(c)
f := ×

λ∈C
Tλ = ×

k≥1
T
λ

(c)
k
.

Denote this Haar measure by H. The triple (T (c)
f ,B(T (c)

f ),H) is a probability space and,

on this space, (U (c)
k )k≥1 may be defined as the identity mapping. The mappings

T
f
t : T (c)

f 7→ T
(c)
f , T

f
t ((z

λ
(c)
k

)k≥1) := (eiλ(c)
k tz

λ
(c)
k

)k≥1, t ∈R

preserve the measure H and form a flow (T ft )t∈R which satisfies T f0 = Id, T ft+s = T ft ◦ T
f
s ,

t, s ∈ R. Note that each T
f
t is an infinite direct product of irrational rotations. Let

gf : T (c)
f →C be a function defined by

gf ((z
λ

(c)
k

)k≥1 =
∑
k≥1

(
f
λ

(c)
k
z
λ

(c)
k

+ f−λ(c)
k
z
λ

(c)
k

)
.

In view of
∑
k≥1(|f

λ
(c)
k
|2 + |f−λ(c)

k
|2) ≤

∑
λ∈S(f ) |fλ|2 <∞, the mapping gf is well-defined for

H-almost all (zλ)λ∈C ∈ T
(c)
f (for H-almost all realizations z := (z

λ
(c)
k

)k≥1 of (U (c)
k )k≥1) by

Kolmogorov’s two series theorem.

Observe that M(c)
f (t) = gf (T ft ((U (c)

k )k≥1)), t ∈ R. We need to check that, for every
φ ∈ L1(C,m),

(3.8) lim
T→+∞

1
T

∫ T

0
(φ ◦ gf )(T ft ((U (c)

k )k≥1))dt = Eφ(M(c)
f (0)) H− a.s.

Assume we have already proved that, for every h : T (c)
f →C satisfying h ∈ L1(T (c)

f ,H),

(3.9) lim
T→+∞

1
T

∫ T

0
h(T ft ((U (c)

k )k≥1))dt =
∫
T

(c)
f

h(z)H(dz) H− a.s.
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Then limit relation (3.8) follows by choosing h = φ ◦ gf and noting that∫
T

(c)
f

φ(gf (z))H(dz) = Eφ(M(c)
f (0)).

Now we prove (3.9). First of all note that the H− a.s. convergence to some limit holds
by Birkhoff’s theorem and we only need to verify that this limit is given by the right-
hand side of (3.9). We shall do this in a sequence of steps. Observe that, for every fixed
T > 0, the mapping

L1(T (c)
f ,H) ∋ h 7−→ 1

T

∫ T

0
h(T ft (·))dt ∈ L1(T (c)

f ,H) =:ATf (h), T > 0,

is a linear operator on L1(T (c)
f ,H) with the operator norm bounded by 1.

Step 1. We shall first verify that the set of measurable functions from T
(c)
f to C, which

depend only on finitely many coordinates, is dense in L1(T (c)
f ,H) and hence the subset of

continuous functions, which depend only on finitely many coordinates, is also dense in

L1(T (c)
f ,H). To see this, fix h ∈ L1(T (c)

f ,H) and, for n ∈N, let Fn be the σ -algebra generated

by U (c)
1 , . . . ,U (c)

n . The sequence of random variables

EH[h((U (c)
k )k≥1)|Fn], n ∈N

is an L1(T (c)
f ,H)-bounded martingale and converges in L1(T (c)

f ,H) to h((U (c)
k )k≥1), as n→

∞, see Proposition 10.8.6 in [30]. This can be recast as

lim
n→∞

∫
T

(c)
f

|hn(z
λ

(c)
1
, . . . , z

λ
(c)
n

)− h(z)|H(dz) = 0,

where

hn(u1, . . . ,un) :=
∫
T

(c)
f

h(u1, . . . ,un, zn+1, zn+2, . . .)H(dz), n ∈N.

Step 2. Assume we have proved (3.9) on the dense subset from Step 1, that is,

(3.10) lim
T→+∞

1
T

∫ T

0
h̃(U (c)

1 eiλ(c)
1 t , . . . ,U (c)

n eiλ(c)
n t)dt =

∫
T

(c)
f (n)

h̃(z1, . . . , zn)dz1 · · ·dzn H− a.s.

for any continuous h̃ : T (c)
f (n) → C, where T

(c)
f (n) := T

λ
(c)
1
× · · · × T

λ
(c)
n

. In other words,

that the sequence of linear operators ATf converges H− a.s. pointwise on a dense subset

of L1(T (c)
f ,H) to the right-hand side of (3.9), as T → +∞. Since h in our dense subset

are continuous we infer, using the Lebesgue dominated convergence theorem, that ATf
converges to the right-hand side of (3.9) also in L1(T (c)

f ,H) pointwise on a dense subset

of L1(T (c)
f ,H), as T → +∞. Since the operator norms of ATf are bounded by 1, this con-

vergence also holds on the whole space L1(T (c)
f ,H). This argument identifies the limit

in (3.9).

Step 3. Proof of (3.10). Formula (3.10) follows by the continuous multidimensional
Kronecker-Weyl equidistribution theorem, see, for example, Eq. (1.21) in [3], with the
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right-hand side replaced by∫
T

(c)
f (n)

h̃(U (c)
1 z1, . . . ,U

(c)
n zn)dz1 · · ·dzn.

This theorem is applicable because {λ(c)
1 , . . . ,λ

(c)
n } are assumed linearly independent over

Q. It remains to note that changing the variables in the expression above gives∫
T

(c)
f (n)

h̃(U (c)
1 z1, . . . ,U

(c)
n zn)dz1 · · ·dzn =

∫
T

(c)
f (n)

h̃(z1, . . . , zn)dz1 · · ·dzn, H− a.s.

This proves (3.10) and ergodicity ofM(c)
f .

It remains to prove thatMf is not mixing. To this end, it suffices to check that the
covariance function does not converge to 0, as s→ +∞. But this is clearly the case, since
KMf

is non-zero Bohr’s almost periodic and does not have a limit as s→ +∞. □

The next result demonstrates that the choice of notation for the limiting random
variable in (2.4) was not coincident.

