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Abstract

Let (&1,m1), (£2,7m2), ... be independent copies of an R?-valued random vector (£,7) with
arbitrarily dependent components. Put T}, := & +...4+&,—1+n, for n € N and define 7(t) :=
inf{n > 1:T, >t} the first passage time into (¢,00), N(t) := >, -, 1{7,<¢ the number of
visits to (—oo, t] and p(t) := sup{n > 1: T, <t} the associated last exit time for ¢ € R. The
standing assumption of the paper is E[¢] € (0, 00). We prove a weak law of large numbers for
7(t) and strong laws of large numbers for 7(t), N(¢) and p(t). The strong law of large numbers
for 7(t) holds if, and only if, E[n'] < co. In the complementary situation E[n*] = oo we
prove functional limit theorems in the Skorokhod space for (7(ut)),>0, properly normalized
without centering. Also, we provide sufficient conditions under which finite dimensional
distributions of (7(ut))y>0, (N(ut))y>0 and (p(ut)),>0, properly normalized and centered,
converge weakly as ¢ — oo to those of a Brownian motion. Quite unexpectedly, the centering
needed for (N(ut)) takes in general a more complicated form than the centering ut/E[¢]
needed for (7(ut)) and (p(ut)). Finally, we prove a functional limit theorem in the Skorokhod
space for (N (ut)) under optimal moment conditions.
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1 Introduction

Let (&1,m1), (£2,72),... be independent copies of an R2?-valued random vector (£,7) with
arbitrarily dependent components. Denote by (Sy,)n>0 the zero-delayed standard random walk
with increments &, for n € N:={1,2,...}, that is, Sy :=0and S, ;=& + ...+ &, forn € N.
Put

Th:=Sw-1+1, neN.

The sequence T := (T},)p>1 is called globally perturbed random walk. Many results concerning
T accumulated up to 2016 can be found in the book [15]. An incomplete list of more recent
publications in which the sequence T is either the main object of investigation or plays an
important role includes [5, 8, 9, 17, 20, 24]. Under the assumptions E[¢] € (0, 00) and E[|n|] < oo
the sequence T is a particular instance of perturbed random walks investigated in Section 6 of
the book [13]. More details will be given in Remarks 2.3 and 2.13.

For ¢t € R, define the first passage time into (t,c0)

7(t) :=inf{n >1:T, > t},
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the number of visits to (—oo, t]
N(t) = Z H{Tngt}
n>1

and the associated last exit time
p(t) == sup{n>1:T, <t}
with the usual conventions that sup © = 0 and inf @ = co. Plainly, for each t € R,
T(t) =1 < N(t) < p(t) a.s. (1)

We mark with the * the corresponding quantities for (Sy,)n>0, that is, for t € R, 7*(¢) := inf{n >
0:8, >th N*(t) :== 3,50 Lis,<sy and p*(t) :==sup{n > 0: 5, < t}.

We use the standard notation z* = max(x,0) and 2~ = max(—z,0) for z € R. We proceed
by giving a couple of results which can be lifted from the existing literature. Proposition 1.1
follows from Theorem 1.4.1 and Remark 1.2.3 in [15], see also Theorem 2.4 in [2].

Proposition 1.1. Suppose pu := E[{] € (0,00). The following assertions are equivalent:
(a) lim, oo T), = +00 a.s.;

(b) Ely] < o0;

(c) N(t) < oo a.s. for some/allt € R;

(d) p(t) < oo a.s. for some/all t € R.

Proposition 1.1 states that the conditions p € (0, 00) and E[~] < oo entail lim,,_,oo T}, = 400
a.s. According to Theorem 1.2.1 in [15], the conditions u € (0,00) and E[n~] = oo ensure that
liminf, o 15, = —o0 and limsup,,_,, T, = +o0 a.s. Lemma 1.2 is an immediate consequence
of these observations.

Lemma 1.2. Suppose 1 = E[{] € (0,00). Then lim, o maxi<j<n Tj = 400 a.s.

The present work was partly motivated by Lemma 4.2 in [5]. The cited result provides a
strong law of large numbers for 7(¢) which corresponds to a particular globally perturbed random
walk. Our purpose is to prove weak and strong laws of large numbers for 7(t), strong laws of
large numbers for N(t) and p(¢) and distributional limit theorems for 7(¢), N(t) and p(t). Our
main results are stated in Section 2.

2 Main results

2.1 Weak and strong laws of large numbers
In Theorem 2.1 we formulate a weak law of large numbers for 7(¢).

Theorem 2.1. Suppose = E[¢] € (0,00). The following assertions are equivalent:
(W1) limy o0 t~17(t) = =1 in probability;
(W2) limy, 00 n L maxy <<, Tk = p in probability;
(W3) limy_,o tP{n >t} = 0.
In Theorems 2.2 and 2.6 we formulate strong laws of large numbers for 7(¢), N(¢) and p(t).
Theorem 2.2. Suppose = E[¢] € (0,00). The following assertions are equivalent:
(S1) limy_so t717(t) = p 1 as.;

(S2) limy, oo n~? maxi<p<n Ik = {b a.8.;
(S3) E[n™] < oo.



Remark 2.3. Section 6 of the book [13] is concerned with perturbed random walks, which are

defined by
Zp=8,-1+60,, nelN

Here, (Sn)n>0 is a zero-delayed standard random walk with ¢ = E[¢] € (0,00) and (6;);>1 is a
random sequence arbitrarily dependent on (S,),>0 and satisfying lim,, oo n 16, = 0 a.s. Put
T7(t) :=inf{n > 1: Z, > t} for t > 0. A specialization of Theorem 2.1 on p. 179 of [13] reads
limy oot 172(t) = ! as.

By the Borel-Cantelli lemma, lim, oo n " 'n, = 0 a.s. if, and only if, E[|n|]] < oco. Thus,
under the assumptions p € (0,00) and E[|n|] < oo, the sequence T is a particular instance of
(Zyn)n>1. In particular, Theorem 2.1 in [13] then entails lim; o t~17(t) = p~! a.s. This is a

weak version of the implication (S3) = (S1) of Theorem 2.2.

Remark 2.4. One may wonder what is the asymptotic behavior of t~!7(¢) under the conditions
p € (0,00) and E[n*] = co? This is investigated in Theorems 2.8 and 2.10 below. Of particular
interest is Theorem 2.8, in which a slight departure from E[nT] < oo is addressed. It turns out
that ¢t~!7(¢) then converges in distribution as ¢t — oo to a random variable which is smaller than
ptas.

Remark 2.5. Lemma 4.2 in [5] proves the implication (S3) = (S1) of Theorem 2.2 for a globally
perturbed random walk in which the vector (£,7) has a specific distribution. However, its proof
works equally well whenever u € (0,00), E[nT] < oo and beyond that, the distribution of (&,7)
is arbitrary. The implication (S1) = (S3) of Theorem 2.2 seems to be new.

