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Abstract Buraczewski et al (2023) proved a functional limit theorem (FLT) and
a law of the iterated logarithm (LIL) for a random Dirichlet series Zk22 ij’fiﬂjnk
as s — 0+, where @ > —1/2 and 71, 72, ... are independent identically distributed
random variables with zero mean and finite variance. We prove a FLT and a LIL in
a boundary case « = —1/2. The boundary case is more demanding technically than
the case a > —1/2. A FLT and a LIL for }° # as s — 0+, where the sum is

taken over the prime numbers, are stated as the conjectures.
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1 Introduction

Recently there has been a surge of activity around limit theorems for random
Dirichlet series and their zeros. Throughout the paper, by random Dirichlet
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series, we mean a random series parameterized by s > 0:

(log k)>
Xa(s) =Y 161/7223%’
k>2

where o € R and 7)1, 752, . . . are independent copies of a random variable 1 with
zero mean and finite variance, which live on a probability space (Q, §, P). Since
E[(X4(5))?] < oo for each s > 0 and the summands are independent, the series
defining X, (s) converges almost surely (a.s.) for each s > 0. Furthermore, if
a < —1/2, the series X, (0+4) converges a.s. by the same reasoning. Thus, as
far as limit theorems for X,(s) as s — 0+ are concerned, the case @ < —1/2
is not interesting, hence excluded in the sequel.

The following functional limit theorem (FLT) and law of the iterated loga-
rithm (LIL) were known in the case a > —1/2. We write = for weak conver-
gence in a function space and C(0, co) and C[0, 0o) for the spaces of real-valued
continuous functions defined on (0, 00) and [0, c0), respectively. It is assumed
that the spaces C'(0,00) and C[0, c0) are endowed with the topology of locally
uniform convergence.

Proposition 1. Assume that E[n] = 0, 0 = E[n?] € (0,00) and let a > —1/2.
Then

(sl/2+az (]41;(1);%]26:%)»0 . (a/

k>2 [0,00)

yaeftydB(y)) , s— 0+
t>0

on C(0,00), where (B(y))y>o0 is a standard Brownian motion.

Proposition 1 follows from Corollary 2.3 in [5]. In the cited article, the result
was derived by a specialization of a FLT for X, (s), with a complex-valued 7,
in the space of analytic functions.

For a family (z;) of real numbers denote by C((x;)) the set of its limit
points.

Proposition 2. Assume that E[n] = 0, 0 = E[n?] € (0,00) and let a > —1/2.
Then, almost surely,

22(1 81+2a 1/2 (10g k)a .
C<(<02F(1 + 2a) loglog 1/5> ;;2 ijats kS € (0,e ))> = [-1,1],

where T' is the Fuler gamma function.

Proposition 2 can be found in Theorem 3.1 of [5]. A classical form of the
LIL in terms of limsup and lim inf was earlier obtained in Theorem 1.1 of [2]
in a rather particular case P{n = +1} = 1/2 and « = 0. Nevertheless, we
stress that the work [2] gave impetus to both [5] and the present paper.

Our purpose is to formulate and prove counterparts of Propositions 1 and
2 in a boundary case a = —1/2.

In the case a = 0, real zeros of random Dirichlet series have been in focus
of the recent papers [1, 3, 9] (it is assumed in [9] that the distribution of 7 is
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symmetric ~y-stable for v € (0,2]). In the case @ > —1/2, limit theorems for
complex and real zeros of s — X, (s) were proved in [5]. Although we do not
directly investigate zeros of s — X _/5(s) in the present paper, our LIL stated
in Theorem 2 below entails that, a.s., s = X_1/5(s) has infinitely many real
zeros in any right neighborhood of 0.

2 Main results

We start by stating a FLT for X_;/5(s), properly scaled, as s — 0+. If o >
—1/2, the variance of X, (s) exhibits a polynomial growth, whereas the growth
of Var [X_; 5(s)] is logarithmic. This partly justifies the facts that the scaling
of time in Proposition 1 is st, that is, standard, whereas the scaling of time in
Theorem 1 is st.