Proposition 3.6. Assume that f ∈ B2 satisfies (3.4). Then

f (V−L,L)
d−→ Mf (0) =

∑
k≥1

(
U (c)
k f

λ
(c)
k

+U (c)
k f−λ(c)

k

)
+

∑
k∈Z∗
U (r)
k f

λ
(r)
k
, L→∞,

with the series on the right-hand side being a.s. convergent.

Proof. Let f (t) ∼
∑
λ∈S(f ) fλeiλt be the formal Fourier series of f . The sequence of

trigonometric polynomials

pn(t) =
n∑
k=1

f
λ

(c)
k

eiλ(c)
k t +

n∑
k=1

f−λ(c)
k

e−iλ(c)
k t +

n∑
k=−n,k,0

f
λ

(r)
k

eiλ(r)
k t , n ∈N,

satisfies (by Theorem 14 (i) in [12])

lim
n→∞
∥f − pn∥2M2

= lim
n→∞

limsup
L→+∞

E

∣∣∣f (V−L,L)− pn(V−L,L)
∣∣∣2 = 0.

For every fixed n ∈N, the set {λ(c)
1 , . . . ,λ

(c)
n ,λ

(r)
1 , . . . ,λ

(r)
n } is linearly independent over Q.

Thus, by the continuous multidimensional Kronecker-Weyl equidistribution theorem,
see, for example, Eq. (1.21) in [3],

pn(V−L,L) =
n∑
k=1

f
λ

(c)
k

eiλ(c)
k V−L,L +

n∑
k=1

f−λ(c)
k

e−iλ(c)
k V−L,L +

n∑
k=−n,k,0

f
λ

(r)
k

eiλ(r)
k V−L,L

d−→
n∑
k=1

f
λ

(c)
k
U (c)
k +

n∑
k=1

f−λ(c)
k
U (c)
k +

n∑
k=−n,k,0

f
λ

(r)
k
U (r)
k , L→ +∞.

It remains to note that, by Kolmogorov’s two series theorem,

n∑
k=1

f
λ

(c)
k
U (c)
k +

n∑
k=1

f−λ(c)
k
U (c)
k +

n∑
k=−n,k,0

f
λ

(r)
k
U (r)
k

a.s.−→
∑
k≥1

f
λ

(c)
k
U (c)
k +

∑
k≥1

f−λ(c)
k
U (c)
k +

∑
k∈Z∗

f
λ

(r)
k
U (r)
k ,

as n→∞, and apply Theorem 3.2 in [6]. □
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The convergence of f (V−L,L + ·) on the space B2(S(f )), settled in Theorem 3.1, is a
rather weak type of convergence of random processes, for it does not even entail con-
vergence in distribution at a fixed point. Proposition 3.6 addresses this by establishing
convergence in distribution at the fixed time t = 0. Moreover, a simple argument can be
used to extend this result to the convergence of any finite-dimensional distributions.

Corollary 3.7. Assume that f ∈ B2 satisfies (3.4). Then

(f (V−L,L + t))t∈R =⇒ (Mf (t))t∈R, L→ +∞
in the sense of finite-dimensional distributions.

Proof. Fix m ∈N, −∞ < t1 < · · · < tm <∞ and α1, . . . ,αm ∈ C. According to the Cramér-
Wold device, it suffices to check that

(3.11)
m∑
i=1

αif (V−L,L + ti)
d−→

m∑
i=1

αiMf (ti)

=
m∑
i=1

αi

∑
k≥1

(
U (c)
k f

λ
(c)
k

eiλ(c)
k ti +U (c)

k f−λ(c)
k

e−iλ(c)
k ti

)
+

∑
k∈Z∗
U (r)
k f

λ
(r)
k

eiλ(r)
k ti

 .
The function x 7→

∑m
i=1αif (x + ti) =: f̃ (x) belongs to the space B2(S(f )). According to

Proposition 3.6,
m∑
i=1

αif (V−L,L + ti)
d−→

∑
k≥1

(U (c)
k f̃

λ
(c)
k

eiλ(c)
k ti +U (c)

k f̃−λ(c)
k

e−iλ(c)
k ti ) +

∑
k∈Z∗
U (r)
k f̃

λ
(r)
k
, L→∞,

where, for k ≥ 1, f̃±λ(c)
k

= f±λ(c)
k

∑m
i=1αie

±iλ(c)
k ti and f̃

λ
(r)
k

= f
λ

(r)
k

∑m
i=1αie

±iλ(r)
k ti are the Fourier

coefficients of f̃ . This proves (3.11). □

3.3. Continuity of the limit process. We shall now discuss continuity properties of the
processMf . In general, the random processMf might not be continuous, even under
assumption (3.4). A simple sufficient condition for continuity is

(3.12)
∑
λ∈S(f )

|fλ| <∞,

since the corresponding partial sums
∑
λ∈S(f )∩[−N,N ] fλVλeiλs in this case converge to

Mf (s) uniformly over s ∈R, asN →∞. ThenMf is also a Bohr almost periodic function
with probability one.

If (3.12) does not hold we decompose Mf into three sums

(3.13) Mf (t) =
∑
k≥1

U (c)
k f

λ
(c)
k

eiλ(c)
k t +

∑
k≥1

U (c)
k f−λ(c)

k
eiλ(c)

k t +
∑
k∈Z∗
U (r)
k f

λ
(r)
k

eiλ(r)
k t , t ∈R

and note that all of them are of the same type
∑
kXke

iνkt for a sequence (Xk) of inde-
pendent identically distributed random variables. For such random series, a sufficient
condition of a.s. sample path continuity can be found in Theorem 2 in [22]. In the
present case, this sufficient condition ensuring a.s. continuity ofMf takes the form∑

k≥1

(|f
λ

(c)
k
|2 + |f−λ(c)

k
|2) log1+ε

+ |λ(c)
k |+

∑
k∈Z∗
|f
λ

(r)
k
|2 log1+ε

+ |λ(r)
k | <∞ for some ε > 0

or, more compactly,

(3.14)
∑
λ∈S(f )

|fλ|2 log1+ε
+ |λ| <∞ for some ε > 0.
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Assumptions (3.15) and (3.16) in the next result are variations of (3.14) ensuring also
Hölder continuity of the paths.