Theorem 2.6 given next and Theorem 2.2 reveal a remarkable difference between the first
order asymptotic behavior of 7(¢) and that of N(¢) and p(t). The former depends heavily upon
the right distribution tail of 1, whereas the latter does not depend on it at all.

Theorem 2.6. Suppose pn = E[{] € (0,00). If, for somet € R, N(t) < oo a.s. or p(t) < oo a.s.,
then
N(1) p(t)

lim = lim — = — a.s.
t—oo T t—oco 1 1%
Theorems 2.2 and 2.6 are generalizations of the following previously known strong laws of
large numbers for 7%, N* and p*, see Theorem 4.1 on p. 88 and formulae (4.7) and (4.8) on p. 90

in [13].
Proposition 2.7. Suppose p = E[¢] € (0,00). Then

lim T <t) lim & = lim P (t> = — a.s.

t—oo t - t—oo T t—oco ¢ o’

We do not provide a new proof of Proposition 2.7. Rather, this proposition is an important
ingredient of our proofs of Theorems 2.2 and 2.6.

2.2 Functional limit theorems

For a,b > 0, let (t,(f’b),j,ga’b)) be the atoms of a Poisson random measure N on [0, 00) x

(0,00) with mean measure LEB x p,p, where LEB is Lebesgue measure on [0,00) and p, is a
measure on (0, co] defined by

ap((,00]) = az™, @ > 0.



Denote by D := D[0,00) the Skorokhod space, that is, the set of cadlag functions defined on
[0,00). We shall use the Ji- and Mj-topologies, which are standard topologies on D. Compre-
hensive information on the Ji-topology and the M;j-topology can be found in [6, 12] and [2§],
respectively. We write = to denote weak convergence in a function space.

Theorem 2.8. Suppose p = E[§] € (—00,00) and P{n >t} ~ ¢/t ast — oo for some ¢ > 0.
Then

) - — (inf{z >0: max (utéc’l) +j,ic’1)) > u})uZO =: (X (u))y>0, t— 0

k:tg:’ I)Sz

(M

t

in the My-topology on D. The one-dimensional distributions of the limit process are given by

1= (=) 1 (), if p>0,

P{X(u) <y} = {1 - (%) 7", if n<o, (2)
1—e /v, if w=20

fory >0 and P{X(u) <y} =0 fory<O0.

Remark 2.9. Let 6(a, b) be a random variable having a beta distribution with positive parameters
a and b, that is,

P{f(a,b) € dz} = (B(a,b)) 1z 1(1 — z)"! Lo,1)(w)dz,

where B is the Euler beta function. In the case p > 0, X(u) has the same distribution as
ptud(1, u~tc). In particular, X (1) < p~! a.s., which justifies the claim made in Remark 2.4.
In the case p < 0, the distribution of X (u) is Pareto-like. In the case u = 0, the process
(X (u))y>0 is the inverse of an extremal process. It is known (see Proposition 4.8 on p. 183
in [25]) that (X (u))y>0 has independent, but not stationary, increments and that its marginal
distributions are exponential of mean u/c. Of course, the latter is confirmed by (2).

Theorem 2.10. Suppose u = E[§] € (—o0,00) and P{n > z} ~ =% (x) as v — oo for some
a € (0,1) and some ¢ slowly varying at oo. Then

(P{n > t}T(Ut))uzo — (inf{z>0: _max j,g,l’a) > u})uzo = (Y(u))y>0, t—o00 (3)

in the Mi-topology on D. The one-dimensional distributions of the limit process, which is the
inverse of an extremal process, are exponential and given by

P{Y(u) >z} =e" "% 2,u>0.

Remark 2.11. Theorems 2.8 and 2.10 will be proved by an ‘inversion’ of the known functional
limit theorems for the maximum max;<;<, 7}, properly scaled. Assume now that lim, . T}, =
—0o0 a.s., which particularly implies that sup,~, T} is a.s. finite. Then it makes sense to inves-
tigate the distributional tail behavior of sup,~, T};. Actually, this used to be a rather popular
subject of research in the recent past [3, 14, 22, 23, 26].

In the setting of Theorem 2.8, a major contribution to the limit is made by large values
of the perturbations (7)r>1 and also by the standard random walk (Sy),>0 via a law of large
numbers. This bears a resemblance to Theorem 4 in [3] and Theorem 1 in [22], see also [23].



Theorem 2.12 is a result of different flavor. It quantifies the rate of convergence in laws

of large numbers for 7(t), N(t) and p(t). We write L to denote weak convergence of finite-
dimensional distributions.

Theorem 2.12. Suppose u = E[¢] € (0,00) and o := Var [¢] € (0, 00).
IfE[n*] < oo, then

T(ut) — plu
( EO—EL 3%1/275)“20 Ld, (B(W)),sg t— 00, (4)

where (B(u))y>0 s a standard Brownian motion.
IfE[n~] < oo, then

ut) — utu
<W>uzo = (B<u))u20’ t — oo. (5)

If E[n] € (—o0,00), then

7(ut) — p~tut N(ut) — p~tut p(ut) — p~tut
<< (o2u—3t)1/2 )uzo’ ( (02p—3t)1/2 >u20’ ( (02p=3t)1/2 )@0)
= (B@) g (BW) 0 (BW) 1) ¢ 00 (0

Remark 2.13. Let (Zy)n>1 be a perturbed random walk as in Remark 2.3. Assume that 0% =
Var[¢] € (0, 00) and limy, 00 n=1/2 maxij<p<n |0x| = 0 in probability. According to Theorem 1 in

[21],
77 (un) — utun d
( Z((azu)_?’:)m )uZO = (BW)5p: 700

in the Ji-topology on D, where (B(u))y>0 is a standard Brownian motion.

Observe that lim,,_,.o n~1/2 maxi<g<n |Nk| = 0 in probability if, and only if, lim;_, *P{|n| >
t} = 0. Hence, both (4) and its functional Ji-version hold true under the assumptions o2 €
(0,00) and limg o t2P{|| > t} = 0 (since u + 7(u) is a.s. nondecreasing, a passage from a
discrete parameter n to a continuous parameter t is trivial). We believe that the functional
Ji-versions of (4) and (5) hold true under the assumptions of Theorem 2.12 ensuring weak
convergence of the finite-dimensional distributions. At the moment, a proof of this claim is
beyond our reach.

The limit theorem for N () is only given under rather restrictive assumption E[n] € (—oo, +00).
Our final result demonstrates that when stated under the optimal assumption E[~] < oo the
limit theorem for N(t) is more interesting than those for 7(¢) and p(t). Its feature is a two-term
centering. We stress that Theorem 2.14 is a result on weak convergence on D rather than weak
convergence of finite dimensional distributions.