Theorem 1. Assume that E[n] =0 and 0 = E[n?] € (0,00). Then

(log k)~1/2
((1og1/5 1/22 E1/2+st 77’“)@0 = (0B(t))i=0, s—0+

on C[0,00), where (B(t))i>0 is a standard Brownian motion.

Observe that the limit process in Theorem 1 is nowhere differentiable a.s.,
whereas the limit process in Proposition 1 is infinitely differentiable a.s. This
distinction is a manifestation of intricacy of the boundary case o = —1/2.

We proceed with a LIL for X_; /5(s) as s — 0+. The FLT given in Theorem
1 was used for guessing the LIL’s form, namely, the factor logloglog 1/s in the
normalization.

Theorem 2. Assume that E[n] =0 and 0 = E[n?] € (0,00). Then

/ —1/2
C’(((2a210g1/s ligloglogl/s)l 2}@2»%% 1S5 € (O,C*e)))

=[-1,1 as. (1)

In particular,

_ 1 1/2 ~ (logk)~1/?

— D DL L S

1Sri(s)1ip log1/s logloglog1/s Z Ki2s RS (207) as. (2)
and

. 1 1/2 ~ (log k)~1/2

— D DL L SRR

Pt log1/s logloglog1/s Z pi/zs Tk (207) as. (3)

Since Var [X_; /5(s)] ~ 0®log1/s as s — 0+ (see the beginning of Section
3), we infer

loglog Var [X_1/5(s)] ~ logloglogl/s, s— 0+,
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where, as usual, f(s) ~ g(s) as s = 0+ means that lims_4(f(s)/g(s)) =
Thus, formulas (2) and (3) are indeed laws of the iterated logarithm.

One of the referees has kindly informed us that the results of Theorems
1 and 2 should hold with 3 # replacing >, ., %nk, where 3
denotes the summation of the prime numbers. Based on this comment we
formulate the following conjectures.

Conjecture 1. Assume that E[n] = 0 and 0 = E[n?] € (0,00). Then

= (0B(t))i>0, s—0+

((1og 1/s) 1/2 Z 1/2+st)t20

on C[0,00), where (B(t))i>o0 is a standard Brownian motion.

Conjecture 2. Assume that E[n] =0 and 0® = E[n?] € (0,00). Then

/
C(((Qozlogl/s li)gloglogl/s)1 2%}317/7;8 e (O,e_e)))

=[-1,1] as.

In particular,

. 1 1/2
lim sup ( ) Z p17/7§+s — (2022 as.
p

s—o+ \logl/slogloglogl1/s

and

1 1/2 n
i )Y I s
peatiys log1/s logloglog1/s ; pl/2+s (207) a-8

At the moment we do not see a way to effectively estimate the difference

> p17§+§ =D k>2 lokgl’fﬂs nk. Thus, Conjectures 1 and 2 do not seem to follow
from Theorems 1 and 2. On the other hand, we think that both conjectures
can be justified by a proper modification of the proofs of Theorems 1 and 2.
Some of the modifications required are non-obvious and need a substantial
technical work. As a consequence, proofs of these conjectures will be given
elsewhere. Once Conjecture 2 has become a theorem, it provides a significant
improvement over Theorem 1.3 in [6].