Proposition 3.8. Suppose that f ∈ B2 satisfies (3.4). Assume that for some α ∈ [0,2) and
β > 0,

(3.15)
∑
λ∈S(f )

λ2|fλ|21{|λ|≤x} =O(xα), x→ +∞,

and also

(3.16)
∑
λ∈S(f )

|fλ|21{|λ|>x} =O(x−β), x→ +∞.

Then the process Mf has a version with a.s. locally γ-Hölder continuous paths for every
γ <min(1−α/2,β/2).

Proof. The proof of Proposition 3.8 is a standard application of the Kolmogorov-Chentsov
theorem. First, observe that, by Rosenthal’s inequality, see Theorem 3 in [31], for some
positive constant C(m) > 0 which only depends on m > 1,

E|M(r)
f (t)−M(r)

f (0)|2m = E

∣∣∣∣∣∣∣∑
k∈Z∗
U (r)
k f

λ
(r)
k

(eiλ(r)
k t − 1)

∣∣∣∣∣∣∣
2m

≤ C(m)max


∑
k∈Z∗
|f
λ

(r)
k
|2|eiλ(r)

k t − 1|2
m ,∑

k∈Z∗
|f
λ

(r)
k
|2m|eiλ(r)

k t − 1|2m


= C(m)

∑
k∈Z∗
|f
λ

(r)
k
|2|eiλ(r)

k t − 1|2
m ,(3.17)

where we have used that (U (r)
k )k∈Z∗ are centered with unit variance and unit 2m-th ab-

solute moment. We note in passing that the previous inequality holds as an equality in
the case m = 1, namely,

E|M(r)
f (t)−M(r)

f (0)|2 =
∑
k∈Z∗
|f
λ

(r)
k
|2|eiλ(r)

k t − 1|2.

Since all the three summands in (3.13) have the same structure, (3.17) and the inequal-
ities (

a+ b+ c
3

)2m

≤ a
2m + b2m + c2m

3
, a,b,c ≥ 0

entail

(3.18) E|Mf (t)−Mf (0)|2m ≤ 32m−1C(m)

 ∑
λ∈S(f )

|fλ|2|eiλt − 1|2

m

.

Decompose the sum on the right-hand side as

(3.19)
∑
λ∈S(f )

|eiλt − 1|2|fλ|2 ≤ 4t2
∑
λ∈S(f )

λ2|fλ|21{|λ|≤t−1} + 4
∑
λ∈S(f )

|fλ|21{|λ|>t−1}.

The first sum is O(t−α) in view of (3.15), whereas the second sum is O(tβ) in view
of (3.16). Thus, the right-hand side of (3.19) is O(tmin(2−α,β)), as t → 0+. Plugging
this into (3.18) implies that, for every m ∈ N and T > 0, there exists K = K(m,T ) > 0
such that

E|Mf (t)−Mf (0)|2m ≤ K |t|mmin(2−α,β), |t| ≤ T .
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Picking m ∈N such that mmin(2−α,β) > 1 completes the proof. □

3.4. The tangent process. In this section, we prove a functional limit theorem for a
suitably normalized “chordal process” (Mf (εt) −Mf (0))t∈R, as ε→ 0+. The limit pro-
cess is called the tangent process ofMf , a notion introduced by Falconer [13, 14].

Observe that associated with any f ∈ B2 \ {0} is a probability measure Sf supported
by the spectrum S(f ) and defined by the equality

Sf ({λ}) =
|fλ|2∑

λ∈S(f ) |fλ|2
(2.5)
=
|fλ|2

∥f ∥2M2

, λ ∈ S(f ).

If ξf is a random variable on (Ω,F ,P) which is distributed according to Sf , our condi-
tions (3.15) and (3.16) take the form

(3.20) E[ξ2
f 1{|ξf |≤x}] =O(xα), x→ +∞,

and

(3.21) P[|ξf | ≥ x] =O(x−β), x→ +∞,
respectively. In order to identify the tangent process ofMf , we need more information
about the behavior of Fourier exponents and Fourier coefficients of f (encoded by the
probability measure Sf ). More precisely, we shall assume that the truncated second
moment of Sf is a function which varies regularly at +∞ with index θ ∈ (0,2), that is,

(3.22) E[ξ2
f 1{|ξf |≤x}] ∼ xθℓ(x), x→ +∞.

According to Eq. (5.16) on p. 577 in [15], relation (3.22) implies

(3.23) P{|ξf | > x} ∼
θ

2−θ
xθ−2ℓ(x), x→ +∞.

Fix any ε > 0. Since limx→+∞ x
−εℓ(x) = 0, we conclude that (3.22) and (3.22) secure (3.20)

and (3.21) with α = θ + ε and β = 2−θ − ε, respectively. By Proposition 3.8, this yields
γ-Hölder continuity ofMf for each γ < 1−θ/2.

Theorem 3.9 below is the promised functional limit theorem for the tangent process
(Mf (εt) −Mf (0))t∈R under the additional assumption that the spectrum of f is sym-
metric with respect to the origin, R = ∅, and the Fourier coefficients satisfy

(3.24) f−λ = fλ, λ ∈ S(f ).

Assumption (3.24) implies that the distribution of ξf is symmetric in the sense ξf
d= −ξf .

Under (3.24), the processMf =M(c)
f is given by

Mf (t) =
∑
k≥1

(
U (c)
k f

λ
(c)
k

eiλ(c)
k t +U (c)

k f
λ

(c)
k

e−iλ(c)
k t

)
= 2Re

∑
k≥1

U (c)
k f

λ
(c)
k

eiλ(c)
k t

 .
In particular, it is real-valued.

Theorem 3.9. Suppose that f ∈ B2 satisfies (3.4) withR = ∅ and (3.24). Assume that (3.22)
holds with some θ ∈ (0,2) and ℓ slowly varying at infinity. Then, as ε→ 0+,

(3.25) (Tε(t))t∈R :=

Mf (εt)−Mf (0)√
ε2−θℓ(ε−1)


t∈R

=⇒ (B1−θ/2(t))t∈R,

on the space C(R,R) with the locally uniform topology. Here B1−θ/2 is a centered fractional
Brownian motion with the covariance

EB1−θ/2(t)B1−θ/2(s) = Cf ,θ(|t|2−θ + |s|2−θ − |t − s|2−θ), t, s ∈R,
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where Cθ,f is a positive constant given by equality (3.28) below.