Theorem 2.14. Suppose u = E[¢] € (0,00), 02 = Var[¢] € (0,00) and E[n~] < oo. Then

N(ut) — ptut + =1 ut d
( (ut) — p (a2uf3t)lf;)2 {n>y} y)uzo = (B),op t— 0 (7)

in the Ji-topology on D, where (B(u))y>0 is a standard Brownian motion.

Remark 2.15. In the case of nonnegative £ and 7 relation (7) was proved in Theorem 3.2 of [1]
under the extra assumption E[n?] < oo for some a > 0. Theorem 2.14 demonstrates that the
latter assumption is not needed.



Remark 2.16. If E[(n1)1/?] < oo, then limy_,q t~ /2 f(f P{n > y}dy = 0. Thus, relation (7)
simplifies in this case to

N(ut) — _lut
<((02/)F3£;1/2)u20 — (B(u))uzw t— o0

in the Ji-topology on D. If E[(n")/2] = oo, then the two-term centering is inevitable.

3 Proofs of the laws of large numbers

3.1 Proof of Theorem 2.1

We start by proving the equivalence of (W2) and (W3).
(W2) = (W3). Fix any ¢ € (0, ). Since lim, o0 (Sy, — (1 — €)n) = oo a.s., we conclude that
the random variable N := sup{k > 0: Sy < (u — ¢)k} is a.s. finite. Let (a,)n>1 be a sequence
of nonnegative integers satisfying lim,,_,o, a, = oo and a,, = o(n), for instance, a,, = |logn| for
n € N. Here, |x] denotes the integer part of x. The following inequalities hold a.s. on the event
{N+1<a,}

S, > S,
0B, Sk F ) 2 x| (S i)

> — o)k > — o)k .
—fo?ifgn((“ e)k + Mky1) H<1%><<n((ﬂ e)k + nry1)

Using this we obtain

]P’{ max. (Sk +Mkt1) > (L+e)n} > IP’{ max. (St +Mk41) > (p+e)n, N+1<a,}

> P{argz;ggn (= &)k + ne+1) > (pte)n, Nt1< an} =P{ max ((n—e)k+mks1) > (ute)n}

—P{ max ((p—e)k+net1) > (n+e)n, N +1>a,}.
an<k<n

Condition (W2) ensures lim,, oo P{maxo<g<p (S + Mk+1) > (1 + ¢)n} = 0. This together with
lim, oo P{N +1 > a,} = 0 proves

P{afé%}én(( w—e)k+npr1) < (u+e) n}—kH F((p+en—(u—e)k) — 1, n— oo,

where F(x) :=P{n < z} for z € R. Equivalently,

nlggo Z —log F((p+¢e)n— (n—e)k)) = 0.

k=an
By monotonicity,

n

Y (Flog F(n(u+e) = (u—e)k)) = (n — an +1)(~log F((p+e)n — (1 — €)an)

k=an
> (n = an)(=log F((1 +€)n))

and thereupon lim,,_,o n(1 — F((1t+¢)n)) = 0. Appealing to monotonicity once again we arrive
at (W3).



(W3) = (W2). Using maxo<g<n (Sk + Mk+1) > Sn + 141 a.s., we infer, for any ¢ € (0, p),

]P’{Oféllfgn (Sk 4+ nr1) < (n—e)n} < PLSy + npgr < (1 —e)n}
<P{S, < (n—¢e/2)n} +P{npt1 < —en/2}.

While the first term converges to 0 as n — oo by the weak law of large numbers for (S),), the
second term does so trivially. Thus,

Jim. P{orél??n (Sk +nk41) < (p—e)n} =0.
Observe that this limit relation holds true irrespective of (W3).
Left with proving that, for any € > 0,
dim P{ max (Sg + k1) > (i +€)n} =0, (8)
we first note that (W3) is equivalent to lim; o t| log P{n < t}| = 0, and that the latter ensures
n~! maxi<k<n n,j Boasn— 00, where £ denotes convergence in probability. Indeed, for any

0 >0,
P{lrélkaic ni >dn} =1—exp(—n|logP{n < én}|) = 0, n— oo.

It is known (see, for instance, Theorem 12.1 on p. 75 in [13]) that lim, nt maxo<p<n Sk = [
a.s. and thereupon lim,, oo 7~ (maxo<g<p Sk + Maxj<p<n 77;;) = p in probability. With this
at hand, relation (8) follows from maxo<g<p (Sk + Mk+1) < MaxXo<p<n Sk + MaAX|<k<pi1 nlj a.s.
The proof of the implication (W3) = (W2) is complete.

Although the equivalence (W1) < (W2) is trivial, we prove for completeness one implication.
(W2) = (W1). Fix any € > 0, put 6 := p~ (12 + €)' and observe that as ¢ runs over (0, c), J
sweeps out the interval (0,u~!). For n € Ny := {0,1,2,...}, put s, := (u + €)n. According to
(W2)7

P{7(sn) < (7" = 0)sn41} = P{7(sn) < (n+€) 5041}
= P{lgrélgaicﬂ T, > (p+e)n} — 0, n— oo.

Given t > 0 there exists n € Ny such that ¢ € [s,, sp+1). Using this we infer
P{r(t) < (u~" = 8)t} <P{7(sn) < (n+2) "snta},

thereby proving that, for any 6 € (0,7 !), limy_yoo P{7(t) < (= — )t} = 0. The relation
limy oo P{7(t) > (u=t + )t} = 0, for any § > 0, can be proved analogously. We omit further
details.

3.2 Proof of Theorem 2.2

As we have already mentioned, the implication (S3) = (S1) was proven in Lemma 4.2 of [5].
(S1) = (S2). We shall use an alternative representation

7(t) =inf{n € N: max T; >t}, teR. 9)
1<j<n



By Lemma 1.2, the assumption u € (0, 00) ensures that lim, . maxi<;j<n Tj = +00 a.s. Since
7(—1/n+ maxi<j<p T;) < n a.s. for each n € N we obtain

maxi<j<n 1} maxi<j<n 1}

lim sup < limsup

= a.s.
n—00 n n—00 T<_1/n+maX1§j§n T]) a

having utilized (S1). On the other hand, 7(maxi<j<, 7j) = n+ 1+ 1, > n + 1 as. for each
n € N, where I, := #{k € N : max;<j<pir Tj = maxi<j<, Tj}, whence

maxi<;<n 1 maxi<j<n 1

o S Tim _
hnlgloréf I > hnrggéf (maxieyn 7)) o a.s.
by another appeal to (S1).
(S2) = (S3). Start with
T, i<n 1
limsup — < limsup WaNisjsn 75 _ [ a.s.

n—oo N n—00 n

This in combination with the strong law of large numbers for standard random walks entails
lim sup,,_, ., 11, < 0 a.s. With this at hand, an application of the converse part of the Borel-
Cantelli lemma yields > o, P{n, > en} < oo for all ¢ > 0. This ensures E[n*] < oo, as
desired. B

