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Abstract

We investigate a nested balls-in-boxes scheme in a random environment. The boxes

follow a nested hierarchy, with in�nitely many boxes in each level, and the hitting

probabilities of boxes are random and obtained by iterated fragmentation of a unit

mass. The hitting probabilities of the �rst-level boxes are given by a stick-breaking

model Pk =W1W2 ⋅ . . . ⋅Wk−1(1 −Wk) for k ∈ N, where W1, W2, . . . are independent

copies of a random variable W taking values in (0,1). The in�nite balls-in-boxes

scheme in the �rst level is known as a Bernoulli sieve. We assume that the mean

of ∣ logW ∣ is in�nite and the distribution tail of ∣ logW ∣ is regularly varying at ∞.

Denote by Kn(j) the number of occupied boxes in the jth level provided that there

are n balls and call the level j intermediate, if j = jn → ∞ and jn = o((logn)a)
as n → ∞ for appropriate a > 0. We prove that, for some intermediate levels j,
�nite-dimensional distributions of the process (Kn(⌊jnu⌋))u>0, properly normalized,

converge weakly as n → ∞ to those of a pathwise Lebesgue-Stieltjes integral, with

the integrand being an exponential function and the integrator being an inverse

stable subordinator. The present paper continues the line of investigation initiated

in the articles Buraczewski, Dovgay and Iksanov (2020) and Iksanov, Marynych and

Samoilenko (2022) in which the random variable ∣ logW ∣ has a �nite second moment,

and Iksanov, Marynych and Rashytov (2022) in which ∣ logW ∣ has a �nite mean and

an in�nite second moment.
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1 Introduction

1.1 De�nition of the model

Let P1, P2, . . . be nonnegative random variables with an arbitrary joint distribution sat-
isfying ∑k≥1Pk = 1 almost surely (a.s.). The sequence (Pk)k≥1 is interpreted as a random
environment. An occupancy scheme in random environment is de�ned as follows. Con-
ditionally on (Pk)k≥1, balls are allocated independently over an in�nite array of boxes 1,
2, . . . with probability Pk of hitting box k. The occupancy scheme in random environment
is called in�nite, if the number of positive probabilities is in�nite a.s. One of the most
popular in�nite occupancy schemes in random environment is called Bernoulli sieve. It
corresponds to (Pk)k≥1 which follow a stick-breaking model

Pk =W1W2 ⋅ . . . ⋅Wk−1(1 −Wk), k ∈ N ∶= {1,2, . . .}, (1)

where W1, W2, . . . are independent copies of a random variable W taking values in (0,1).
The Bernoulli sieve was introduced in [15] and further investigated in many articles.
Surveys of earlier works can be found in [14, 18]. An incomplete list of more recent
contributions includes [1, 12, 19, 28, 29, 30].

A nested in�nite occupancy scheme in random environment is a hierarchical gener-
alization of the in�nite occupancy scheme in random environment which is de�ned by
settling, in a consistent way, the sequence of the occupancy schemes in random environ-
ment on the tree of a weighted branching process with positive weights (a multiplicative
counterpart of a branching random walk). The scheme was introduced in [3] and further
investigated in [8, 9, 13, 20, 23, 25]. Following [3, 13], we now provide the de�nition of
the nested occupancy scheme in random environment. To this end, some preparations are
needed. Let V ∶= ⋃n≥0Nn be the set of all possible individuals of some population. The
initial ancestor is identi�ed with the empty word ⊘ and its weight is P (⊘) = 1. On some
probability space, let ((Pk(v))k≥1)v∈V denote a family of independent copies of (Pk)k≥1.
An individual v = v1 . . . vj in the jth level (generation) whose weight is denoted by P (v)
produces an in�nite number of o�spring residing in the (j + 1)st level. The o�spring of
the individual v are enumerated by vk = v1 . . . vjk, where k ∈ N, and the weights of the
o�spring are denoted by P (vk). It is postulated that P (vk) = P (v)Pk(v). Note that, for
each j ∈ N, ∑∣v∣=j P (v) = 1 a.s., where, by convention, ∑∣v∣=j means that the sum is taken
over all individuals in the jth level.

We are ready to explain the construction of the nested occupancy scheme in random
environment. We identify individuals with boxes, so that the random weights (probabil-
ities) of boxes in the subsequent levels are formed by the vectors (P (v))∣v∣=1 = (Pk)k≥1,
(P (v))∣v∣=2 and so on. The collection of balls is the same for all levels. The balls are al-
located, conditionally on (P (v))v∈V, according to the following rule. At time 0, in�nitely
many balls are collected in the box ⊘. At the time n ∈ N, one of the balls leaves the root
⊘ and falls, independently of the (n − 1) balls that have left the root earlier, into the
box v in the �rst level with probability P (v). Simultaneously, it falls into the box vi1 in
the second level with probability P (vi1)/P (v), into the box vi1i2 in the third level with
probability P (vi1i2)/P (vi1) and so on, inde�nitely. At time n, that is, when n balls have
already spread over the tree, a box is deemed occupied provided it was hit by some ball
(out of n) on its way over the levels.
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In what follows, we assume that the probabilities (Pk)k≥1 are given by (1) and that
these and the outcome of throwing balls are de�ned on a common probability space. Let
Kn(j) be the number of occupied boxes at time n in the jth level. Assuming that the
mean of ∣ logW ∣ is in�nite and the distribution tail of ∣ logW ∣ is regularly varying at ∞,
we investigate the distributional behavior of Kn(j) when j = jn →∞ and jn = o((logn)a)
as n→∞ for appropriate a > 0. We call intermediate the levels j satisfying the latter two
properties. The analogous problem was studied in [9, 23] in the situation in which the
variable ∣ logW ∣ has a �nite second moment, and in [22] in the situation in which ∣ logW ∣
has a �nite mean and an in�nite second moment.

By Theorem 1 in [25], the height of the scheme de�ned by τn ∶= inf{j ≥ 1 ∶Kn(j) = n}
is of order logn, irrespective of the distribution tail of ∣ logW ∣. The asymptotic behavior
of the scheme in the levels close to the height (so called late levels) was investigated in [3]
and [20]. The results obtained in the cited articles apply both in the heavy-tailed scenario
considered here and in a light-tailed scenario.

1.2 Our assumptions on the distribution of W

Our main result, Theorem 1, will be stated under certain assumptions on the distribution
of (∣ logW ∣, ∣ log(1 −W )∣). We think it is instructive to introduce the assumptions for an
arbitrary random vector (ξ, η) and then specialize for (ξ, η) = (∣ logW ∣, ∣ log(1 −W )∣).

Let (ξk, ηk)k≥1 be independent copies of a random vector (ξ, η) with positive arbitrary
dependent components. Let F and G be the distribution functions of ξ and η, respectively.
Denote by (Sk)k≥0 the zero-delayed standard random walk with increments ξk, that is,
S0 ∶= 0 and Sk ∶= ξ1 + . . . + ξk for k ∈ N. Put

Tk ∶= Sk−1 + ηk, k ∈ N.

The random sequence T = (Tk)k≥1 is known in the literature as a (globally) perturbed
random walk, see [18] for a survey and [2, 6, 7, 8, 24] for more recent contributions. A
connection with the occupancy scheme treated in the paper is justi�ed by the fact that
if (Pk)k≥1 is given by (1), then (− logPk)k≥1 is a perturbed random walk with (ξ, η) =
(∣ logW ∣, ∣ log(1 −W )∣).

Put N(t) ∶= ∑k≥1 1{Tk≤t} and V (t) ∶= EN(t) for t ≥ 0. Plainly,

V (t) = ∫
[0, t]

G(t − y)dU(y), t ≥ 0, (2)

where, for t ≥ 0, U(t) = ∑i≥0 P{Si ≤ t} is the renewal function.
Assume that

P{ξ > t} ∼ ct−α, t→∞ (3)

for some c > 0 and α ∈ (0,1). A standard result of renewal theory states that the latter
limit relation is equivalent to

U(t) ∼ Ctα, t→∞,

where C = Cα ∶= (cΓ(1 + α)Γ(1 − α))−1 and Γ is the Euler gamma-function. To prove
this, one uses the equality ∫[0,∞) e−stdU(t) = (1 − φ(s))−1 for s > 0, where φ(s) ∶= Ee−sξ
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for s ≥ 0, and Karamata's Tauberian theorem (Theorem 1.7.1 on p. 37 in [5] ). Since

∫[0,∞) e−stdV (t) = Ee−sη(1 − Ee−sξ)−1 for s > 0, the same reasoning enables us to conclude

that (3) is equivalent to V (t) ∼ Ctα as t→∞. It will become clear soon that the �rst-order
behavior of V is not su�cient for the purposes of the present work. A two-term expansion
of V is needed. It will be shown in Section 3 that the following two assumptions ensure
the required expansion of V .
Assumption A: U(t) = Ctα +O(tρ) for some ρ ∈ [0, α).
Assumption B: Either lim supt→∞(1 −G(t))/(1 − F (t)) = m0 ∈ [0,∞) or m0 = ∞ and
that lim supt→∞t

θ(1 −G(t)) =m1 ∈ [0,∞) necessarily for some θ ∈ (0, α).
It seems to be a non-trivial problem to provide necessary and su�cient conditions

for Assumption A formulated in terms of the distribution of ξ. In the case where the
distribution of ξ is absolutely continuous (with respect to Lebesgue measure) su�cient
conditions in terms of the densities considered as functions of a complex argument can
be found in [32]. In Section 3 we give two sets of su�cient conditions, each of a di�erent
�avor.