Proof of Theorem 3.9. Observe that

Mf (εt)−Mf (0) =
∑
k≥1

(
U (c)
k f

λ
(c)
k

(eiλ(c)
k εt − 1) +U (c)

k f
λ

(c)
k

(e−iλ(c)
k εt − 1)

)
is the sum of independent random variables. Thus, a standard way to check the con-
vergence is to apply the Lindeberg-Feller sufficient conditions. To this end, it suffices
to check (i) convergence of covariances, (ii) the Lindeberg condition (we shall check the
Lyapunov condition instead) and (iii) tightness.

Convergence of covariances. Using EU (c)
k = E(U (c)

k )2 = 0 and independence, we con-
clude that

E[Tε(t)Tε(s)] =
1

ε2−θℓ(ε−1)

∑
k≥1

|f
λ

(c)
k
|2((eiλ(c)

k εt − 1)(e−iλ(c)
k εs − 1) + (e−iλ(c)

k εt − 1)(eiλ(c)
k εs − 1))

=
2

ε2−θℓ(ε−1)

∑
k≥1

|f
λ

(c)
k
|2(cos(λ(c)

k ε(t − s))− cos(λ(c)
k εt)− cos(λ(c)

k εs) + 1)

=
1

ε2−θℓ(ε−1)

∑
λ∈S(f )

|fλ|2(cos(λε(t − s))− cos(λεt)− cos(λεs) + 1)

=
∥f ∥M2

ε2−θℓ(ε−1)
(v(εt) + v(εs)− v(ε(t − s)),

where v(t) := E(1− cos(ξf t)), for t ∈ R. In view of (3.23), Theorem 8.1.10 in [7] ensures
that

(3.26) E[1− cos(ξf ε)] ∼ πθε2−θℓ(ε−1)
2Γ (3−θ)sin(πθ/2)

, ε→ 0 + .

Thus, for every fixed t, s ∈R,

(3.27) E[Tε(t)Tε(s)] → Cf ,θ(|t|2−θ + |s|2−θ − |t − s|2−θ), ε→ 0+,

where

(3.28) Cf ,θ :=
πθ∥f ∥M2

2Γ (3−θ)sin(πθ/2)
.

Negligibility of atoms. Before we can proceed with the verification of the Lyapunov
condition, we show that each individual atom in S(f )∩ [−x,x]c (respectively, in S(f )∩
[−x,x]) of the distribution of ξf makes a negligible contribution to the tail (respectively,
truncated second moment), as x→∞.

Lemma 3.10. Assuming (3.22) (hence, also (3.23)) the following holds true

(3.29)

max{P{ξf = λ} : |λ| > x,λ ∈ S(f )}
P{|ξf | > x}

→ 0, x→ +∞,

max{P{ξf = λ}λ2 : |λ| ≤ x,λ ∈ S(f )}
E[ξ2

f 1{|ξf |≤x}]
→ 0, x→ +∞.

Proof. To prove the first relation, let R(x) := P{|ξf | > x} for x ≥ 0. By (3.23), R(x) is
regularly varying at∞ with negative index θ−2. Fix ε > 0. By the uniform convergence
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theorem, see Theorem 1.5.2 in [7], 0 ≤ 1− R(y+1)
R(y) ≤ ε for all sufficiently large y. It follows

that, for sufficiently large x,

max{P{ξf = λ} : |λ| > x,λ ∈ S(f )}
P{|ξf | > x}

≤
supy≥x(R(y)−R(y + 1))

R(x)
≤
ε supy≥xR(y)

R(x)
= ε.

The proof of the second relation is similar. Define T (x) := E[ξ2
f 1{|ξf |≤x}] for x ≥ 0.

By (3.22), T (x) is regularly varying at ∞ with positive index θ. Fix ε > 0. Again, by
Theorem 1.5.2 in [7], 0 ≤ T (y+1)

T (y) − 1 ≤ ε whenever y ≥ c0 for some sufficiently large c0.
Therefore, for sufficiently large x,

max{P{ξf = λ}λ2 : c0 ≤ |λ| ≤ x,λ ∈ S(f )}
E[ξ2

f 1{|ξf |≤x}]

≤
supy∈[c0,x](T (y + 1)− T (y))

T (x)
≤
ε supy∈[c0,x]T (y)

T (x)
≤ ε,

which implies the second relation because the maximal atom of |ξf | in [0, c0] is bounded,
whereas T (x)→∞. □

The Lyapunov condition. Fix t ∈R and put Yt,k(ε) := 2Re(U (c)
k f

λ
(c)
k

(eiλ(c)
k εt −1)). Then the

Lindeberg condition reads as follows: for every fixed δ > 0 and t ∈R,

(3.30)
1

ε2−θℓ(ε−1)

∑
k≥1

E[|Yt,k(ε)|21{|Yt,k(ε)|2>δε2−θℓ(ε−1)}]→ 0, ε→ 0 + .

We shall prove (3.30) by checking a stronger Lyapunov condition

(3.31)
1

(ε2−θℓ(ε−1))2

∑
k≥1

E[|Yt,k(ε)|4]→ 0, ε→ 0 + .

Using

|Yt,k(ε)|4 ≤ 16|f
λ

(c)
k
|4|eiλ(c)

k εt − 1|4

we conclude that∑
k≥1

E[|Yt,k(ε)|4] ≤ 16max
k≥1

(
|f
λ

(c)
k
|2|eiλ(c)

k εt − 1|2
)∑
k≥1

|f
λ

(c)
k
|2|eiλ(c)

k εt − 1|2

= 8∥f ∥2M2
max
k≥1

(
|f
λ

(c)
k
|2|eiλ(c)

k εt − 1|2
)
E|eiξf εt − 1|2

≤ 16∥f ∥2M2
max
λ∈S(f )

(
|fλ|2|eiλεt − 1|2

)
E(1− cos(ξf εt)).