3.3 Proof of Theorem 2.6

By Proposition 1.1, the a.s. finiteness of N(t) or p(t) for at least one deterministic ¢ is
equivalent to E[n~] < oo. According to (1), for each t € R, N(t) < p(t). Hence, it suffices to
prove that

limsup —= <

t—o0

To this end, put T, == S, 1 — n, for n € N and p(t) := sup{n > 1: T, < t} for t € R. Since
E[(—n7)"] = E[n] < oo, we infer j(t) < oo a.s. for all t € R. Further, T}, < T}, a.s. for n € N,
whence p(t) < p(t) a.s. for t € R. Also, for each t € R, Tﬁ(t) <ta.s.on{p(t) < co}. By the strong
law of large numbers for standard random walks lim,,_,o (S, /n) = p a.s. In view of E[n~] < oo
and the Borel-Cantelli lemma, lim,,_,~ (7, /n) = 0 a.s. As a consequence, limnﬁoo(Tn/n) =pu
a.s. and thereupon limtﬁoo(f},(t)/ﬁ(t)) = u a.s. because limy_, p(t) = 400 a.s. Indeed, by

pt) < liminf NG a.s. (10)
t - t

monotonicity, the a.s. limit limy_,o p(¢) exists, finite or infinite. In view of 7 p(t+1 > tas. on
{p(t) < oo}, the limit cannot be finite. Combining pieces together we conclude that
p(t) pt) p(t)

limsup —= < limsup —= < lim — = — a.s.
t—00 t—o0 t t—00 T,é(t) 12

This proves the left-hand inequality in (10).
Recall that p*(t) = sup{k > 0: S <t} for t € R and write, for any fixed y > 0,

pr(t)+1 p*()+1 p*(t)+1
NO=Y Ty > Y, lm<n > Y Usi <y — 2 Loy
E>1 k=1 k=1 k=1
pr(t)+1
:Zﬂ{skét—y}_ Z Ln>yts teR as.
k>0 k=1



Here, we have used the inclusion {Sy_1 <t —y} C {Sk_1 +m < t} U{nr >y} for k € N. By
Proposition 2.7,

1 _
lim 20 Yspstyy _ 1

Jim , . a.s. (11)

By the strong law of large numbers for standard random walks, lim,, oo n ™" *22:1 Ly =
P{n > y} a.s. Since lim;_,o p*(t) = +00 a.s., we infer limy_,oo(p*(¢) + 1)1 Ez:(i)ﬂ Lipsy) =

P{n > y} a.s. This in combination with lim;_,, t~*p*(t) = p~! a.s. (see Proposition 2.7) proves
*(H)+1 *
- 2=t sy (1) +1 _P{n>y}

pr(t)+1
lim 2=l Mmsy) N
t—00 t t—00 p*(t) + 1 t i

(12)

Invoking (11) and (12) yields

p*(t)+1
lim inf N@) > lim 2 k20 Lisi<t-—y) _ Lim Zk=L 1>y _ P{n <y}
t—oo T t—oo t 500 t [

a.s.

Letting now y — oo we arrive at the right-hand inequality in (10).

4 Proofs of the functional limit theorems

4.1 Proof of Theorem 2.8
By Theorem 1.3.15 in [15],

¢! T, — tot ey o= (R , bt
(7 _max  TiJuo (k';j}g@(uk 357 uso = (B(w))ux0 o0
e g

in the Ji-topology on D. Since the first passage time functional is continuous in the M;-topology
(see, for instance, Lemma on p. 419 in [27]), we conclude that

1 — (; :
(¢ (r(ut) = 1))uz0 = (inf{z >0 1§krgf2t{J+1Tk = Ut})“zo
— (inf{z>0: sup (" +;V)> u})yzo = (X (o, ¢ =00

t](gc, 1>§Z

in the M;-topology on D.

For y,u > 0, put F(y,u) := P{R(y) < u}. An explicit formula for F' is given in Remark
1.3.16 of [15]. Since X is a nonnegative process, we conclude that P{X (u) < y} =0 for y < 0.
For y > 0, formula (2) is a consequence of P{X (u) <y} =1— F(y,u).

4.2 Proof of Theorem 2.10

Let a be any positive function satisfying lim,_,., zP{n > a(x)} = 1. It is a standard fact (see,
for instance, Lemma 6.1.3 in [15]) that a is regularly varying at oo of index 1/a. In particular,
im 2@ _ 4o, (13)
r—00 I
By Theorem 1.8.3 in [7], there exists a continuous and strictly increasing function b satisfying
b(xz) ~ a(x) as * — oo. As a consequence, lim,_,o zP{n > b(z)} = 1. Thus, without loss of
generality we can and do assume that a is continuous and strictly increasing.



We claim that

MAaX] <k< |ut]+1 Tk) (1,a)
= sup  jp’ , t— o0 (14)
( a(t) u>0 (k: t,gl'a)ﬁu k )UZO

in the Ji-topology on D. This follows along the lines of the proof of Proposition 1.3.13 (ii) in
[15] provided that we can show that

(SWJ ) — (O()) t— 00
a(t) /u>0 w0

in the Ji-topology on D, where O(u) := 0 for u > 0. The latter is an immediate consequence of
(13) and the functional law of large numbers

Sut)
— = (I t—
(F59) .., = U@z, 100
in the Ji-topology on D, where I(u) := pu for u > 0.

With (14) at hand, invoking once again continuity of the first passage time functional in the
M;-topology we infer

(W)uzo = (inf{z >0: max T} > wua(t)})

1<k<|zt|+1 u20

= (inf{z>0: sup j,gl’a) >u}) o t—oo (15)
k::t}j’“)gz N

in the M;j-topology on D. Let a~! be the inverse function of a. Observe that a is asymptot-
ically generalized inverse of z + (P{n > z})~!. Hence, a='(z) ~ (P{n > z})~! as 2 — oo.
Substituting now a~!(¢) in place of ¢ on the left-hand side of (15) we arrive at (3).

Finally, we point out the marginal distributions of the limit process Y: for x > 0 and u > 0,

P{Y(u) >z} =P{inf{z>0: sup j,gl’a) >up >z =P{ sup j,gl’a) <u}
k:tg’a)gz k:tf’“)gx

= P{N(lﬂ)((tay) t<z,y>u)= 0} = exp ( —IEN(LC“)((t,y) t<xz,y> u)) —e W T

4.3 Proof of Theorem 2.12

Under the assumptions p € (—o0, +00) and o2 € (0,0), a specialization of Donsker’s theo-
rem to finite-dimensional distributions yields

Su — put .d,
(L;JT)WO =L (B(W),opr 0. (16)

Assume that u € (0,00), 02 € (0,00) and E[n*] < co. We start by proving that

Max) <j<|ut|+1 1j — put f.d,
( Ny )uZO =% (B(u))uzo, t — o0. (17)

For u,t > 0,

T, = — — .S.
Lo T Slut] + mAX(N it )41, Mut) = Elut)s -+ M — Slut)) a8

10



In view of (16) it is enough to prove that

[ sHut] = Slut]s -+ _Su
(maX(mtJH Nut] = &lut] m Ltj)) td

t1/2 u>0 (@(u))uzov t— oo,

where O(u) = 0 for u > 0. According to the Cramér-Wold device, this task is equivalent to
showing that, for all £ € N, any Aq,..., A\x € R and any nonnegative uq, ..., ug,

k
lim S\ AX (a1t +15 Must) — Eluat]> - > M~ Slust))

t—r00 4 t1/2
=1

=0 in probability.