Observe that when applied to the vector (ξ, η) = (∣ logW ∣, ∣ log(1 −W )∣) Assumptions
A and B regulate the behavior of W near 0 and near 1, respectively. If (a) Ee−s∣ logW ∣ =
exp(−cΓ(1−α)sα) for s ≥ 0, that is, the distribution of ∣ logW ∣ is α-stable or (b) Ee−s∣ logW ∣ =
(1+(c/κ)Γ(1−α)sα)−κ for s ≥ 0 and some κ > 0, then Assumption A holds with ρ = 0 and
Assumption B holds with m0 = 0. This statement will be proved in Section 3.

2 Main result

To formulate our main result, we recall the de�nition of an inverse stable subordinator.
Let Zα = (Zα(u))u≥0 be an α-stable subordinator with − logEe−sZα(1) = Γ(1 − α)sα for
s ≥ 0. The process Z←α = (Z←α (u))u≥0 de�ned by

Z←α (u) ∶= inf{v ≥ 0 ∶ Zα(v) > u}, u ≥ 0

is called inverse α-stable subordinator.
We write

f.d.d.Ð→ to denote weak convergence of �nite-dimensional distributions. Also,
⌊x⌋ denotes the integer part of x ∈ R.

Theorem 1. Under Assumptions A and B imposed on (ξ, η) = (∣ logW ∣, ∣ log(1 −W )∣),
let (jn)n≥1 be a sequence of positive numbers satisfying limn→∞ jn = ∞ and

jn = o ((logn)min(1/3,(α−β)/(α−β+1))) , n→∞,

where β = ρ if m0 < ∞ and β =max(ρ,α − θ) if m0 = ∞ and m1 < ∞. Then

( cjαn
ρ⌊jnu⌋−1(logn)α⌊jnu⌋

Kn(⌊jnu⌋))
u>0

f.d.d.Ð→ (∫
∞

0
e−αuydZ←α (y))

u>0
, n→∞,

where

ρi ∶=
(CΓ(α + 1))i
Γ(αi + 1)

, i ∈ N0 ∶= {0,1, . . .}, (4)

and Γ is the Euler gamma-function.
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Now we discuss the structure of the limit process in Theorem 1. It can be seen from
the proof that the integrator Z←α describes the �uctuations of the number of occupied
boxes in the �rst level, properly normalized. The process Z←α is a.s. continuous singular
with respect to Lebesgue measure. The integrand y ↦ e−αuy which is formed by the
renewal structure of the underlying tree makes the process ( ∫

∞
0 e−αuydZ←α (y))u>0 a.s.

in�nitely di�erentiable. Thus, when passing from the �rst level to intermediate levels the
�uctuations of the number of occupied boxes smooth out.

Since Z←α (Zα(y)) = y a.s., we conclude that

(∫
∞

0
e−αuydZ←α (y))

u>0
= (∫

∞

0
e−αuZα(y)dy)

u>0
a.s.

Further, by the scaling property of Zα, with u > 0 �xed,

∫
∞

0
e−αuZα(y)dy

d= (αu)−α∫
∞

0
e−Zα(y)dy =∶ (αu)−αIα,

where
d= denotes equality of distributions. The latter integral is known in the literature as

an exponential functional of the subordinator Zα. According to Proposition 3.3 in [11],

E(Iα)n =
(n!)1−α
(Γ(1 − α))n

, n ∈ N

and furthermore E exp(sIα) < ∞ for all s > 0. It can be shown (see Proposition 3.4(iv)

in [11]) that the moment formula implies that log Iα + log Γ(1 − α)
d= X(1 − α), where

(X(u))u≥0 is a L�evy process with X(1) d= log E , and E is a random variable with the
exponential distribution of unit mean. A consequence of this observation is that the
distribution of Iα is absolutely continuous with respect to Lebesgue measure.

Next, we intend to set a non-rigorous link between Theorem 1 and a limit theorem for
Kn(j) with �xed j. Assume that P{∣ logW ∣ > x} ∼ x−αℓ(x) as x → ∞ for some α ∈ (0,1)
and some ℓ slowly varying at ∞. A specialization of a functional limit theorem given in
Theorem 7 of [8] reads

((ℓ(logn))
jKn(j)

(logn)αj
)
j≥1

dÐ→ (∫
[0,1]
(1 − y)α(j−1)dZ←α (y))

j≥1
, n→∞,

where
dÐ→ denotes convergence in distribution. Observe that (Z←α (y/j))y≥0 has the same

distribution as (j−αZ←α (y))y≥0 and that, with y > 0 �xed, limj→∞(1 − y/j)α(j−1) = e−αy.
Hence,

jα∫
[0,1]
(1−y)α(j−1)dZ←α (y) = jα∫

[0, j]
(1−y/j)α(j−1)dZ←α (y/j)

d= ∫
[0, j]
(1−y/j)α(j−1)dZ←α (y).

It is reasonable to expect that the distributional limit of the last integral as j → ∞ is

∫[0,∞) e−αydZ←α (y). This is in line with Theorem 1.
The remainder of the article is structured as follows. As has already been announced,

we discuss in Section 3 Assumptions A and B and their consequences. Section 4 contains
auxiliary results on a general branching process generated by a perturbed random walk.
The proof of Theorem 1 is given in Section 5.
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3 Discussion of Assumptions A and B

We start by showing that Assumptions A and B secure a two-term expansion of V .

Lemma 1. Assume that Assumptions A and B hold. Then there exists D > 0 such that

∣V (t) −Ctα∣ ≤Dtβ, t ≥ 0, (5)

where β = ρ if m0 < ∞, β = max(ρ,α − θ) if m0 = ∞ and m1 < ∞; C > 0, α ∈ (0,1)
and ρ ∈ [0, α) are as de�ned in Assumption A; m0, m1 and θ ∈ (0, α) are as de�ned in
Assumption B.

Proof. Assuming that lim supt→∞(1 −G(t)/(1 − F (t)) =m0 ∈ [0,∞) we shall show that

∫
[0, t]
(1 −G(t − y))dU(y) = O(1), t→∞. (6)

Indeed, given m2 > m0 there exists t0 > 0 such that 1 − G(t) ≤ m2(1 − F (t)) whenever
t ≥ t0. With this at hand,

∫
[0, t−t0]

(1 −G(t − y))dU(y) ≤m2∫
[0, t]
(1 − F (t − y))dU(y) =m2.

The last equality is another form of writing the renewal equation for U . Alternatively, it
is equivalent to P{inf{k ≥ 0 ∶ Sk > t} < ∞} = 1. By subadditivity of U (see, for instance,
Theorem 1.7 on p. 10 in [26]),

∫
(t−t0, t]

(1 −G(t − y))dU(y) ≤ U(t) −U(t − t0) ≤ U(t0),

and (6) follows. Equality (2) is equivalent to

V (t) = U(t) − ∫
[0, t]
(1 −G(t − y))dU(y), t ≥ 0.

Hence, Assumption A entails V (t) = Ctα +O(tρ) as t → ∞. Since V (0) = 0, we can �nd
D > 0 such that ∣V (t) −Ctα∣ ≤Dtρ for all t ≥ 0.

Assume now that m0 = ∞ and that lim supt→∞t
θ(1 − G(t)) = m1 ∈ [0,∞) for some

θ ∈ (0, α). We shall prove that

∫
[0, t]
(1 −G(t − y))dU(y) = O(tα−θ), t→∞. (7)

Givenm3 >m1 and given C∗ > C there exists t1 such that U(t) ≤ C∗tα and 1−G(t) ≤m3t−θ

whenever t ≥ t1. We already know from the previous paragraph that subadditivity of U
ensures ∫(t−t1, t](1 −G(t − y))dU(y) = O(1) as t→∞. Further, we obtain with the help of
integration by parts,

∫
[0, t−t1]

(1−G(t−y))dU(y) ≤m3∫
[0, t−t1]

(t−y)−θdU(y) =m3∫
[t1, t]

y−θdy(U(t)−U(t−y))

=m3(t−θ(U(t) −U(0)) − t−θ1 (U(t) −U(t − t1)) + θ∫
t

t1
(U(t) −U(t − y))y−θ−1dy).
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Here and elsewhere, we write dy rather than d whenever there is an ambiguity, that is, a
function under the di�erential depends on y and some other variables. The �rst term is
O(tα−θ) and the second term is O(1). Another appeal to subadditivity of U yields

∫
t

t1
(U(t) −U(t − y))y−θ−1dy ≤ ∫

t

t1
U(y)y−θ−1dy ≤ C∗∫

t

t1
yα−θ−1dy = O(tα−θ),

and (7) follows. Mimicking the argument from the �rst part of the proof we arrive at (5)
with β =max(ρ,α − θ).

Let (Zα(u))u≥0 be an α-stable subordinator as de�ned at the beginning of Section 2.
Now we discuss two sets of su�cient conditions for Assumption A. The �rst of these was
outlined by one of the referees. Observe that

Φα(v) ∶= EeivZα(1) = exp(−Γ(1 − α)∣v∣α(cos(πα/2) − i sin(πα/2)sgn v), v ∈ R.

Lemma 2. Assume that there exist constants a1, a2 > 0 and r ∈ (α,1] such that, for all
v ∈ R satisfying ∣v∣ ≤ a1,

∣Eeivξ −Φα(v)∣ ≤ a2∣v∣r. (8)

Then Assumption A holds with ρ = 0 if r > 2α, ρ = δ for any δ > 0 if r = 2α and ρ = λ(2α−r)
for any λ > 1 such that λ(2α − r) < α if r < 2α.