According to (3.26), relation (3.31) follows once we can check that

maxλ∈S(f )

(
|fλ|2|eiλεt − 1|2

)
ε2−θℓ(ε−1)

→ 0, ε→ 0 + .

Observe that

max
λ∈S(f )

(
|fλ|2|eiλεt − 1|2

)
≤ max
λ∈S(f ) :λ>ε−1

(
|fλ|2|eiλεt − 1|2

)
+ max
λ∈S(f ) :λ≤ε−1

(
|fλ|2|eiλεt − 1|2

)
≤ 4 max

λ∈S(f ) :λ>ε−1
|fλ|2 + 4t2ε2 max

λ∈S(f ) :λ≤ε−1

(
|fλ|2λ2

)
.

Upon dividing by ε2−θℓ(ε−1) the first summand tends to zero by the first part of (3.29).
The second summand does so by the second part of (3.29). Thus, (3.30) holds true.
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Tightness. For the proof of tightness observe that, (3.18) and (3.19) imply, for t , s and
m ∈N,

(3.32) E[Tε(t)− Tε(s)]2m =
E[Mf (εt)−Mf (εs)]2m

(ε2−θℓ(ε−1))m
=
E[Mf (ε(t − s))−Mf (0)]2m

(ε2−θℓ(ε−1))m

≤ 4m32m−1C(m)
(ε2−θℓ(ε−1))m

(ε|t − s|)2
∑
λ∈S(f )

λ2|fλ|21{|λ|≤(ε|t−s|)−1} +
∑
λ∈S(f )

|fλ|21{|λ|>(ε|t−s|)−1}


m

.

Since 2−θ > 0, the limit relations
1

ε2−θℓ(ε−1)
(εz)2

∑
λ∈S(f )

λ2|fλ|21{|λ|≤(εz)−1} → ∥f ∥2M2
z2−θ , ε→ 0+

and
1

ε2−θℓ(ε−1)

∑
λ∈S(f )

|fλ|21{|λ|>(εz)−1} → ∥f ∥2M2

θ
2−θ

z2−θ , ε→ 0+

hold uniformly in z ∈ (0,T ] for every fixed T > 0, see Theorem 1.5.2 in [7]. Thus, (3.32)
implies that, for every ε0 > 0, T > 0 and m ∈ N there is a constant C = C(ε0,m,T ) > 0
such that

E[Tε(t)− Tε(s)]2m ≤ C|t − s|(2−θ)m, ε ∈ (0, ε0), 0 < |t − s| ≤ T .

Pickingm ∈N such that (2−θ)m > 1 we conclude that the family (Tε(t))t∈R, ε > 0 is tight
in C(R,C). □

Example 3.11. A general example of f ∈ B2 satisfying all the assumptions of Theorem 3.9
can be constructed as follows. Let ℓ1, ℓ2 be two functions which are slowly varying at infinity
and A > 0 a positive constant. We take a countable set C of positive real numbers without
finite accumulation points and such that C is linearly independent over Q. We enumerate the
points of C in the increasing order

0 < λ1 < λ2 < · · · < λn < · · · .

Suppose that the sequence (λk)k∈N is regularly varying at infinity with some index a > 0, that
is, λn ∼ naℓ1(n), as n→∞. It is known that the function

λ←(x) := inf{k ≥ 1 : λk > x}, x > 0,

is regularly varying at +∞ with index a−1, see Theorem 1.5.12 in [7]. Denote byN a random
variable on N with distribution

(3.33) P{N = n} ∼ n−(b+1)ℓ2(n), n→∞

for some 0 < b < 2a. Let f ∈ B2 be any function with the Fourier spectrum S(f ) = C ∪ (−C)
and the Fourier exponents (fλ)λ∈S(f ) satisfying2

|fλk |
2 = AP{N = k} and f−λk = fλk , k ≥ 1

for some fixed A > 0. Observe that

P{|ξf | > x} = 2
∑
k≥1

1{λk>x}P{N = k} = 2P{N > λ←(x)}.

Since (3.33) implies that x 7→ P{N > x} is regularly varying at infinity with index −b, we
conclude that x 7→ P{|ξf | > x} satisfies (3.22) and (3.23) with θ = 2− b

a
.

2Note that the arguments of the complex numbers fλk are allowed to take any values in T .
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3.5. Locally uniform convergence: a conjecture. Corollary 3.7 establishes that the
finite-dimensional distributions of (f (V−L,L + t))t∈R converge to those of (Mf (t))t∈R,
while Theorem 3.1 addresses the convergence in the space B2(S(f )). This raises the
question of whether a convergence also holds in a more classical functional space, such
as the space of continuous functions C(R,C) or the Skorokhod space D(R,C). Naturally,
for this question to be meaningful, the converging and limiting processes have to belong
to the corresponding spaces with probability one.

Recall that either (3.14) or (3.15) and (3.16) ensure thatMf has a.s. continuous sam-
ple paths. It also clear that f (V−L,L + ·) is a.s. continuous if, and only if, so is f . We
conjecture that, under these assumptions, the convergence of finite-dimensional distri-
butions in Corollary 3.7 can be lifted to the convergence in C(R,C) endowed with the
topology of locally uniform convergence.

Conjecture 3.12. Assume that f ∈ B2 ∩C(R,C) satisfies (3.4) and either (3.14), or (3.15)
and (3.16), hold true. Then,

(f (V−L,L + t))t∈R =⇒ (Mf (t))t∈R, L→ +∞,

on C(R,C) endowed with the topology of locally uniform convergence.

Since our primary motivation stems from analytic number theory, and the almost
periodic functions that arise in our applications are not continuous, we do not pursue a
proof of this conjecture. Instead, we only note that Theorems 1 and 2 in [16] may be use-
ful for checking tightness, which is the only part that requires a proof. The aforemen-
tioned theorems justify a uniform approximation of f by trigonometric polynomials on
a subset of R of upper density arbitrarily close to one.

4. Applications in analytic number theory

Almost periodic functions play a significant role in number theory, particularly in
the analysis of asymptotic distributions of arithmetic functions. In what follows we
denote by P the set of prime numbers and by ζ the Riemann zeta-function defined by
the series ζ(s) :=

∑
n≥1

1
ns for Re(s) > 1 and by an analytic continuation for all other s ∈C,

s , 1.