Plainly, this is a consequence of

. MaxX (M ugt|+15 Nuot) — Sluot)s -+ » M — Slugt])

t oY =0 in probability, (18)
—00

where ug > 0 is fixed. If ug = 0, then (18) trivially holds. Thus, we assume in what follows that
ug > 0.
PROOF OF (18). Observe that, for all € > 0,

P{ max(N{uot|+1: Muot] — ELuot)s - - -+ M — Spugt)) <~} < P{njyory1 < —et/?}
=P{n < —et'/?} - 0, t— .

To proceed, let upt > 1 and 79 be a copy of n which is independent of (&1,m1), (§2,72), ... The
maximum in (18) has the same distribution as

max (10, 71 — &1 - - Nuot] = Sluot]) = Max(no, 1<£ﬁ)§0u Tx),

where (Tn)nzl is a globally perturbed random walk generated by (—§,n — &£). Since E[—¢] €
(—00,0) and E[(n — &)T] < E[nt] + E[§7] < oo we infer lim, T}, = —c0 a.s. by (a mirror
version of) Proposition 1.1. This ensures that the variable max(n, maxy>; Tj) is a.s. finite,

whence, for all € > 0,
]P’{ max(nLuOtJ+1, Nuot] — gLuOtP R SLUOU) > Etl/Q} < ]P){ HlaX(ﬁ(), I]];l;ii( Tk) > €t1/2} — 0

as t — oo, thereby completing the proof of (18) and (17).
We are ready to prove (4). To this end, we have to show that for all £ € N, any nonnegative
ui,...,u and any real x1,...,xk,

-1 1
ti%lop{ T(?;L—sfz)uglt > X1y T(?gzii_gl;)ugkt > xk} =P{B(u1) > z1,..., B(ug) > xx}.
(19)
If u; = 0, then (7(uit) — p~‘uit)(o?p=3t) "2 = 7(0)(02u=3t)"1/? as., and, as t — oo, this
converges to 0. Since B(u;) = B(0) = 0 a.s., we assume in what follows that uq,...,u are

21 (02p_3t)1/271

positive. As a preparation, for fixed real 21, 22, 20 # 0, put £(t, 21, 22) 1= pu~ 't + =

and observe that

t— pl(t, 21, 22) :_ﬂ( t
(020(t, 21, 22))1/2 zo \t+ (21 (02 1)V2 — p) 2yt

1/2
) o) 5 =2 tsse (20)

11



For t so large that ul(t, z;,u;) > 1 for 1 < i < k, the probability on the left-hand side of (19)
is equal to

P{T(ult) > ule(tvxlaul) +1,... ,T(Ukt) > uke(tvl‘k?uk) + 1}

i MAX| << w0t ,mi,05) |+1 L — Bl iy wi)  wi(t — pl(t, @i, u;))
=*{N{ : )
i1 o (£(t, x5, us)) 1/ o (£(t, x5, us)) 1/

We have used representation (9) for the equality. In view of (17) and (20), as t — oo, the last
probability converges to P{B(u1) < —x1,...,B(ug) < —zi} = P{B(u1) > x1,..., B(ug) > =i}
The equality is justified by the fact that B(u;) has the same continuous distribution as —B(u;).
The proof of (4) is complete.

Assume now that u € (0,00), 0% € (0,00) and E[~] < oo. Our proof of (5) is similar to
that of (4). Hence, we only give a sketch. We claim that

nfy> w41 Tk — put £.d,
( Sy )uzo = (B(u))uzo, t — oo0. (21)

Observe that, for n > 0, insznJrl T, =S, + inf{nn_H, Mn+2 + §n+1, Mn+3 + €n+1 + €n+27 .. .}, and
the latter infimum has the same distribution as infy>; Tj. According to Proposition 1.1, the
a.s. finiteness of the infimum is secured by the assumptions p € (0,00) and E[n~] < co. Now
(21) follows from the latter equality and (16).

To complete the proof of (5) we have to check that for all & € N, any nonnegative w1, ..., ug
and any real z1,...,x,

: pluit) — p~
tliglop{ (0'2#*315)1/2

Lugt pugt) — p~ tuyt

> Tl (02,u*3t)1/2

> mk} =P{B(u1) > z1,...,B(ug) > xx}.

(22)
For t so large that £(t,x;,u;) > 0 for 1 < i < k, the probability on the left-hand side of (22) is
equal to

P{p(ult) > ule(t7x17u1)7 s 7p(uk’t) > ukg(tawkv uk)}

U<€(t7xiaui))1/2 N U(g(t7xiaui))1/2 .

=1

Arguing along the lines of the proof of (4), but using (21) in place of (17) we arrive at (22).
The proof of (5) is complete.

Finally, we assume that p € (0,00), 02 € (0,00) and E[y] € (—o0,+00). Formula (6)
follows from the already proved relations (4) and (5) in combination with the following simple

observation. If for each t large enough and each u > 0, X¢(u) < Yi(u) < Z¢(u), (Xe(uw))u>o0 Ldg
f.d,
(X (u))uz0 and (Z;(1))uz0 =% (X (1))uz0 as t — oo, then

(X0 (u))uz0s (Ye(w))uz0: (Ze(u))uz0) =% (X (w))uz0s (X (4))uz0s (X (1))uz0)s ¢ — oo

We use this fact with Xy(u) = 7(ut) — 1, Yi(u) = N(ut) and Zy(u) = p(ut). The proof of
Theorem 2.12 is complete.

12



4.4 Proof of Theorem 2.14

Let Z denote the set of integers. Recall that a function f : R — [0,00) is called directly
Riemann integrable (dRi) on R, if
(a) a(h) < oo for each h > 0 and
(b) limp—04(a(h) —a(h)) = 0, where

a(h):=h sup f(y) and a(h):=h inf fly
(h) ;Z(k_l)hS%kh () (h) %(k—l)h<y<kh ()

A function f: R — R is called dRi on R, if so are f* and f~, where f*(¢) = max(f(t),0) and
f~(t) = max(—f(t),0) for ¢t € R.
We need a couple of auxiliary results.

Lemma 4.1. Assume that E[¢] € (0,00) and let f : R — R be a dRi function. Then the function
t— E[Zkzo f(t = Sk)] is bounded.