Proof. Observe that ∫
∞
0 P{Zα(cu) ≤ t}du = Ctα for t ≥ 0 and that

0 ≤ ∑
n≥0

P{Zα(cn) ≤ t} − ∫
∞

0
P{Zα(cu) ≤ t}du ≤ 1, t ≥ 0.

Hence, it is enough to prove that

∣ ∑
n≥0

P{Sn ≤ t} − ∑
n≥0

P{Zα(cn) ≤ t}∣ = O(tρ), t→∞. (9)

By Proposition 1 in [27],

sup
x≥0
∣P{Sn ≤ n1/αx} − P{Zα(c) ≤ x}∣ = sup

t≥0
∣P{Sn ≤ t} − P{Zα(cn) ≤ t}∣ ≤ Bn−α

−1(r−α) (10)

for each n ∈ N and a constant B > 0 which does not depend on n.
Case r ∈ (2α,1) (necessarily α < 1/2). According to (10), relation (9) holds with ρ = 0.
Case r ∈ (α,2α), in which 0 < α−1(r − α) < 1. Fix any λ > 1 such that λ(2α − r) < α.
Using (10) we infer

∣
⌊tλα⌋

∑
n=0

P{Sn ≤ t} −
⌊tλα⌋

∑
n=0

P{Zα(cn) ≤ t}∣ ≤ B
⌊tλα⌋

∑
n=1

n−α
−1(r−α) = O(tλ(2α−r)), t→∞.

We claim that

∑
n≥⌊tλα⌋+1

P{Sn ≤ t} = o(1) and ∑
n≥⌊tλα⌋+1

P{Zα(cn) ≤ t} = o(1), t→∞. (11)
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Indeed, by Markov's inequality, for each u > 0,

∑
n≥⌊tλα⌋+1

P{Sn ≤ t} ≤ eut ∑
n≥⌊tλα⌋+1

(φ(u))n ≤ eut+logφ(u)t
λα

1 − φ(u)
.

Put u = 1/t. Then (1 − φ(1/t))−1 ∼ (cΓ(1 − α))−1tα as t → +∞. Since −tλα logφ(1/t) ∼
cΓ(1−α)t(λ−1)α as t→ +∞, the numerator decays to 0 superexponentially fast. This proves
the �rst limit relation in (11). The argument for the second limit relation is analogous.
Case r = 2α < 1. In the proof for the previous case, pick any λ > 1. Then

∣
⌊tλα⌋

∑
n=0

P{Sn ≤ t} −
⌊tλα⌋

∑
n=0

P{Zα(cn) ≤ t}∣ = O(log t), t→∞.

Also, relations (11) hold true in the present setting.

We proceed by discussing a possible application of Lemma 2. Assume that ξ
d= Zα(c)+θ

for a nonnegative random variable θ which is independent of Zα(c). If Eθ < ∞, then
inequality (8) holds with r = 1. Further, if α = 3/4, say, then Assumption A holds with
ρ = λ/2 for any ρ ∈ (1,3/2). If P{θ > t} ∼ const t−β as t → ∞ for some β ∈ (α,1), then
inequality (8) holds with r = β. Further, if α = 1/4 and β = 3/4, then Assumption A holds
with ρ = 0.

Next, we give other su�cient conditions for Assumption A which works for a spe-
cial class of the distributions of ξ. Namely, assume that the distribution of ξ coincides
with that of Zα(c)X1/α, where X is a positive random variable of mean one which is
independent of Zα(c) for some c > 0. Equivalently, this assumption means that the stan-
dard random walk (Sn)n≥0 has the same distribution as (Zα(cŜn))n≥0. Here, Ŝ0 ∶= 0,
Ŝn ∶= X1 + . . . + Xn for n ∈ N, X1, X2, . . . are independent copies of X, and (Ŝn)n≥0 is
independent of (Zα(u))u≥0.

Put Û(t) ∶= ∑n≥0 P{Ŝn ≤ t} for t ≥ 0. Now we obtain a formula which connects U and
Û . To this end, we need the following property: for �xed t > 0, Zα(ct) has the same
distribution as t1/αZα(c). As a consequence,

U(t) = ∑
n≥0

P{Sn ≤ t} = ∑
n≥0

P{Zα(cŜn) ≤ t} = ∑
n≥0

P{Ŝ1/α
n Zα(c) ≤ t}

= ∑
n≥0

P{Ŝn ≤ (Zα(c))−αtα} = EÛ ((Zα(c))−αtα) , t ≥ 0. (12)

Let d > 0. Recall that the distribution of a positive random variable is called d-
arithmetic if it is concentrated on the lattice (nd)n≥1 and not concentrated on (nd1)n≥1
for any d1 > d. The distribution of Y is called nonarithmetic if it is not d-arithmetic for
all d > 0.

Invoking (12) enables us to provide su�cient conditions which ensure Assumption A.

Lemma 3. Assume that EXϑ < ∞ for some ϑ ∈ (1,2]. Then

U(t) = Ctα +O(tα(2−θ)), t→∞,

that is, Assumption A holds with ρ = α(2−ϑ). Here, as before, C = (cΓ(1+α)Γ(1−α))−1.
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Proof. We intend to use Lorden's inequality for Û . Although, in many sources it is
only stated for nonarithmetic distributions, it holds and takes the same form for both
nonarithmetic and arithmetic distributions, see [10] for an elegant proof.

If EX2 < ∞, then, by Lorden's inequality, Û(t) ≤ t + EX2 for all t ≥ 0 (recall that
EX = 1). Hence,

U(t) = EÛ ((Zα(c))−αtα) ≤ E(Zα(c))−αtα +EX2.

It remains to note that, by Lemma 10,

E(Zα(c))−α =
α

Γ(1 + α) ∫
∞

0
sα−1e−cΓ(1−α)s

α

ds = C.

If EXϑ < ∞ for some ϑ ∈ (1,2), then Û(t) = t +O(t2−ϑ) as t → ∞, see, for instance,
formula (3.13) on p. 433 in [7]. In particular, for some t0 > 0 and a constant C∗ > 0
Û(t) ≤ t +C∗t2−ϑ whenever t ≥ t0. Using (12) yields

U(t) ≤ E((Zα(c))−αtα +C∗(Zα(c))−α(2−ϑ)tα(2−ϑ))1{(Zα(c))−αtα≥t0}

+EÛ((Zα(c))−αtα)1{(Zα(c))−αtα<t0} ≤ Ctα +C∗E(Zα(c))−α(2−θ)tα(2−θ) + Û(t0)
= Ctα +O(tα(2−ϑ)), t→∞.

Put ν̂(t) ∶= inf{k ≥ 1 ∶ Ŝk > t} for t ≥ 0. Using Wald's identity we infer, for all t ≥ 0,
Û(t) = EŜν̂(t) ≥ t, whence U(t) ≥ Ctα. This completes the proof.

Next, we show that Assumptions A and B hold true, with (ξ, η) = (∣ logW ∣, ∣ log(1 −
W )∣), if, for instance, (a) ∣ logW ∣ = Zα(c) for some c > 0, that is, the distribution of
∣ logW ∣ is α-stable; (b) φ(s) ∶= Ee−sξ = (1 + (c/κ)Γ(1 − α)sα)−κ for s ≥ 0, some α ∈
(0,1) and some κ > 0. In both cases, ∣ logW ∣ has the same distribution as Zα(c)X1/α,
where P{X = 1} = 1 in the case (a) and X is independent of Zα(c) and has a gamma
distribution with parameters κ and κ in the case (b). To justify the latter claim, observe
that s ↦ φ(((cΓ(1 − α))−1s)1/α) = (1 + s/κ)−κ is the Laplace-Stieltjes transform of the
aforementioned gamma distribution. Thus, in both cases EX2 < ∞ and, according to
Lemma 3, Assumption A holds with ρ = 0.

Now, temporarily ignoring the cases (a) and (b), we show that Assumption B holds
true, withm0 = 0, whenever 1−F (x) = P{∣ logW ∣ > x} ∼ cx−α as x→∞ and E∣ logW ∣−γ < ∞
for some γ > 0. Indeed, by Markov's inequality,

1 −G(x) = P{∣ log(1 −W )∣ > x} = P{∣ logW ∣ < ∣ log(1 − e−x)∣
= P{∣ logW ∣−γ > ∣ log(1 − e−x)∣−γ} ≤ E∣ logW ∣−γ(− log(1 − e−x))γ ∼ E∣ logW ∣−γe−γx

as x→∞, and the claim follows.
We already know that E(Zα(c))−α < ∞. Hence, Assumption B holds, with m0 = 0,

in the case (a). Although we do not need such a precision, we note in passing that in
the case (a), with c and α satisfying cΓ(1 − α) = 1, by Lemma 1 in [16], the following
asymptotic relation holds

P{∣ log(1 −W )∣ > x} ∼ c1e
− αx

2(1−α) exp(−c2∣ log(1 − e−x)∣−
α

1−α ), x→∞

9



for explicitly known positive constants c1 and c2.
In the case (b), using Lemma 10 we infer EX−γ < ∞ for all γ ∈ (0,min(κ,1)). Thus,

again, Assumption B holds, with m0 = 0. To make the presentation symmetric, we note,
without going into details, that Tauberian and Abelian theorems for Laplace transforms
can be used to show that

P{∣ log(1 −W )∣ > x} ∼ κκ

(cΓ(1 − α))κΓ(1 + ακ)
e−ακx, x→∞.