The remainder of the paper is structured as follows. Theorems 2 and 1 are
proved in Sections 3 and 4, respectively. The reversed order of the proofs is
necessitated by the fact that our proof of Theorem 1 uses some arguments and
calculations from the proof of Theorem 2. At the first glance it looks plausible
that an economical proof of the LIL may be based on a strong approximation
by a Brownian motion of the standard random walk generated by 7, that is,
the random sequence (T,),>0 defined by Ty := 0, T}, := 11 +...+n, forn € N.
In Section 5 we explain that this naive idea fails.
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3 Proof of Theorem 2
Put
ot = B (3 SR 0) ] = o > >0
k>2
We start by showing that g(s) ~ o%log(1/s) as s — 0+. By monotonicity,

* (logz)~! (logk)~' _ (log2)™! [ (logz)”!
/2 1‘1+28 SZ k1+2s S 21+2s + 9 I1+25 .

k>2

Plainly, lim,_,q % = 0. Changing the variable we infer

< (logz)~t /oo eV
o —dy ~ logl/s, s—0-+.
L plt2s 2slog 2 Yy

It is convenient to split the presentation into two pieces. We proceed by
proving one half of Theorem 2. In what follows we write log(3) for logloglog.

Proposition 3. Under the assumptions of Theorem 2,

: 1 1/2 (log k)~*/2 2y1
lim su 2 < (2092 as. 4
0t (log 1/s log!® 1/3) Z EEE (2°) @
and
1 1/2 log k)~1/2
lim inf ( ) Z %nk > — (2012 as. (5)
s=0+ \log1/s log'® 1/s = /2+s

Replacing 7, with 7, /0 we can work under the assumption that o2 = 1.
For s € (0,e7°), put

1 1/2
f9) = ( )
2log1/s log® 1/s
Let M : (0,00) — Ny denote a function satisfying lims_,04+ M (s) = +oo and

M(s)
im =
s—0+log1/s

(6)

Here, as usual, Ny := NU {0}.

In Lemma 1, we remove from the series in focus an initial fragment with
a vanishing contribution. In all the lemmas given below we assume without
further notice that the assumptions of Theorem 2 are in force.

Lemma 1. The following limit relation holds

M(s)

: (logk)~1/2
Jig, S6) 2 S =0 s
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Proof. Recall that To =0 and T}, = n1 +...+n, for n € N. According to the
LIL for standard random walks,

[T < max T}| = O((nloglogn)/?), n—oco as. (7)

Observe that

M(s)

yo losh) 2 / ATy
P k1/2+s e = (372, 21(s) (log z)1/221/2+s

Integrating by parts we obtain

/ (log z)~1/2 T (log M (s)) ™'/ Tys)
(3/2, M(s)]

21/2+s =] — (M (s))1/2+s
(log3/2) /2y /M<S> (log2)*2/2+ (1/2-+ $)(log2) /)T,y
(3/2)1/2+s 3/2 3/2+s ’

Relation (6) entails lim,_,o4 (M (s))® = 1. This in combination with (7) enables
us to conclude that, as s — 0+,

(log M(5)) ™| Targe| _ (log M(5)) /2| Taye)
(M )17+ (M (5))172
= O((log M(s)) /2 (loglog M(5))'/?) = o(1).

Since lims_,o4+ f(s) = 0, the latter ensures that

(log M (s)) /2| Tar(s)| _

A R T e
To complete the proof, it is sufficient to show that
M(s) (loe z)~1/2|T
lim f(s / de =0 as.
s—0+ 3/2 €T

To this end, write

M) (log ) ~/2|T},) |
o P e < T
/3/2 23/2+s T = (kg}\%’((s) |Ti)

/M(s) (log z)71/2 e
3

/2 23/2+s
= O((M(s)loglog M (s))"/*)O(1)
= O((M(s)loglog M(s)/?), s =0+ as.
having utilized (7) for the penultimate equality. Since (6) entails

M (s)loglog M
iy Mol loslog M(s) _
s=0+ Jog1/s log® 1/s

the claim follows. O
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For k € N, p > 0 and s € (0,e7°), define the event

P (kl‘*‘QSlogk;g(S))l/Q}.

A =
(%) {mk‘ ~ loglog1/s log(?’) 1/s

Next, we demonstrate that the second (remaining) part of the series also
vanishes if the variables 7 are properly truncated.