Let d > 0. Recall that the distribution of a real-valued random variable 6 is called d-
arithmetic if it is concentrated on the lattice (nd),ez and not concentrated on (ndi),ecz for
some dy > d. The distribution is called nonarithmetic, if it is not d-arithmetic for any d > 0. If
in addition to the assumptions of Lemma 4.1, the distribution of £ is nonarithmetic, then, by
Theorem 4.2 in [4],

lim E[;O fe=50] =" [

If E[¢§] € (0,00), the distribution of ¢ is d-arithmetic for some d > 0, and the series .., f(jd)
converges, then, by Proposition 2.1 in [18],

lim E[Z f(nd — Sk)] = du 'Y f(jd).

n—oo
k>0 JEZ

Thus, the statement of Lemma 4.1 could have been derived from these two results. However, we
prefer to give an economical proof which does not require distinguishing the two cases (nonar-
ithmetic vs arithmetic). Neither does it use the reduction to a standard random walk formed
by strictly ascending ladder heights, that was exploited in both [4] and [18].

Proof of Lemma 4.1. We can investigate the sums generated by f™ and f~ separately. Hence,
we assume that f is nonnegative.
The assumption E[{] € (0,00) entails transience of (Sk)x>0, which particularly guarantees

that, for each s > 0, E Zkzo 145, e(~s,5)} | <o0. Fort € R and s >0, put
v:=1inf{k > 0:S5; € (t, t + s]}.

The stopping time v may be infinite, in which case ) ;- L1g, e, t+s) = 0. Further,

Z Lisee(t, t+s)) = Lv<oo} Z Lis, et t+s]) = Liv<oo} Z Lis, . —S,e(t—S,, t+s—5,]}
E>0 E>0 E>0

< ]l{l/<oo} Z 1{5u+k—5v€(—575)} a.8.
k>0

13



On the event {v < oo}, (Sy4k — Sy )k>1 has the same distribution as (Sk)x>1. Hence, passing to
the expectations we infer

E[Z ]l{Ske(t,tJrs]}} <P{r< OO}E[Z ]l{SkE(fs,s)}:| < E[Z Lisie(-s.9)} } (23)
k>0 k>0 k>0

Finally, put f(t) := Y onez (SuPye[nan) F(®)) Ljp—1,n)(t) for t € R and observe that f(t) <
f(t) for t € R. Then

B> f—s0] <E[Dfe-50] =D ( s FW)E[Y Lgsewnensy |

k>0 k>0 nez, YEn—1,n) k>0

< 5(1)E[Z H{Ske(—l,l)}} < 0.
k>0

Here, the first equality is justified by Fubini’s theorem, and the second inequality is a consequence
of (23). The proof of Lemma 4.1 is complete. O

Lemma 4.2. Let p>1 and f: R — [0,00) be a locally bounded function. Then

2]
E[(Zf(t—Sk) 1{0<Sk§t})p] < (Z sup f(y)>pE[<Zﬂ{ske(—1,1)})p]'

k>0 =0 yE[j, 5+1) k>0
Proof. We start with

Lt)

FO <Y sup fy) I agn (), 20
n=0 y€Eln,n+1)

Using this inequality and convexity of x — x* we obtain

[t]
(Zf(t — Sk) Lio<s, <t} )p < (Z (sup  fW))D Lspeit—(nt1), t—nl) )p

k>0 n=0 YEn,n+1) k>0
L¢] P L] Supye[n,n+1) f(y) P
< (Z sup f(y)) Z lt] (Z ]l{SkE(t—(n-H)»t—n]}) - (24)
j—0 YEL, J+1) n=0 Zj:() SUPyelj, j+1) f() k>0
Now we prove that
E[(Zﬂ{ske(fl,l)})p] < 0. (25)
k>0

This holds trivially if (Sk)x>0 is a d-arithmetic random walk with d > 1. Assume that (Sk)r>0
is either nonarithmetic or d-arithmetic with d € (0,1). Put vy := inf{k > 1: S, € (—1,1)} if
Sk € (=1, 1) for some k € N and v := +00 otherwise. The random variable 3 ;- L(s, ¢(~1,1)}
is stochastically dominated by (), a random variable with a geometric distribution with success
probability p := P{vg = 00|Sy € (—1,1)}, that is, P{Q = k} = (1 — p)*~!p for k € N. This
entails (25).

Now analogously to (23) we conclude that

E [( g LiSe(t—(n+1), t-n)} )p} = E[( > Lisie(-1,1)) )p}

k>0

and the claim of the lemma follows upon passing to the expectations in (24). O

14



Let (Rg)k>0 be a not necessarily monotone sequence of nonnegative random variables. Put

M(t):=> Iig,<y, t=0
k>0

and assume that, for each ¢ > 0, M(t) < oo a.s. Now we state a very particular version of
Theorem 1.1 and Remark 1.1 in [19].

Lemma 4.3. Let h € D be a nondecreasing function satisfying limy_,oo h(t) = a € (0,00).
Assume that, for some positive constants b and c,

(M(Ut)_b_lm>u20

of1/2 - (B(u))uzo, t — 00

in the Jy-topology on D, where (B(u)) is a standard Brownian motion. Then

Zkzo h(ut — R) T4g, <uty —b! om h(y)dy
actl/?

— (B(u))uzo, t — oo

in the Jy-topology on D.

Proof of Theorem 2.14. Recall the notation F(t) = P{n < t} for ¢t € R. Here is a basic decom-
position for what follows:

t
N(t) - M_l /0 F(y)dy = Z 1{5k+77k+1§t75k§0} + Z ]I{Sk+77k+1§tvsk>t}
k>0 k>0

t
) (Ysprnmpnr <ty —F(t = Sk)) Lio<s, <ty +(Z F(t — Sk) Ljocs,<ty —1 " /0 F(y)dy>
k>0 k>0

4
=) L(t).
r=1

The third term is a ‘martingale term’ (the terminal value of a martingale), and the fourth term
is a centered ‘shot noise term’, whose asymptotic behavior is driven by Lemma 4.3. We shall
show that the fourth term gives a principal contribution, whereas all the other terms vanish in
the limit.

ANALYSIS OF [;. Plainly, for all T > 0,

0<t™Y2 sup Ij(ut) <t7V2N*(0) = 0, t— o0 as.
w€(0, T

Here, we have used N*(0) < oo a.s. which is secured by lim, o Sp, = +00 a.s.
ANALYSIS OF Iy. We first show that

El(L(1)%] = O(1), - oc. (26)
To this end, write, for t € R,

IQ(t) = Z (1{5k+77k+1§t} —F(t — Sk)) H{Sk>t} —I—ZF(t - Sk) H{Sk>t} =: IQl(t) + Igg(t)
k>0 k>0
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and observe that E[(I2(t))?] < 2(E[(I21(t))?] + E[(I22(1))?]). Put

m(t) == B[l ()] = E[ZF(t — Sk) 15,03 ] teR.
k>0

Since the function ¢ +— F(t) is nondecreasing and ffoo F(t)dt = E[n7] < oo, it is dRi on
(—00,0]. This follows, for instance, from Lemma 6.2.1 on p. 213 in [15] applied to ¢t — F(—t).
As a consequence, the function ¢ — F/(t) 1(_0)(t) is dRi on R. Hence, by Lemma 4.1, m(t) < c
for some constant ¢ > 0 and all ¢t € R.