4 An auxiliary general branching process

To prove Theorem 1, we need some auxiliary results on a general branching process
generated by T (a perturbed random walk). Here is its de�nition in terms of a population
of individuals initiated at time 0 by one individual, the ancestor. An individual born
at time s ≥ 0 produces an o�spring whose birth times have the same distribution as
(s + Tk)k≥1. All individuals act independently of each other. An individual resides in the
jth generation if it has exactly j ancestors.

For t ≥ 0 and j ∈ N, denote by Nj(t) the number of the jth generation individuals with
birth times smaller than or equal to t and put Vj(t) ∶= ENj(t). Then N1(t) = N(t), and,
for j ≥ 2, Nj admits the following decomposition

Nj(t) = ∑
r≥1
N
(r)
j−1(t − Tr)1{Tr≤t}, t ≥ 0,

where, for r ∈ N, N (r)j−1(t) is the number of the jth generation individuals who are de-
scendants of the �rst-generation individual with birth time Tr, and whose birth times fall
in [Tr, Tr + t]. By the branching property, (N (1)j−1(t))t≥0, (N

(2)
j−1(t))t≥0, . . . are independent

copies of (Nj−1(t))t≥0 which are also independent of T . As a consequence, V1(t) = V (t),
and

Vj(t) = (Vj−1 ∗ V )(t) = ∫
[0, t]

Vj−1(t − y)dV (y), j ≥ 2, t ≥ 0, (13)

that is, Vj = V ∗(j) is the j-fold Lebesgue-Stieltjes convolution of V with itself. The
remainder of this section is concerned with obtaining precise and asymptotic estimates
for Vj.

According to Lemma 1, Assumptions A and B ensure that inequality (5) holds true.
Now we prove that Vn admits a similar estimate.

Lemma 4. Suppose (5). Then

∣Vn(t) − ρntαn∣ ≤
n−1
∑
i=0
(n
i
)(Γ(α + 1))

i(Γ(β + 1))n−i
Γ(αi + β(n − i) + 1)

(Ctα)i(Dtβ)n−i, n ∈ N, t ≥ 0, (14)

where ρn is as given in (4).

Proof. We use mathematical induction. For n = 1, (14) reduces to (5). Assume that (14)
holds with n − 1 replacing n. Using (13) for the �rst equality we conclude that

∣Vn(t) − ρntαn∣ = ∣ ∫
[0, t]

Vn−1(t − y)dV (y) − ρntαn∣

≤ ∫
[0, t]
∣Vn−1(t − y) − ρn−1(t − y)α(n−1)∣dV (y) + ∣ρn−1∫

[0, t]
(t − y)α(n−1)dV (y) − ρntαn∣.

10



Invoking the induction assumption and then integration by parts we obtain

An(t) ∶= ∫
[0, t]
∣Vn−1(t − y) − ρn−1(t − y)α(n−1)∣dV (y)

≤
n−2
∑
i=0
(n − 1

i
)(Γ(α + 1))

i(Γ(β + 1))n−1−i
Γ(αi + β(n − 1 − i) + 1)

Dn−1−iCi∫
[0, t]
(t − y)αi+β(n−1−i)dV (y)

=
n−2
∑
i=0
(n − 1

i
)(Γ(α + 1))

i(Γ(β + 1))n−1−i
Γ(αi + β(n − 1 − i) + 1)

Dn−1−iCi∫
t

0
V (t − y)d(yαi+β(n−1−i)).

In view of (5),

∫
t

0
V (t − y)d(yαi+β(n−1−i)) ≤ ∫

t

0
(C(t − y)α +D(t − y)β)d(yαi+β(n−1−i))

= CΓ(α + 1)Γ(αi + β(n − 1 − i) + 1)
Γ(α(i + 1) + β(n − 1 − i) + 1)

tα(i+1)+β(n−1−i)

+DΓ(β + 1)Γ(αi + β(n − 1 − i) + 1)
Γ(αi + β(n − i) + 1)

tαi+β(n−i),

whence

An(t) ≤
n−2
∑
i=0
(n − 1

i
) (Γ(α + 1))

i+1(Γ(β + 1))n−1−i
Γ(α(i + 1) + β(n − 1 − i) + 1)

Dn−1−iCi+1tα(i+1)+β(n−1−i)

+
n−2
∑
i=0
(n − 1

i
)(Γ(α + 1))

i(Γ(β + 1))n−i
Γ(αi + β(n − i) + 1)

Dn−iCitαi+β(n−i)

= (n − 1)(Γ(α + 1))
n−1Γ(β + 1)

Γ(α(n − 1) + β + 1)
DCn−1tα(n−1)+β

+
n−2
∑
i=1
((n − 1
i − 1
) + (n − 1

i
)) (Γ(α + 1))

i(Γ(β + 1))n−i
Γ(αi + β(n − i) + 1)

Dn−iCitαi+β(n−i) + (Γ(β + 1))
n

Γ(βn + 1)
Dntβn

= (n − 1)(Γ(α + 1))
n−1Γ(β + 1)

Γ(α(n − 1) + β + 1)
DCn−1tα(n−1)+β

+
n−2
∑
i=0
(n
i
)(Γ(α + 1))

i(Γ(β + 1))n−i
Γ(αi + β(n − i) + 1)

Dn−iCitαi+β(n−i). (15)

To obtain the �rst equality we have changed the variable i → i − 1 under the �rst sum
appearing in the �rst inequality, singled out the term which corresponds to i = n − 1 and
also singled out the term of the second sum which corresponds to i = 0.

11



Further, we infer

∣ρn−1∫
[0, t]
(t − y)α(n−1)dV (y) − ρntαn∣

= ρn−1∣ ∫
[0, t]
(t − y)α(n−1)dV (y) −C ∫

[0, t]
(t − y)αd(yα(n−1))∣

= ∣ρn−1∫
t

0
(V (t − y) −C(t − y)α)d(yα(n−1))∣ ≤Dρn−1∫

t

0
(t − y)βd(yα(n−1))

=D (CΓ(α + 1))
n−1

Γ(α(n − 1) + 1)
Γ(α(n − 1) + 1)Γ(β + 1)
Γ(α(n − 1) + β + 1)

tα(n−1)+β

= (Γ(α + 1))
n−1Γ(β + 1)

Γ(α(n − 1) + β + 1)
DCn−1tα(n−1)+β

having utilized integration by parts for the second equality and (5) for the �rst inequality.
The sum of the last expression and the �rst term on the right-hand side of (15) is equal
to the term of the sum in (14) which corresponds to i = n − 1. The proof of Lemma 4 is
complete.

We proceed with a technical estimate of an analytic �avor.

Lemma 5. Let α, β, C and D be as in (5). For t ≥ 0 and positive integer j satisfying

2DΓ(β + 1)j(α(j − 1) + β + 1)α−β ≤ CΓ(α + 1)tα−β, (16)

the following inequality holds

j−1

∑
i=0
(j
i
)(Γ(α + 1))

i(Γ(β + 1))j−i
Γ(αi + β(j − i) + 1)

(Ctα)i(Dtβ)j−i ≤ 2DCj−1j
(Γ(α + 1))j−1Γ(β + 1)
Γ(α(j − 1) + β + 1)

tα(j−1)+β.

Proof. Write

j−1

∑
i=0
(j
i
)(Γ(α + 1))

i(Γ(β + 1))j−i
Γ(αi + β(j − i) + 1)

(Ctα)i(Dtβ)j−i

=DCj−1j
(Γ(α + 1))j−1Γ(β + 1)
Γ(α(j − 1) + β + 1)

tα(j−1)+β

+
j−2

∑
i=0
(j
i
)(Γ(α + 1))

i(Γ(β + 1))j−i
Γ(αi + β(j − i) + 1)

(Ctα)i(Dtβ)j−i.

Assuming that t and j satisfy (16) we intend to show that the second term on the right-
hand side does not exceed the �rst term. Indeed, using the inequality

(j
i
) ≤ jj−i (17)

12



and (43) we infer

Γ(α(j − 1) + β + 1)
DCj−1j(Γ(α + 1))j−1Γ(β + 1)tα(j−1)+β

j−2

∑
i=0
(j
i
)(Γ(α + 1))

i(Γ(β + 1))j−i
Γ(αi + β(j − i) + 1)

(Ctα)i(Dtβ)j−i

≤ CΓ(α + 1)t
α−β

DΓ(β + 1)j

j−2

∑
i=0
( DΓ(β + 1)j
CΓ(α + 1)tα−β

)
j−i Γ(α(j − 1) + β + 1)

Γ(αi + β(j − i) + 1)

≤ CΓ(α + 1)tα−β
DΓ(β + 1)j(α(j − 1) + β + 1)α−β

j−2

∑
i=0
(DΓ(β + 1)j(α(j − 1) + β + 1)α−β

CΓ(α + 1)tα−β
)
j−i

≤ DΓ(β + 1)j(α(j − 1) + β + 1)α−β
CΓ(α + 1)tα−β

(1 − DΓ(β + 1)j(α(j − 1) + β + 1)α−β
CΓ(α + 1)tα−β

)
−1
≤ 1.

The penultimate inequality is secured by ∑j−2
i=0 (. . .)j−i ≤ ∑i≥2(. . .)i. The function x ↦

x(1− x)−1 is increasing on [0,1) and equal to 1 at x = 1/2. This fact in combination with
(16) justi�es the last inequality.