4.1. The von Mangoldt function and its partial sums. To the best of our knowledge,
the first connection between almost periodic functions and analytic number theory is
due to Aurel Wintner [35] who considered partial sums of the von Mangoldt function.
Recall that the von Mangoldt function is a mapping Λ : N→R defined by

Λ(n) =

logp, if n = pj for some p ∈ P and j ∈N,
0, otherwise.

Its partial sum (or summatory) function defined by ψ(x) =
∑
n≤xΛ(n), x ≥ 0, is called the

second Chebyshev function. It is known that the prime number theorem is equivalent
to the asymptotic relation

(4.1) ψ(x) ∼ x, x→ +∞.

A link between functions Λ and ζ is settled by the formula

ζ′(s)
ζ(s)

= −
∑
n≥1

Λ(n)
ns

, Re(s) > 1,
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which follows by taking the logarithmic derivative on both sides of Euler’s product
1/ζ(s) =

∏
p∈P (1− p−s). Equivalently, one can write

(4.2)
ζ′(s)
ζ(s)

= −s
∫ ∞

1

ψ(x)
xs+1 dx, Re(s) > 1.

Put ψ̃(x) := (ψ(x + 0) + ψ(x − 0))/2. By Perron’s inversion formula, see Theorem 11.18
in [2], we infer from (4.2)

(4.3) ψ̃(x) = − 1
2πi

∫ c+i∞

c−i∞

ζ′(s)xs

ζ(s)s
ds, x > 1,

where c > 1 is an arbitrary fixed constant.
Inversion formula (4.3) suggests that the asymptotic behavior of ψ̃ is regulated by

the poles of the integrands which are precisely the zeros of ζ. Throughout this section
we assume the Riemann hypothesis (RH) saying that all zeros of ζ in the critical strip
0 < Re(s) < 1 lie on the line Re(s) = 1/2, thus take the form ρ = 1/2+iγ , γ ∈R. Assuming
the RH we shall use the following notation for zeros of ζ and their imaginary parts. Put

Iζ := {γ > 0 : ζ(1/2 + iγ) = 0}, Z±ζ := 1/2± i · Iζ .

Thus, under the RH, the set of all zeros of ζ in the critical strip is Zζ = Z+
ζ ∪Z

−
ζ . For

ρ ∈ Zζ , we denote by γ = γ(ρ) the imaginary part of ρ. The points in Zζ are enumerated
by non-zero integers Z∗ := Z\{0} such that k < m implies γk < γm and γ−1 < 0 < γ1. Thus,
a sum of the form

∑
ρ∈Zζ aρ is understood as

∑
k∈Z∗ aρk . Moreover, if the series does not

converge absolutely we understand the latter as the limit limT→+∞
∑
k∈Z∗:|γk |≤T aρk .

Having introduced the above notation we can now state the von Mangoldt formula
which is essentially a residue expansion in (4.3), see Theorem 29 in [23] for the formal
derivation,

(4.4) ψ̃(x) = x −
∑
k∈Z∗

xρk

ρk
− ζ
′(0)
ζ(0)

− 1
2

log
(
1− 1

x2

)
, x > 1.

Replacing here x with et and rearranging, we obtain
(4.5)

ψ̂(t) :=
ψ̃(et)− et

et/2
= −

∑
k∈Z∗

eiγkt

ρk
− ζ
′(0)
ζ(0)

e−t/2 − e−t/2

2
log

(
1− e−2t

)
= −ψap(t) +Rψ(t), t > 0,

where ψap(t) =
∑
k∈Z∗

eiγkt

ρk
.

As the difference of a continuous and a discontinuous functions, ψap is not contin-
uous. It is also not cádlág for, by definition, its value at a discontinuity point is half
the sum of left and right limits at this point. In particular, ψap cannot be a Bohr almost
periodic function. On the other hand, we claim that ψap is a Besicovitch almost periodic
function. Indeed, it is known, see pp. 97-100 in [10], that

(4.6)
∑
ρ∈Z+

ζ

1{γ≤x} =
∑
k≥1

1{γk≤x} ∼
x logx

2π
, x→ +∞.

By a standard Tauberian argument this implies that, for s > 1/2,

(4.7)
∑
ρ∈Z+

ζ

1{γ>x}

|ρ|2s
=

∑
k≥1

1{γk>x}

|ρk |2s
∼
x1−2s logx
2π(2s − 1)

, x→ +∞,

and that the series
∑
ρ∈Z+

ζ
|ρ|−2s converges if, and only if, s > 1/2. Using this fact, with

s = 1, demonstrates that ψap is a Besicovitch almost periodic function with the Fourier
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spectrum Zζ and the Fourier coefficients {1/ρ : ρ ∈ Zζ} by the Riesz–Fischer theorem,
see p. 110 in [4]. Observing that Rψ(t)→ 0, as t → +∞, Wintner inferred using a one-
sided version of formula (2.4), that ψ̂(V0,L) converges in distribution, as L→ +∞, to a
nondegenerate random variable. Note that for t = V0,L, formula (4.5) holds with proba-
bility one when ψ̃ is replaced by ψ.

The results of Section 3 allow us to analyze the process ψ̂(V0,L+·). The remainder term
Rψ is an elementary function and its analysis is trivial. For example, it is clear that

sup
t∈[a,b]

|Rψ(V0,L + t)| P→ 0, L→ +∞,

for every fixed 0 < a < b. For the principal termψap we have the following generalization
of Wintner’s result.

Proposition 4.1. Assume (RH). As L→ +∞, the random processes ψap(V0,L + ·) converge in
distribution on the space B2(Zζ) (and, therefore, on the space B2) to the stationary random
processMψap .

The following hypothesis

(4.8) The set Iζ is linearly independent over Q,

is widely believed to be true but its proof seems to be currently out of reach. Under this
hypothesis, (3.4) holds true with C = Z+

ζ and R = ∅. Moreover, the Fourier coefficients
satisfy ρ−k = ρk for k ≥ 1. The processMψap turns out to be a.s. continuous, see Figure 1
for a sample path realisation and Figure 2 for the correlation function, which is a Bohr
almost periodic function.