We claim that

E[(L1 (1)) =B Y F(t— Si)(1 - F(t— Si) I, |, tER (27)
k>0

To prove this, write

E[(I21(1))%) = Y E[( Lspimrcty —F(E = S1))° Liseany |
k>0

+ Z]E[ Z (ﬂ{sﬂrmﬂét} —F(t - Sl)) 1{5i>t} (]I{Sj+77j+1§t} —F(t - Sj)) :H'{Sj>t} } .

0<i<j

For ¢ € N, let Gy denote the o-algebra generated by (&k,7mk)1<k<¢ and Gp denote the trivial
o-algebra. Then, for k € Ny,

E[(L(s,tmr<ts —F(t = 58) Ligoory [Gr] = F(t = Sp)(1 = F(t — Sp)) Lig,ory .
and, for 0 < i < j,
E[(Lgsitnsasy =F (= 50)) Lsimny (Lisytnasty =F(E = 55)) Ly [G] =0 as.
because the variable (1ig, 1y, ,<1p —F(t — Si)) Lig,>4) is Gj-measurable and
E[(Lis,+n,< =F (= 8) Ls,o [G5] =0 as.

Formula (27) follows from these facts and entails, for t € R,

E[(L ()2 < E[Z F(t— S) ]l{Sk>t}] <e.
k>0

Further, for t € R,

E[(L2(1)] = E| 3 (F(t = Sk)? Liseon) | +2B[ 30 F(t = S)F(t = 8) Lsion L1 |
k>0 0<i<y

The first term on the right-hand side is bounded from above by ¢. The second does not exceed

2E[ZF(t — Sp)ml(t — S) 1{Sk>t}} < 2em(t) < 2¢%, teR.
k>0

Thus, (26) has been proved.
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Pick 6 € (1,2). Givent > 0 there exists n € N such that ¢t € (n°, (n+1)°]. Using monotonicity
we obtain

0< t71/2I2(t) < n=%/? Z :H'{Sk+77k+1§(n+1)5vsk>n5}
k>0

<n T PL(n+1)°) + 072 g cms, iy - (28)
k>0

In view of (26) and Markov’s inequality, for all £ > 0, P{Iy((n + 1)%) > en®?} = O(n~?) as
n — oo. Hence, 3, o P{Ix((n+1)?) > en%/?} < 0o and, by the direct part of the Borel-Cantelli
lemma, lim,,_,so n*‘s/zfz((n +1)%) =0 a.s.

Next, we intend to check that the second term on the right-hand side of (28) converges to 0
a.s., too. It is shown in the proof of Lemma 4.2 that, for all > 1, E[(3 ;50 Lis,e(-1,1)})"] < oo
Choose minimal r > 1 satisfying r(2 — §) > 2. For simplicity of presentation, assume that n’
and (n + 1) are integer and put a, := (n+1)° —n’. Similarly to (23) we infer with the help of
Minkowski’s inequality that

£(S o) ] =25 5 tnen) ]

k>0 j=nd

E[(X Usiecr) |

k>0

Using (a,)"n~"%/2 = O(n="(2=9/2) Markov’s inequality and the direct part of the Borel-Cantelli
lemma we conclude that

5/2 (an)rE[(Zkzo ]1{5 E(—l,l)})r]
ZP{ Z ]l{SkG(”(S’(n‘H)é]} > en / } < Z Ernr5/2k

n>1 k>0 n>1
= Z O(n"%=9/%) < .

n>1

Thus, lim,,_, n %2 > k>0 LiSpe(md, (n1)9]y = 0 a.s. and thereupon, recalling (28),

lim t720,(t) =0 aus.

t—o00

This entails, for all T > 0, lim;_yo, t /2 Supyeo, 1) [2(ut) = 0 a.s., thereby showing that the
contribution of I is negligible.

ANALYSIS OF I3. It suffices to prove that, for all T > 0, ¢t~1/2 SUPyeo, 1) |13(ut)] 500 as
t — oo (we note in passing that the latter limit relation does not necessarily hold, with the a.s.
convergence replacing the convergence in probability, see Remark 4.4 for more details). Plainly,
considering T' = 1 does the job.

Put k = k(t) := [(3/4)logyt| for t > 1. For j € Ny and ¢ > 0, put

Vi(t) i= {vjm(t) :==277mt : 0 <m < 2/ m € No}.
In what follows, we write v; , for v; ,,(t). Observe that V;(t) C V;11(t). For any u € [0, ], put

uj = max{v € V;(t) 1 v < u} =277 27t tu].
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Observe that either u;_1 = u; or uj_1 = uj — 27Jt. Necessarily, uj = v, for some 0 < m < 27,
so that either u;_1 = v ,, or uj—1 = vj pm—1. Write

sup |I3(u)] = max sup [ I3(vk, j) + (I3(vx, j + 2) = 13(vx, 5))]
uel0, 1 0=5<2"=12€00, vy, j 41—, j]
< pmax Ms(vs )l + ) _max | sup (I3(vk, 5 + 2) — I3(vg,5)|  as.

2€[0, vy, j+1— vy, 5]

For u € Vi(t),

K

I3(u)| = ’Z(I:a(uj) — I3(u;-1)) +I3(Uo)‘ < Zlgﬁ;j [L3(vj,m) — 13(0j,m—1)]-
j=1 j=0 1=m=

Thus,

K
sup |[I3(u)] < ma I3(v; — I3(v; o
ue[olft]! 3(u)] < Zlgmgxzj [ 13(vj,m) — I3(v),m—1)|

+ max sup |I3(vk, j + 2) — I3(vi, j)| a.s. (29)
05271 2€(0, vy, j11—vs, 5] " o

We first show that, for all € > 0,

K

. 1
tim P{ Y max |5(05,m) = Bs(vj.m-1)] > 2t/2} = 0. (30)

t—00 -
j=0—"7

Let s € N. To prove (30) we have to provide an appropriate upper bound for E(I3(u) — I3(v))%
for w > v > 0. Observe that I3(u) — I3(v) is equal to the a.s. limit lim; .o R(j,u,v), where
(R(j,u,v),Gj);j>0 is a martingale defined by R(0,u,v) := 0,

1

R(j,u,0) = > ((Ugsptmess<u} —F(—=5k) Tocs<ut — (118 4mpir <ot —F (0= 5k)) Tjocs,<o} )
0

<.
|

b
Il

and, as before, Gy denotes the trivial o-algebra and, for j € N, G; denotes the o-algebra generated
by (&, Mk )1<k<;- By the Burkholder-Davis-Gundy inequality, see, for instance, Theorem 11.3.2
n [11],