Now we are ready to provide a simpli�cation of formula (14) for convolution powers
n and arguments t satisfying (16), with j = n.

Corollary 1. Suppose (5). Then, for t ≥ 0 and positive integer j satisfying (16),

∣Vj(t) − ρjtαj ∣ ≤ 2DCj−1j
(Γ(α + 1))j−1Γ(β + 1)
Γ(α(j − 1) + β + 1)

tα(j−1)+β (18)

and
Vj(t) ≤ 5ρjtαj, t ≥ 0. (19)

Proof. Inequality (18) is an immediate consequence of Lemmas 4 and 5.
A part of (18) reads

Vj(t) ≤ ρjtαj + 2DCj−1j
(Γ(α + 1))j−1Γ(β + 1)
Γ(α(j − 1) + β + 1)

tα(j−1)+β.

To prove (19) we bound from above the ratio of the terms on the right-hand side of the
last inequality

2DCj−1j(Γ(α + 1))j−1Γ(β + 1)tα(j−1)+β
Γ(α(j − 1) + β + 1)ρjtαj

= 2DjΓ(β + 1)Γ(αj + 1)
CΓ(α + 1)tα−βΓ(α(j − 1) + β + 1)

≤ 2DjΓ(β + 1)
CΓ(α + 1)tα−β

⋅ (αj + 1)α−β ≤ 2(αj + 1)α−β
(α(j − 1) + β + 1)α−β

≤ 2(1 + α − β
α(j − 1) + β + 1

)
α

≤ 4.

Here, the �rst inequality follows from Lemma 11, the second literally repeats (16) and the
last is a consequence of α−β

α(j−1)+β+1 < 1, which in turn is secured by α ∈ (0,1) and β ≥ 0.
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Corollary 2. Suppose (5). Then, for all γ > 0,

lim
t→∞

sup
y≥γt
∣
Vj(y)
ρjyαj

− 1∣ = 0 (20)

whenever j = j(t) satis�es j(t) = o(t
α−β

α−β+1 ) as t→∞, and particularly

Vj(t) ∼ ρjt
αj, t→∞. (21)

Proof. If j(t) = o(t
α−β

α−β+1 ) as t→∞, then (16) holds for large j and t and

sup
y≥γt

DCj−1j (Γ(α+1))
j−1Γ(β+1)

Γ(α(j−1)+β+1) yα(j−1)+β

ρjyαj
≤
DCj−1j (Γ(α+1))

j−1Γ(β+1)
Γ(α(j−1)+β+1)

ρjtα−β

∼ DΓ(β + 1)αα−βjα−β+1

CΓ(α + 1)tα−β
→ 0

as t→∞. Here, we have used a standard asymptotic relation

Γ(x + a)/Γ(x) ∼ xa, x→∞ (22)

for �xed a > 0, with x = 1+αj − (α − β) and a = α − β. Thus, according to (18), the claim
follows.

5 Proof of Theorem 1

We start by collecting several (additional) auxiliary results to be used in the proof of
Theorem 1.

Recall that f ∶ [0,∞) → [0,∞) is called directly Riemann integrable (dRi) function on
[0,∞), if σ(h) < ∞ for each h > 0 and limh→0+(σ(h) − σ(h)) = 0, where

σ(h) ∶= h∑
n≥1

sup
(n−1)h≤y<nh

f(y) and σ(h) ∶= h∑
n≥1

inf
(n−1)h≤y<nh

f(y).

A function f ∶ R → [0,∞) is called dRi on R, if the same two conditions hold, with n ∈ Z
replacing n ≥ 1 in the de�nition of the integral sums.

The next result follows from the proof of Lemma 4.5 in [23].

Lemma 6. Let f ∶ [0,∞) → [0,∞) be dRi on [0,∞) and j a positive integer, possibly
dependent on t and possibly divergent to ∞ together with t. Then

∫
[0, t]

f(t − y)dVj(y) = O (Vj−1(t)) , t→∞.

Lemma 7. Suppose (5) and let j = j(t) = o(t
α−β

α−β+1 ) as t→∞. Then

∫
(t,∞)

et−ydVj(y) = O (Vj−1(t)) , t→∞.
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Proof. Let h ∶ R→ [0,∞) be a dRi function on R satisfying h(t) = 0 for t > 0. We start as
in the proof of Lemma 4.6 in [23]: for t ≥ 0,

∫
(t,∞)

h(t − y)dVj(y) = ∫
[0, t]

h1(t − y)dVj−1(y) + ∫
(t,∞)

h2(t − y)dVj−1(y),

where h1(t) = ∫(t,∞) h(t − y)dV (y) and h2(t) = ∫[0,∞) h(t − y)dV (y) for t ∈ R. By Lemma

A.1 in [23], h1(t) ≤ b for some b > 0 and all t ≥ 0, whence

∫
[0, t]

h1(t − y)dVj−1(y) = O (Vj−1(t)) , t→∞.

Now we put h(t) = et 1(−∞,0](t) and note that all the formulae given in the preceding part
of the present proof hold for this h. Plainly, h2(t) = et ∫[0,∞) e−ydV (y) = κet for t ≤ 0,

where κ ∶= Ee−η(1 −Ee−ξ)−1. Integrating by parts yields

∫
(t,∞)

h2(t − y)dVj−1(y)

= κ∫
(t,∞)

et−ydVj−1(y) = −κVj−1(t) + κ∫
∞

t
et−yVj−1(y)dy =∶ κCj(t)

for t ≥ 0. By Corollary 2, (5) together with our choice of j = j(t) ensures (20). In view of
(20), given ε > 0 we obtain, for large enough t,

0 ≤ Cj(t) ≤ −Vj−1(t) + (1 + ε)ρj−1∫
∞

t
et−yyα(j−1)dy = −Vj−1(t)

+(1+ε)(CΓ(α+1))j−1(
⌊α(j−1)⌋

∑
k=0

tα(j−1)−k

Γ(α(j − 1) + 1 − k)
+ 1

Γ({α(j − 1)}) ∫
∞

t
et−yy{α(j−1)}−1dy),

where {x} denotes the fractional part of x ∈ R. The expression in the parantheses is asymp-
totically equivalent to tα(j−1)/Γ(α(j−1)+1) whenever j(t) = o(t) as t→∞. Hence, recall-
ing that, according to (21) (which holds according to Corollary 2), Vj−1(t) ∼ ρj−1tα(j−1) as
t → ∞ we conclude that lim supt→∞(Cj(t)/Vj−1(t)) ≤ ε and thereupon Cj(t) = o(Vj−1(t))
as t→∞ upon sending ε→ 0+.

Lemma 8. Suppose (5) and let j = j(t) → ∞ and j(t) = o(t
α−β

α−β+1 ) as t→∞. Then

lim
s→∞

lim sup
t→∞

jα

ρj−1tαj
∫
(st/j, t]

yαd( − Vj−1(t − y)) = 0.

Proof. Integrating by parts we conclude that

jα

ρj−1tαj
∫
(st/j, t]

yαd( − Vj−1(t − y)) =
sαVj−1(t(1 − s/j))

ρj−1tα(j−1)

+ αjα

ρj−1tαj
∫

t

st/j
Vj−1(t − y)yα−1dy.
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In view of (20) which holds true according to Corollary 2,

sαVj−1(t(1 − s/j))
ρj−1tα(j−1)

∼ sα(1 − s/j)α(j−1) → sαe−αs, t→∞.

The right-hand side converges to 0 as s→∞. Further, we infer with the help of (14) that

jα

ρj−1tαj
∫

t

st/j
Vj−1(t − y)yα−1dy ≤

jα

ρj−1tαj
(∫

t

st/j
ρj−1(t − y)α(j−1)yα−1dy

+ ∫
t

st/j

j−2

∑
i=0
(j − 1

i
)(Γ(α + 1))

i(Γ(β + 1))j−i−1
Γ(αi + β(j − i − 1) + 1)

(C(t − y)α)i(D(t − y)β)j−i−1yα−1dy). (23)

Changing the variable we obtain for the �rst term

jα

tαj ∫
t

st/j
(t − y)α(j−1)yα−1dy = ∫

j

s
(1 − y/j)α(j−1)yα−1dy → ∫

∞

s
e−αyyα−1dy, t → ∞

having utilized the Lebesgue dominated convergence theorem for the limit relation. The
right-hand side converges to 0 as s → ∞. Invoking yα−1 ≤ (st/j)α−1 for y ∈ [st/j, t] and
then evaluating the remaining integral we conclude that the second term in (23) does not
exceed

jα

ρj−1tαj
(st
j
)
α−1 j−2

∑
i=0
(j − 1

i
)(CΓ(α + 1))

i(DΓ(β + 1))j−i−1
Γ(αi + β(j − i − 1) + 1)

(t − st/j)αi+β(j−i−1)+1
αi + β(j − i − 1) + 1

= sα−1j
j−2

∑
i=0
(j − 1

i
) Γ(α(j − 1) + 1)
Γ(αi + β(j − i − 1) + 1)

(DΓ(β + 1)tβ
CΓ(α + 1)tα

)
j−i−1 (1 − s/j)αi+β(j−i−1)+1

αi + β(j − i − 1) + 1

≤ s
α−1

β

j−2

∑
i=0
(j − 1

i
) Γ(α(j − 1) + 1)
Γ(αi + β(j − i − 1) + 1)

(DΓ(β + 1)tβ
CΓ(α + 1)tα

)
j−i−1

≤ s
α−1

β

j−2

∑
i=0
((j − 1)(α(j − 1) + 1)α−β DΓ(β + 1)

CΓ(α + 1)tα−β
)
j−i−1

≤ s
α−1

β

DΓ(β + 1)
CΓ(α + 1)

(j − 1)(α(j − 1) + 1
t

)
α−β
(1 − DΓ(β + 1)

CΓ(α + 1)
(j − 1)(α(j − 1) + 1

t
)
α−β
)
−1

→ 0, t→∞.