Proposition 4.2. Assume (RH) and (4.8). Then, for all t ∈ R, the limit process in Proposi-
tion 4.1 has the Fourier expansion

Mψap (t) =
∑
k≥1

(ρ−1
k Uke

iγkt + ρk
−1Uke−iγkt) = 2Re

∑
k≥1

ρ−1
k Uke

iγkt

 ,
which converges a.s. almost everywhere with (Uk)k≥1 being independent random variables
with the uniform distribution on the unit circle. The processMψap has δ-Hölder continuous
paths for every δ < 1/2. Moreover, (ψap(V0,L + t))t∈R converge, as L → ∞, in the sense of
finite-dimensional distributions to (Mψap (t))t∈R.

Proof. The claim follows from Proposition 3.8. Indeed, in view of (4.6), formula (3.15)
holds with any α > 1, whereas (4.7) implies that (3.16) is true for any β < 1. □

Remark 4.3. Note that condition (3.14) is also satisfied, thereby ensuring a.s. continuity of
Mψap without the Hölder property.

According to Theorem 25c in [23], asymptotic relation (4.6) can be inverted to get

(4.9) γn ∼ 2πn/ logn, n→ +∞.

Therefore, we are in the setting of Example 3.11 with C = Iζ , a = b = 1, which means
that Theorem 3.9 holds true for the processMψap and the limit process B1−θ/2 = B1/2 is
a standard Brownian motion.



ALMOST PERIODIC STOCHASTIC PROCESSES 21

2 4 6 8 10

-0.8

-0.6

-0.4

-0.2

0.2

0.4

0.6

Figure 1. Realisation of the processMψap (t) = 2Re(
∑
k≥1ρ

−1
k Uke

iγkt), t ∈
[0,10], appearing in Section 4.1.
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Figure 2. Correlation function of the process Mψap appearing in Sec-
tion 4.1, for t ∈ [0,10].

4.2. The Möbius and Mertens functions. An analogue of Wintner’s analysis of the
Chebyshev function remainder has been carried out for the Möbius summatory func-
tion in [29]. Recall that the Möbius function µ : N→ {−1,0,1} is defined by

µ(n) =


1, if n = 1,
0, if n is not square-free,
(−1)k , if n = p1p2 · · ·pk for pair-wise distinct primes p1, . . . ,pk .

The summatory function M(x) =
∑
n≤x µ(n) is called the Mertens function. A counter-

part of (4.3) can be derived by noting that

(4.10)
1
ζ(s)

=
∏
p∈P

(1− p−s) =
∞∑
n=1

µ(n)
ns

= s
∫ ∞

1

M(x)
xs+1 dx, Re(s) > 1,
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which by Perron’s inversion yields

(4.11) M̃(x) =
1

2πi

∫ c+i∞

c−i∞

xs

sζ(s)
ds, x > 1,

where c > 1 is an arbitrary fixed constant. Here, M̃(x) = (M(x+0)+M(x−0))/2. Assuming
(RH) and also that all non-trivial zeros of ζ are simple, a residue expansion of the right-
hand side in (4.11) yields

(4.12)
M̃(x)
√
x

=
∑
k∈Z∗

xiγk

ρkζ′(ρk)
− 2
√
x

+
∑
n≥1

(−1)n−1(2π)2nx−2n−1/2

(2n)!nζ(2n+ 1)
, x > 1,

see Theorem 14.27 in [34]. The series representing the first term on the right-hand side
of (4.12) does not converge absolutely and is understood as the limit of the partial sums∑
k∈Z∗:|γk |≤T

xiγk
ρkζ′(ρk ) along an appropriate sequence T = Tn diverging to +∞. Replacing x

with et , we obtain

M̂(t) := e−t/2M̃(et) =:Map(t) +RM (t), t > 0,

where Map(t) =
∑
k∈Z∗

eiγkt

ρkζ′(ρk ) is an almost periodic part and RM is the remainder.
In contrast with the case of the Chebyshev function, the condition of square summa-

bility of the Fourier coefficients which would guarantee that Map ∈ B2, namely,

(4.13)
∑
k∈Z∗

1
|ρkζ′(ρk)|2

= 2
∑
k≥1

1
|ρkζ′(ρk)|2

<∞,

does not hold a priori. Hence, it has to be postulated for our purposes. A known suffi-
cient condition for (4.13) is the weak Mertens hypothesis

(4.14)
∫ T

0

(
M(x)
x

)2

dx =O(logT ), T → +∞,

see Theorem 14.29(B) in [34]. Another sufficient condition which will also play an im-
portant role in what follows is the weak Gonek conjecture

(4.15) J−1(T ) =
∑

k∈Z∗:|γk |≤T

1
|ζ′(ρk)|2

=O(T ), T → +∞,

see [21] and also the discussion in the introduction to [29]. It is clear that the weak
Gonek conjecture implicitly assumes that all zeros on the critical line are simple. Fur-
thermore, according to Lemma 1 in [29], it entails (4.14) and hence (4.13). Assuming
(RH) and (4.15), Theorem 2 in [29] states that M̂(V0,L) converges in distribution3. Here
is a functional version of this result in the space B2, which follows immediately from
Corollary 3.3.

Proposition 4.4. Assume (RH) and (4.13). As L→ +∞, the random processes Map(V0,L + ·)
converge in distribution on the space B2(Zζ) (and, therefore, on the space B2) to the stationary
random processMMap

. If, in addition, (4.8) holds true, then (Map(V0,L + t))t∈R converge to
(MMap

(t))t∈R also in the sense of finite-dimensional distributions.

Under the assumptions of Proposition 4.4, including (4.8), the random Fourier series

MMap
(t) =

∑
k≥1

(
(ρkζ

′(ρk))
−1Ukeiγkt + (ρkζ′(ρk))

−1Uke−iγkt
)

= 2Re

∑
k≥1

(ρkζ
′(ρk))

−1Ukeiγkt


3Note that the remainder RM clearly satisfies RM (t)→ 0, as t→ +∞.
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converges a.s. almost everywhere. Furthermore, in this case, Proposition 4.4 recovers
Theorem 2 in [29] because

sup
t∈[a,b]

|RM (V0,L + t)| P→ 0, L→ +∞

for all 0 < a < b. If a slightly stronger version of (4.13) holds true, namely,

(4.16)
∑
k≥1

log1+ε
+ γk

|ρkζ′(ρk)|2
<∞

for some ε > 0, thenMMap
is a.s. continuous in accordance with (3.14). Assuming (4.15),

which is stronger than (4.16) as follows from the proof of formula (4.18) given below,
we deduce Hölder continuity ofMMap

.