E[(I3(u) — I3(0))*"]

< C(E[(ZE((R(k +1,u,0) — Rk, u, )G ) } + S E[(R(k + 1, u,0) — R(k,u,v))st

k>0 k>0
— C(E[(Z F(u—Sk)(1 = F(u— Sk)) Liv<s,<u}
k>0
+ (Pl = Sk) = F(o = 8p) (1= F(u— ) + P = S1) Tpes,<r) ) |
k>0

2s
+ ZE[(<H{SI@+7H€+1§U} —F(u— Sk)) H{0<5kﬁu} _(]l{SkJr??kHSv} —F(v—5k)) H{0<Sk§v} ) ])
k>0

=: C(A(u,v) + B(u,v))
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for a positive constant C. In what follows C7, Cj, ... denote positive constants whose values are
of no importance. Further,

Atwo)=E[( [ Plu-) - Fu- )iy

(v, u]

¥ 10701<F<u—y> ~ F(o—y))(1 - F(u—y) + F(o - y)dN*()) ]

<2 (e[( /

v, u]

+ E[(/(o,v](F(“ —y) = F(o—y)(1 = Flu—y) + F(v - y)dN"()) | )

<2 (e[( ],

Flu—y)(1 - Flu—y))dN"(y)) |

(=P () T oy o0)aN'0)) JE[( [ (Plum)=Fe—pan)'])

=: 2571 (A (u,v) + Az (u,v)).

7u]

Put v := EKZIQO Lys,e(—1,1)} )S} and g(t) := Zlio(l — F(n)) for t > 0, where x — [z] is
the ceiling function. Using Lemma 4.2 with ¢t = v and f(y) = (1 — F(y)) Ljo,u—v)(y) and then
with t = v and f(y) = F(u—v +y) — F(y) we infer

Lu)

o) £9:(X swp (1= F5) Loy ()" <(g(u—0)°
n=0Y€ln,n

and

[v] lv]

Ao(u,v) < %<§ye[i‘ff+n (Flu=v+y) = F@) <7a( D (F(u—v] +n+1) - F(n))

n=0
[u—v] s
=7 ( X F(v] +1+m) = F()) < lglu—0))"

n=0

B(uv U) < ZE[((H{v<Sk+nk+1§u} _F(u - Sk) + F(U - Sk)) ]1{0<Sk§11}
k>0

A+ (Lsy s <uy —F (= S8) Lrpesocny )] < 271900 — v) < 291(g(u — v))*

whenever g(u — v) > 1, and thereupon
E[(I3(u) — I3(v))*] < Ci(g(u — v))° (31)

whenever g(u —v) > 1.

Observe that vj m — vjm—1 = 277t. Given § > 0 C1(g(277t))* < §277%t* for nonnegative
integer j < k(t) and large ¢. Invoking (31) we then obtain, for nonnegative integer j < x(t) and
large t,

E[(13(vj,m) — I3(vj,m—1))*] < C1(g(2771))* < 6277°¢° (32)
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and thereupon

27
E[lglna<><2j I3(vj,m) — I(0jm-1)*] < Y E[I3vj,m) — Is(vj,m-1))*] < 6277067t
- = m=1

By the triangle inequality for the Log-norm, with integer s > 2,

K

E[( 2, %, (o) Istwn0)) ] < (3 (8L max (B(05.m)~Ta(wm-)]) )

< o1 ( 2/ . gyt
J=0
By Markov’s inequality, for large t,

K

IP’{ Is(vi ) — Is(vs t1/2} < ~2s,
;13% [I3(vj,m) — I3(vj,m—1)| > ¢ < Choe

Letting § — 0+ we arrive at (30).
Now we pass to the analysis of the second summand in (29). Put M (t) := f(o 1 F(t—y)dN*(y)

for t > 0. Using the equality I3(t) = N(¢) — M(¢) and a.s. monotonicity of N and M we infer

sup [ I3(vk,j + 2) — I3(vk, §)]
z€[0, Vi, j4+1— Vs, ;]
< sup (N(vk,j + 2) = N(vg,5)) + sup (M (vi,j + 2) = M(vi, ;)
z€[0, vn’j+17vmj] ZE[O,'UN,j+17Un,j}

= (N(vk, j+1) = N(vs,5)) + (M (v, j+1) — M(vi, 5))-

Observe that

max (N(Uﬁ,j-I—l) - N(”mj)) < max ‘[3<”mj+1) - [3<”mj)‘

0<j<27—-1 0<j<27—-1
x| (M (v 5e1) = Mo, ).
Hence, it is enough to prove that, for all € > 0,
Y P x| (M (0, ) = M (0, 5)) > e/} =0 (33)
and
lim P{ max |I3(ve j11) — I3(vs, j)| > et} = 0. (34)

t—oo L 0<j<2m—1

Arguing as above we conclude that, for u > v > 0,

B|(M(w) - ()] =E[( [

(v, u]

Flu— y)dN*(y) + /

L FE— ) = Fe )N @) |

< 257 by (Ju — v] +1)%.
As a consequence, for nonnegative integer j < x(t) and large t,

E[(M (v, j1) — M(vg, )] < C3275¢°,
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By Markov’s inequality and our choice of &,
(M (vs, j41) — M(vs,;)) > ett/?} < Cae2776~01/2 < s~ 143/4-/4,

Hence, (33) follows upon choosing s = 4, say. To prove (34), we invoke (32) which enables us to
conclude that

1/2 —2 —k(s—1
P{ OS%%}'Sfl ‘Ig(vﬁ’jJrl) — 13(’0,{7]')‘ > et / } < 028 5052 (s )

Choosing s = 2 and letting ¢t — oo we arrive at (34).
ANALYSIS OF Iy. It is known (see, for instance, Proposition A.1 in [16]) that

N*(ut) — p~tut
< (((,2:3;1/2 )uZO — (B(u))uzo’ =00 (35)

in the Ji-topology on D. An application of Lemma 4.3, with h = F, M(t) = N*(t) — N*(0),
a=1,b=p, c=op 3?2 then yields

(Ek>0 F(ut — Sk) Lio<s,<uty =1L J3" F(@/)dy) e (B, f s o0

in the Ji-topology on D.
The proof of Theorem 2.14 is complete. O

Remark 4.4. As was announced in the proof of Theorem 2.14, we explain here that the relation
limy o0 t /2 SUPycpo, 1) [13(ut)| = 0 a.s. may fail to hold. Assume that P{{ = c} =1 for some
c¢>0and 1— F(t) = P{n >t} ~ (loglogt)~'/? as t — co. It can be checked, with some efforts,
that Theorem 1.6 in [10] applies. By that theorem,

c

. I3(t) o 2\1/2
hiisogp t1/2(loglogt)1/4 ( ) s

and thereupon limy o t~1/2 SUpyeo, 1) [3(ut)| = oo a.s.
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