We have used 0 < (1 − s/j)αi+β(j−i−1)+1 ≤ 1 and 1
αi+β(j−i−1)+1 ≤

1
βj for the �rst inequality,

formula (17) and Lemma 11 for the second. Our assumption j(t) = o(t
α−β

α−β+1 ) as t → ∞
entails limt→∞(j(t)−1)((α(j(t)−1)+1)/t)α−β = 0, thereby justifying the limit relation.

A major part of the proof of Theorem 1 is covered by Theorems 2 and 3 given next.

Theorem 2. Suppose (5) and let j = j(t) → ∞ and j(t) = o(t
α−β

α−β+1 ) as t→∞. Then

( c(j(t))α
ρ⌊j(t)u⌋−1tα⌊j(t)u⌋

∑
r≥1
V⌊j(t)u⌋−1(t − Tr)1{Tr≤t})

u>0

f.d.d.Ð→ (∫
[0,∞)

e−αuydZ←α (y))
u>0

, t→∞,

where ρn is as given in (4), and Z←α is an inverse α-stable subordinator.
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Our proof of Theorem 2 uses an auxiliary technical result, which is a slight reformula-
tion of Lemma A.5 in [17]. Let D denote the Skorokhod space of c�adl�ag functions de�ned
on [0,∞). We assume that the space D is endowed with the J1-topology. Comprehensive
information about the J1-topology on D can be found in [4].

Lemma 9. For each k ∈ N, let yk ∶ [0,∞) → R be a right-continuous bounded and
nondecreasing function. Assume that limk→∞ xk = x on D and that, for each t ≥ 0,
limk→∞ yk(t) = y(t), where y ∶ [0,∞) → R is a bounded continuous function. Then, for all
a, b ≥ 0, a<b,

lim
k→∞∫[a, b]

xk(t)dyk(t) = ∫
[a, b]

x(t)dy(t).

Proof of Theorem 2. For notational simplicity we write j for j(t). In view of the Cram�er-
Wold device and the equality ∫[0,∞) e−αuydZ←α (y) = αu ∫

∞
0 Z←α (y)e−αuydy for u > 0, ob-

tained with the help of integration by parts, it su�ces to show that, for any ℓ ∈ N, any
positive λ1, . . . , λℓ and any 0 < u1 < . . . < uℓ,

ℓ

∑
i=1
λi
cjα∑r≥1 V⌊jui⌋−1(t − Tr)1{Tr≤t}

ρ⌊jui⌋−1t
α⌊jui⌋

dÐ→
ℓ

∑
i=1
λiαui∫

∞

0
Z←α (y)e−αuiydy, t→∞,

where, as before,
dÐ→ denotes convergence in distribution. Write, for any s > 0 and

su�ciently large t,

cjα∑r≥1 V⌊jui⌋−1(t − Tr)1{Tr≤t}

ρ⌊jui⌋−1t
α⌊jui⌋

=
cjα ∫[0, t] V⌊jui⌋−1(t − y)dN(y)

ρ⌊jui⌋−1t
α⌊jui⌋

=
cjα ∫[0, t]N(y)dy(−V⌊jui⌋−1(t − y))

ρ⌊jui⌋−1t
α⌊jui⌋

= 1

ρ⌊jui⌋−1t
α(⌊jui⌋−1) ∫[0, s]

cN(yt/j)
(t/j)α

dy(−V⌊jui⌋−1(t(1 − y/j)))

+ cjα

ρ⌊jui⌋−1t
α⌊jui⌋ ∫(st/j, t]

N(y)dy(−V⌊jui⌋−1(t − y)).

Using (20) we obtain, for each �xed y > 0, as t→∞,

V⌊jui⌋−1 (t(1 −
y

j
)) ∼ ρ⌊jui⌋−1t

α(⌊jui⌋−1) (1 − y
j
)
α(⌊jui⌋−1)

∼ ρ⌊jui⌋−1t
α(⌊jui⌋−1)e−αuiy. (24)

Under the sole assumption P{ξ > t} ∼ ct−α as t → ∞, an application of part (B.4) of
Theorem 3.2 in [1] yields

(c(t/j)−αN(yt/j))y≥0 Ô⇒ (Z←α (y))y≥0 , t→∞

on D, where Ô⇒ denotes weak convergence on a function space. Here, we have used the
fact that the assumptions imposed on j ensure that limt→∞(t/j(t)) = ∞. Let (tk)k≥1 be
any sequence of positive numbers satisfying limk→∞ tk = ∞. According to the Skorokhod
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representation theorem, there exist Ẑ←α a version of Z←α and ((N̂tk(y))y≥0)k≥1 a version of
((c(tk/j(tk))−αN(ytk/j(tk)))y≥0)k≥1 such that, for all T > 0,

lim
k→∞

sup
y∈[0, T ]

∣N̂tk(y) − Ẑ←α (y)∣ = 0 a.s.

In view of (24),

lim
k→∞

V⌊j(tk)ui⌋−1(tk(1 − y/j(tk)))
ρ⌊j(tk)ui⌋−1t

α(⌊j(tk)ui⌋−1)
k

= e−αuiy.

Using Lemma 9, with xk = N̂tk , x = Ẑ←α , and yk and y given by the functions on the
left-hand and the right-hand side of the last centered formula, respectively, we obtain

lim
k→∞

1

ρ⌊j(tk)ui⌋−1t
α(⌊j(tk)ui⌋−1)
k

∫
[0, s]

N̂tk(y)dy(−V⌊j(tk)ui⌋−1(tk(1 − y/j(tk))))

= αui∫
s

0
Ẑ←α (y)e−αuiydy a.s.

Since the diverging sequence (tk)k≥1 is arbitrary, this entails

ℓ

∑
i=1
λi

1

ρ⌊jui⌋−1t
α(⌊jui⌋−1) ∫[0, s]

c(t/j)−αN(yt/j)dy(−V⌊jui⌋−1(t(1 − y/j)))

dÐ→
ℓ

∑
i=i
λiαui∫

s

0
Z←α (y)e−αuiydy, t→∞.

In view of

lim
s→∞

ℓ

∑
i=1
λiαui∫

s

0
Z←α (y)e−αuiydy =

ℓ

∑
i=1
λiαui∫

∞

0
Z←α (y)e−αuiydy a.s.,

we are left with showing that, for all ε > 0,

lim
s→∞

lim sup
t→∞

P{ jα

ρ⌊jui⌋−1t
α⌊jui⌋ ∫(st/j, t]

N(y)dy(−V⌊jui⌋−1(t − y)) > ε}= 0.

Noting that EN(y) = V (y) ≤ 2Cyα for large y, this limit relation is ensured by Markov`s
inequality and Lemma 8.

Theorem 3. Suppose (5) and let t ↦ j(t) be an integer-valued function satisfying j(t) =
o(t1/3) as t→∞ and limt→∞ j(t) = ∞. Then

(j(t))α
ρj(t)−1tαj(t)

(Nj(t)(t) −∑
r≥1
Vj(t)−1(t − Tr)1{Tr≤t} )

PÐ→ 0, t→∞.

Proof. Although the scheme of the proof is analogous to that of Theorem 3.1 in [23],
technical details are essentially di�erent at places.

For j ∈ N and t ≥ 0, put Dj(t) ∶= VarNj(t) and

Ij(t) ∶= E(∑
r≥1
Vj−1(t − Tr)1{Tr≤t} −Vj(t))

2
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with the convention that V0(t) = 1 for t ≥ 0, so that I1(t) =D1(t). We shall use a formula:
for j ≥ 2 and t ≥ 0,

Dj(t) = E(∑
r≥1
(N (r)j−1(t − Tr) − Vj−1(t − Tr))1{Tr≤t})

2

+E(∑
r≥1
Vj−1(t − Tr)1{Tr≤t} −Vj(t))

2

= ∫
[0, t]

Dj−1(t − y)dV (y) + Ij(t). (25)

Iterating (25) yields

∫
[0, t]

Dj−1(t − y)dV (y) =
j−1

∑
k=1
∫
[0, t]

Ik(t − y)dVj−k(y), j ≥ 2, t ≥ 0. (26)

First we show that Ij is bounded from above by a nonnegative and nondecreasing function.
We need an inequality obtained in the proof of Theorem 3.1 in [23]

Ij(t) ≤ Vj−1(t)Vj(t) + 2∫
[0, t]

Vj−1(t − y)Vj(t − y)dU(y) − (Vj(t))2

≤ Vj−1(t)Vj(t) + 2∫
[0, t]

Vj−1(t − y)Vj(t − y)dU(y). (27)

Put Ũ(x) ∶= ∑i≥1 P{Si ≤ x} for x ∈ R and note that U(x) = Ũ(x)+1 for x ≥ 0. Assumption
A together with Ũ(0) = 0 entails

Ũ(x) ≤ Cxα +C1x
ρ, x ≥ 0

for some constant C1 > 0. Integrating by parts and then using the last inequality yields

∫
[0, t]

Vj−1(t − y)Vj(t − y)dU(y) = Vj−1(t)Vj(t) + ∫
[0, t]

Vj−1(t − y)Vj(t − y)dŨ(y)

= Vj−1(t)Vj(t) + ∫
[0, t]

Ũ(t − y)d(Vj−1(y)Vj(y))

≤ Vj−1(t)Vj(t) +C ∫
[0, t]
(t − y)αd(Vj−1(y)Vj(y)) +C1∫

[0, t]
(t − y)ρd(Vj−1(y)Vj(y)).