Proposition 4.5. Assume (RH), (4.8) and (4.15). The processMMap
is a.s. δ-Hölder contin-

uous with δ < 1/2.

Proof. We apply Proposition 3.8. The left-hand side of (3.15) reads

∑
k∈Z∗

γ2
k

|ρkζ′(ρk)|2
1{|γk |≤x} = 2

∑
k≥1

γ2
k

|ρkζ′(ρk)|2
1γk≤x}

≤ 2
∑
k≥1

1
|ζ′(ρk)|2

1{γk≤x} = J−1(x) =O(x), x→ +∞,

where the last O-estimate is just the weak Gonek conjecture (4.15). The left-hand side
of (3.16) in the present situation is∑

k∈Z∗

1
|ρkζ′(ρk)|2

1{|γk |>x} = 2
∑
k≥1

1
|ρkζ′(ρk)|2

1{γk>x} =
∑
j≥1

∑
k≥1

1
|ρkζ′(ρk)|2

1{2j−1x<γk≤2jx}.

By Lemma 1(ii) in [29], (4.15) ensures that there exists a constant K1 > 0 such that

(4.17)
∑
k≥1

1
|ρkζ′(ρk)|2

1{2j−1x<γk≤2jx} ≤
K1

2j−1x

for all x large enough and j ≥ 1. Summing over j ≥ 1 yields∑
k≥1

1
|ρkζ′(ρk)|2

1{γk>x} =O(1/x), x→∞.

In order to see that (4.17) (hence (4.15)) entails (4.16) observe that

(4.18)
∑
k≥1

log1+ε
+ γk

|ρkζ′(ρk)|2
=

∑
j≥1

∑
k≥1

log1+ε
+ γk

|ρkζ′(ρk)|2
1{2j−1<γk≤2j }

≤
∑
j≥1

log1+ε
+ 2j

∑
k≥1

1
|ρkζ′(ρk)|2

1{2j−1<γk≤2j } ≤ 2K1

∑
j≥1

log1+ε
+ 2j

2j
<∞.

□
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4.3. The Liouville function and its partial sums. Let λ : N 7→ {−1,+1} be the Liouville
function defined as λ(n) = 1 if n is the product of an even number of primes, and λ(n) =
−1 if it is the product of an odd number of primes, counted with multiplicities. Put
L(x) :=

∑
n≤xλ(n) and L̃(x) := (L(x+ 0) +L(x − 0))/2.

Embarking on the relation

ζ(2s)
ζ(s)

=
∏
p∈P

1
1 + p−s

=
∏
p∈P

∑
k≥0

(−1)k

psk
=

∑
n≥1

λ(n)
ns

, Re(s) > 1

and using again Perron’s inversion with the subsequent residue decomposition one can
check that under (RH)

L̂(t) := e−t/2L̃(et) =
1

ζ(1/2)
+

∑
k∈Z∗

ζ(2ρk)
ρkζ′(ρk)

eiγkt +RL(et), t > 0

for an appropriate remainder RL satisfying RL(x) → 0, as x → +∞, see, for example,
Eq. (4.21) in [1]. Like similar sums discussed earlier, the sum Lap(t) :=

∑
k∈Z∗

ζ(2ρk )
ρkζ′(ρk ) eiγkt

is understood as the limit of
∑
k∈Z∗:|γk |≤T

ζ(2ρk )
ρkζ′(ρk ) eiγkt along an appropriate sequence T =

Tn diverging to infinity.
Invoking

(4.19) ζ(2ρk) = ζ(1 + 2γk) =O((logγk loglogγk)
3/4), k→∞,

see Theorem 6.14 in [34], and the results of Section 4.2 we conclude the following.

Proposition 4.6. Assume (RH) and (4.15). As L→ +∞, the random processes Lap(V0,L + ·)
converge in distribution on the space B2(Zζ) (and, therefore, on the space B2) to the stationary
random process MLap . If, in addition, (4.8) holds true, then (Lap(V0,L + t))t∈R converge to
(MLap (t))t∈R also in the sense of finite-dimensional distributions.

Under the assumptions of Proposition 4.6, including (4.8), the random Fourier series

MLap (t) = 2Re

∑
k≥1

ζ(2ρk)
ρkζ′(ρk)

Ukeiγkt


converges a.s. almost everywhere. Using (4.19) and calculations similar to those in the
proof of Proposition 4.5 we arrive at a proposition.

Proposition 4.7. Assume (RH), (4.8) and (4.15). The processMLap is a.s. γ-Hölder contin-
uous with γ < 1/2.

4.4. Further examples. Assuming (RH) and (4.8) it was shown in [32] that the remain-
ders in the prime counting functions in arithmetic progressions possess limiting distri-
butions. The results of the present paper can be used to derive functional versions of
that result. Many further examples of this flavor can be found in [1].
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26. A. Laurinčikas, Value distribution of general Dirichlet series. II, Liet. Mat. Rink. 41 (2001), no. 4, 449–

460. MR 1903488
27. , Value distribution of general Dirichlet series. VI, Nonlinear Anal. Model. Control 10 (2005),

no. 3, 235–246. MR 2193076
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(2004), no. 2, 361–389. MR 2078705

30. S. Resnick, A probability path, Birkhäuser, Boston, 1999. MR 1664717
31. H. Rosenthal, On the subspaces of Lp (p > 2) spanned by sequences of independent random variables,

Israel J. Math. 8 (1970), 273–303. MR 271721



26 ALEXANDER IKSANOV, ZAKHAR KABLUCHKO, AND ALEXANDER MARYNYCH

32. M. Rubinstein and P. Sarnak, Chebyshev’s bias, Experiment. Math. 3 (1994), no. 3, 173–197.
MR 1329368
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