With this at hand, integrating by parts once again we arrive at

Ij(t) ≤ Vj−1(t)Vj(t) + 2∫
[0, t]

Vj−1(t − y)Vj(t − y)dU(y) ≤ 3Vj−1(t)Vj(t)

+ 2Cα∫
t

0
Vj−1(y)Vj(y)(t − y)α−1dy + 2C1ρ∫

t

0
Vj−1(y)Vj(y)(t − y)ρ−1dy =∶ hj(t). (28)

The function hj is a nonnegative and nondecreasing function that we were looking for.
Combining (28) with (25) and (26) we infer

Dj−1(t) =
j−2

∑
k=1
∫

t

0
Ik(t − y)dVj−k−1(y) + Ij−1(t)

≤
j−2

∑
k=1

hk(t)Vj−k−1(t) + hj−1(t), j ≥ 2, t ≥ 0. (29)
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Next, we obtain an upper bound for hj (and for Dj) which is valid for large arguments.
Fix j ∈ N and s ≥ 0 satisfying

2DΓ(β + 1)j(α(j − 1) + β + 1)α−β ≤ CΓ(α + 1)sα−β (30)

and also
2(α(j − 2) + 1)2α ≤ CΓ(α + 1)sα, (31)

3(2αj + 1)α ≤ 2CΓ(α + 1)sα, (32)

C1Γ(ρ)(2αj + 1)α−ρ ≤ Γ(α + 1)sα−ρ, (33)

and
j ≥ 1/α + 2. (34)

Plainly, these inequalities trivially hold for large enough s whenever j = j(s) = o(s1/2) as
s→∞.

Put r ∶= 52. In view of (30), we conclude with the help of formula (19) that, for
1 ≤ k ≤ j,

Vk−1(s)Vk(s) ≤ rρk−1ρksα(2k−1).
Substituting this into (28) we obtain

hk(s) ≤ 3rρk−1ρksα(2k−1)

+ 2Cαrρk−1ρk ∫
s

0
sα(2k−1)(s − y)α−1dy + 2C1ρrρk−1ρk ∫

s

0
sα(2k−1)(s − y)ρ−1dy

= 3rρk−1ρksα(2k−1) + 2rCαρk−1ρkB(α(2k − 1) + 1, α)s2αk

+ 2rC1ρρk−1ρkB(α(2k − 1) + 1, ρ)B(α(2k − 1) + 1, ρ)s2αk−α+ρ, (35)

where B is the Euler beta-function. The second term on the right-hand side is of the
highest order. Ñonsider the ratio of the �rst and the second terms in (35):

3rρk−1ρksα(2k−1)

2rCαρk−1ρkB(α(2k − 1) + 1, α)s2αk
= 3Γ(2αk + 1)
2CΓ(α + 1)Γ(α(2k − 1) + 1)sα

≤ 3(2αk + 1)α
2CΓ(α + 1)sα

≤ 3(2αj + 1)α
2CΓ(α + 1)sα

≤ 1,

where the �rst inequality is justi�ed by Lemma 11 and the last inequality is secured by
(32). The ratio of the third and the second terms in (35) can be estimated as follows:

2rC1ρρk−1ρkB(α(2k − 1) + 1, ρ)s2αk−α+ρ
2rCαρk−1ρkB(α(2k − 1) + 1, α)s2αk

= C1Γ(ρ)Γ(2αk + 1)
Γ(α + 1)sα−ρΓ(2αk − α + ρ + 1)

≤ C1Γ(ρ)(2αk + 1)α−ρ
Γ(α + 1)sα−ρ

≤ C1Γ(ρ)(2αj + 1)α−ρ
Γ(α + 1)sα−ρ

≤ 1,

where the �rst inequality follows from Lemma 11 and the last inequality is ensured by
(33). Inequality (35) in combination with the two estimates enables us to conclude that,
for 1 ≤ k ≤ j,

hk(s) ≤ 6rCαρk−1ρkB(α(2k − 1) + 1, α)s2αk =∶ C2ρk−1ρkB(α(2k − 1) + 1, α)s2αk.
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Invoking (29) we further obtain

Dj−1(s) ≤ C2ρj−2ρj−1B(α(2j − 3) + 1, α)s2α(j−1)

+
j−2

∑
k=1

C2ρk−1ρkB(α(2k − 1) + 1, α)s2αkVj−k−1(s). (36)

Write with the help of (4) and (19)

j−2

∑
k=1

ρk−1ρkB(α(2k − 1) + 1, α)s2αkVj−k−1(s)

≤ 5
j−2

∑
k=1

ρk−1ρkB(α(2k − 1) + 1, α)s2αkρj−k−1sα(j−k−1)

= 5Γ(α)
j−2

∑
k=1

(CΓ(α + 1))j+k−2Γ(α(2k − 1) + 1)
Γ(α(k − 1) + 1)Γ(αk + 1)Γ(α(j − k − 1) + 1)Γ(2αk + 1)

sα(j+k−1)

≤ 5(2α + 1)Γ(α)
j−2

∑
k=1

(CΓ(α + 1))j+k−2
(Γ(α(k − 1) + 1))2Γ(α(j − k − 1) + 1)

sα(j+k−1). (37)

To justify the last inequality, we use the fact that the gamma-function Γ is increasing on
[2,∞), whence, for k ≥ 1,

1

Γ(αk + 1)
= αk + 1
Γ(αk + 2)

≤ αk + 1
Γ(α(k − 1) + 2)

= αk + 1
(α(k − 1) + 1)Γ(α(k − 1) + 1)

≤ α + 1
Γ(α(k − 1) + 1)

and

Γ(α(2k − 1) + 1)
Γ(2αk + 1)

= Γ(α(2k − 1) + 2)
Γ(2αk + 2)

2αk + 1
α(2k − 1) + 1

≤ 2αk + 1
α(2k − 1) + 1

≤ 2α + 1
α + 1

.

The right-hand side of (37), with the multiplicative constant omitted, can be bounded
from above as follows:

1

(Γ(α(j − 2) + 1))2
j−2

∑
k=1

(CΓ(α + 1))j+k−2(Γ(α(j − 2) + 1))2
(Γ(α(k − 1) + 1))2Γ(α(j − k − 1) + 1)

sα(j+k−1)

≤ const

(Γ(α(j − 2) + 1))2
j−2

∑
k=1
(CΓ(α + 1))j+k−2(α(j − 2) + 1)2α(j−k−1)sα(j+k−1). (38)

Here and hereafter, const denotes a constant whose value is of no importance and may
change from one appearance to another. The last inequality is a consequence of

Γ(α(j − 2) + 1)
Γ(α(k − 1) + 1)

≤ (α(j − 2) + 1)α(j−k−1),

which follows from Lemma 11, and 1
Γ(α(j−k−1)+1) ≤

1
minz∈[1,2] Γ(z)

< ∞ for 1 ≤ k ≤ j − 2
(the minimum cannot be equal to 0 because Γ(z) is the moment of order z − 1 of an
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exponentially distributed random variable with mean one). We proceed by bounding
from above the right-hand side of (38), up to the multiplicative constant:

(CΓ(α + 1))2j−3s2α(j−1)
(Γ(α(j − 2) + 1))2

j−2

∑
k=1
((α(j − 2) + 1)

2α

CΓ(α + 1)sα
)
j−k−1

= (CΓ(α + 1))
2j−3s2α(j−1)

(Γ(α(j − 2) + 1))2
j−2

∑
k=1
((α(j − 2) + 1)

2α

CΓ(α + 1)sα
)
k

≤ (CΓ(α + 1))
2j−3s2α(j−1)

(Γ(α(j − 2) + 1))2 ∑
k≥1
((α(j − 2) + 1)

2α

CΓ(α + 1)sα
)
k

≤ (CΓ(α + 1))
2j−3s2α(j−1)

(Γ(α(j − 2) + 1))2
.

Here, the last inequality is secured by (31). Combining this with (36) we conclude that

Dj−1(s) ≤ C2ρj−2ρj−1B(α(2j − 3) + 1, α)s2α(j−1) +
const(CΓ(α + 1))2j−3s2α(j−1)

(Γ(α(j − 2) + 1))2
.

Condition (34) entails 2j ≥ 1/α + 3. This together with monotonicity of the gamma-
function on [2,∞) proves

Γ(α)(CΓ(α + 1))2j−3
Γ2(α(j − 2) + 1)ρj−2ρj−1B(α(2j − 3) + 1, α)

= Γ(α(j − 1) + 1)Γ(α(2j − 2) + 1)
Γ(α(j − 2) + 1)Γ(α(2j − 3) + 1)

≥ 1

and thereupon

Dj−1(s) ≤ const
(CΓ(α + 1))2j−3s2α(j−1)
(Γ(α(j − 2) + 1))2

. (39)

Using (39) we infer

∫
[0, t]

Dj−1(t − y)dV (y) = ∫
[0, t−j]

Dj−1(t − y)dV (y) + ∫
(t−j, t]

Dj−1(t − y)dV (y)

≤ const (CΓ(α + 1))
2j−3

(Γ(α(j − 2) + 1))2 ∫[0, t]
(t − y)2α(j−1)dV (y) + max

s∈[0, j]
Dj−1(s)U(j) (40)

having utilized V (t) − V (t − j) ≤ U(j), see formula (40) in [7] and its proof. Integrating
by parts and then invoking (5) we estimate the last integral as follows:

∫
[0, t]
(t − y)2α(j−1)dV (y) ≤ 2α(j − 1)∫

t

0
(Cyα +Dyβ)(t − y)2α(j−1)−1dy

= 2α(j − 1)(CB(2α(j − 1), α + 1)tα(2j−1) +DB(2α(j − 1), β + 1)t2α(j−1)+β

= O (jB(2α(j − 1), α + 1)tα(2j−1)) , t→∞.

To justify the last equality, note that, as j, t→∞,

B(2α(j−1), α+1)tα(2j−1) ∼ const
tα(j−1)

jα+1
, B(2α(j−1), β+1)t2α(j−1)+β ∼ const

t2α(j−1)+β

jβ+1
.

Hence, B(2α(j − 1), β + 1)t2α(j−1)+β = o(B(2α(j − 1), α + 1)tα(2j−1)) as a consequence of
j = j(t) = o(t1/3). Thus, the �rst term on the right-hand side of (40) is of the order

(CΓ(α + 1))2j−3
(Γ(α(j − 2) + 1))2

jB(2α(j − 1), α + 1)tα(2j−1).
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The product of this and the squared normalization (appearing in the theorem) vanishes
under the assumption j = j(t) = o(t1/3) as t→∞:

(CΓ(α + 1))2j−3jB(2α(j − 1), α + 1)tα(2j−1)
(Γ(α(j − 2) + 1))2

j2α

ρ2j−1t
2αj

= Γ(2α(j − 1))
Γ(α(2j − 1) + 1)

(Γ(α(j − 1) + 1))2
(Γ(α(j − 2) + 1))2

j2α+1

Ctα
∼ α2α

C2α+1
j3α

tα
→ 0, t→∞.

Further, using (39) and (19),

max
s∈[0, j]

Dj−1(s)U(j) ≤ (Dj−1(j) + (Vj−1(j))2)U(j)

≤ (const (CΓ(α + 1))
2j−3j2α(j−1)

(Γ(α(j − 2) + 1))2
+ rρ2j−1j2α(j−1))U(j). (41)

Assumption A entails U(j) ∼ Cjα as j → ∞. Now we show that the right-hand side of
(41) times the squared normalization vanishes whenever j = j(t) = o(t) and j(t) → ∞ as
t→∞. We start with the �rst term:

j2αj(CΓ(α + 1))2j−3
ρ2j−1t

2αj(Γ(α(j − 2) + 1))2
U(j) = 1

CΓ(α + 1)
(j
t
)
2αj (Γ(α(j − 1) + 1))2
(Γ(α(j − 2) + 1))2

U(j)

∼ α2α

CΓ(α + 1)
(j
t
)
2αj

j3α → 0, t→∞,

because (j/t)2αj converges to zero faster than any negative power of j. As for the second
term in (41), arguing similarly we infer

j2αj

t2αj
U(aj) ∼ (

j

t
)
2αj

Cjα → 0, t→∞.

An application of Markov's inequality completes the proof of Theorem 3.

We are ready to prove Theorem 1.

Proof of Theorem 1. Equality (1) is equivalent to

∣ logPk∣ = ∣ logW1∣ + . . . + ∣ logWk−1∣ + ∣ log(1 −Wk)∣, k ∈ N.

Thus, (∣ logPk∣)k≥1 is a globally perturbed random walk generated by (∣ logW ∣, ∣ log(1 −
W )∣), that is, in the notation of Section 1.2, (ξ, η) = (∣ logW ∣, ∣ log(1 −W )∣).

For j ∈ N and t > 0, put ψj(t) ∶= ∑∣v∣=j 1{P (v)≥1/t} and observe that ψj(n) = Nj(logn)
for j, n ∈ N. We shall use a decomposition

Kn(⌊jnu⌋) = (Kn(⌊jnu⌋) − ψ⌊jnu⌋(n)) + (ψ⌊jnu⌋(n) −∑
r≥1
V⌊jnu⌋−1(logn − Tr)1{Tr≤logn} )

+∑
r≥1
V⌊jnu⌋−1(logn − Tr)1{Tr≤logn} =∶ Y1(n,u) + Y2(n,u) + Y3(n,u).

23



It su�ces to show that, as n→∞,

jαnYi(n,u)
ρ⌊jnu⌋−1(logn)α⌊jnu⌋

PÐ→ 0, i = 1,2, (42)

where
PÐ→ denotes convergence in probability, and

( cjαnY3(n,u)
ρ⌊jnu⌋−1(logn)α⌊jnu⌋

)
u>0

f.d.d.Ð→ (∫
∞

0
e−αuydZ←α (y))

u>0
.

We are going to apply Theorems 2 and 3 and Lemmas 6 and 7. While doing so,
we replace t with logn and choose any diverging positive function t ↦ j(t) satisfying
j(logn) = jn and j(t) = o(tmin( 1

3
, α−β
α−β+1

)) as t → ∞. By Lemma 1, Assumptions A and B
entail (5). With this at hand, relation (42) with i = 2 follows from Theorem 3. The limit
relation involving Y3 is ensured by Theorem 2. In view of Markov's inequality, relation
(42) with i = 1 follows if we can prove that, with u > 0 �xed,

lim
n→∞

jαnE∣Kn(⌊jnu⌋) − ψ⌊jnu⌋(n)∣
ρ⌊jnu⌋−1(logn)α⌊jnu⌋

= 0.

In Section 6 of [9], see the top of p. 21, it was shown that

E∣Kn(⌊jnu⌋) − ψ⌊jnu⌋(n)∣ ≤ n∫
(n,∞)

x−1d(Eψ⌊jnu⌋(x)) + ∫
[1, n]

e−n/xd(Eψ⌊jnu⌋(x)).

By Lemma 7 applied in the particular setting (ξ, η) = (∣ logW ∣, ∣ log(1 − W )∣, so that
V⌊jnu⌋(logx) = Eψ⌊jnu⌋(x) for x ≥ 1, we obtain, as n→∞,

n∫
(n,∞)

x−1d(Eψ⌊jnu⌋(x)) = ∫
(logn,∞)

elogn−xdV⌊jnu⌋(x) = O (V⌊jnu⌋−1(logn))

for each �xed u > 0. The function f de�ned by f(x) = exp(−ex) is decreasing and Lebesgue
integrable on [0,∞). Hence, it is dRi on [0,∞), see, for instance, Lemma 6.2.1 (a) in [18].
By Lemma 6, with the so de�ned f , as n→∞,

∫
[1, n]

e−n/xd(Eψ⌊jnu⌋(x)) = ∫
[0, logn]

exp(−elogn−x)dV⌊jnu⌋(x) = O (V⌊jnu⌋−1(logn))

for each �xed u > 0. Invoking (21) and the assumption on the growth rate of jn which
particularly entails jn = o(logn) as n→∞ we infer

jαnV⌊jnu⌋−1(logn)
ρ⌊jnu⌋−1(logn)α⌊jnu⌋

∼ jαn
(logn)α

→ 0, n→∞

thereby arriving at (42) with i = 1. The proof of Theorem 1 is complete.
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6 Appendix

The following formula is rather standard, see, for instance, formula (A7) in [21].

Lemma 10. Let γ > 0 and η be a positive random variable with the Laplace transform ℓ.
Then

Eη−γ = γ

Γ(1 + γ) ∫
∞

0
sγ−1ℓ(s)ds,

where Γ is the Euler gamma-function. Here, both sides of the equality may be in�nite.

Finally, we give an estimate for the gamma-function.

Lemma 11. For x, y ≥ 0,
Γ(x + 1 + y)
Γ(x + 1)

≤ (x + 1 + y)y. (43)

Proof. If y = 0, the inequality holds trivially. Assume that y ∈ N. Using the equality

Γ(z + 1) = zΓ(z), z > 0, (44)

we obtain
Γ(x + 1 + y)
Γ(x + 1)

= (x + y) ⋅ . . . ⋅ (x + 1) ≤ (x + y)y ≤ (x + 1 + y)y.

Assume now that y ∉ N. Then, by Wendel's inequality [31],

Γ(x + 1 + {y})
Γ(x + 1)

≤ (x + 1){y},

where {y} is the fractional part of y. This in combination with (44) entails1

Γ(x + 1 + y)
Γ(x + 1)

= (x + y) ⋅ . . . ⋅ (x + 1 + {y})Γ(x + 1 + {y})
Γ(x + 1)

≤ (x + y)⌊y⌋(x + 1){y} ≤ (x + 1 + y)y.

Acknowledgement. One of the referees outlined the way towards obtaining a su�cient
condition, which is given in Lemma 2. A comment of the other referee enabled us to
improve our original version of Lemma 11. We gratefully acknowledge the aforementioned
referees' contributions and several additional useful comments. The work of A. Iksanov
was supported by the National Research Foundation of Ukraine (project 2023.03/0059
`Contribution to modern theory of random series').

1A perusal of the proof reveals that, for x ≥ 0, y ≥ 1, Γ(x+1+y)
Γ(x+1)

≤ (x + y)y.
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