Lemma 2. For all p >0,

. (1og k)—1/2
SE)I(I)1+ Z W‘WUlAk,p(s) =0 as. (8)
k>M(s)+1
and ( -
. log k)~
s1—1>%1+ Z WE[|nk‘1Ak,p(s)] =0. (9)
k>M(s)+1

Proof. Put h(s) := (loglog1/s)(log'® 1/5)'/2. Observe that, for k > 3 and
s >0, k?*logk > 1. Hence, for s € (0,e°),

(log k)~*/
Z k1/2+s |7]k|]lAk,p(5)
k>M(s)+1

|7k
< > 7172 Lk 2 il > p(g(s) /2 (h(s)) =1} S
k>M(s)+1

The assumption E[?] < oo entails limy, ;o k= /?|nx| = 0 a.s. and thereupon
supy>1 (k7 2|nk]) < 0o a.s. Since lim,_, 04 ((g(s))"/2(h(s))~!) = 400, we infer

Lie-172m 1> p(g(s)) 172 (h() =1} < Lsupysy (6=1/2/nkl)>p(g(s))1/2(h(s)) -1} = 0

a.s. for small s. We have proved that the sum in (8) is equal to 0 a.s. for small
enough s.
Relation (9) is justified as follows:

(log k)~ '/
Z k1/2+s E[Ink“lAk,p(s)]

k>M(s)+1
< Y ETVPE[0 s g(s))-1/2n(s) fnf> k7))
k>M(s)+1
L2 (9())~ (h(s))*n?]
<E||n] Z Y2 < 207 En?](g(s)) "2 h(s)
k=1

=201 (g(s))"V2n(s) = 0, s—0+.

The proof of Lemma 2 is complete. O
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In what follows, (A ,(s))¢ denotes the complement of Ay ,(s), that is, for
keN,p>0and s e (0,e°),

p (K logkg(s)\1/?
N .
( k,p( )) {Ink| > loglogl/s( log(?’) 1/5 ) }

Our next result is concerned with the fragment of the series giving the principal
contribution. However, this is a light version of what we really need, for the
convergence here is only along a sequence.

Lemma 3. Fiz any v € (0, (/5 — 1)/2), pick any p = p(7) satisfying
(1=7)(1+7)%(2 = exp(2V2(1 +7)p)) > 1 (10)

and put s, := exp(—exp(n'~7)) for n € N. Then

<14+~ as,

Z (log k) 1/277k p(sn)

lim sup f(sy) /2 5m

e E>M(s,)+1

where Mk, (s) == Mkl(a, () — E[nkﬂ(Ak ()¢ } for k€ N and s € (0,e7°).

Proof. Since (1 —7)(1 +~)? > 1 whenever v € (0, (v/5 — 1)/2), p satisfying
(10) does indeed exist.

Put f*(s) := (2¢(s) log® 1/s)"1/2 for s € (0,e°). Since f*(s) ~ f(s) as
s — 0+, we can and do prove the result, with f* replacing f. Put

o 1/2
X(s) = f*(s) Z a gk])fl/%?zkp( ), s € (0,e7°).

E>M(s)+1

Using e” < 1+ z + (22/2)el*l for € R and E[fj; ,(s)] = 0 we deduce, for
u € R,

Ee X0 = ] E[exp(uf*(s)(l()gk) I/Qmp())}

k1/2+s
k>M(s)+1

u?(f*(s))* (logk)~"
< I (+—7"5%
k> M(s)+1

B[ (50 exp (a7 () L8 sl

The inequality

T,0 ()| < [MelT A, (s))e + EllmelLia,, )]

2pk1/2+s <logkg( )) /2 kl/%a(%)m as., (11)
~ loglog1/5s \1og® 1/5 log'™ 1/ |
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which is valid for integer k£ > 2 and s € (0,e™°), implies that

o (log k)12, (s)] V2plul
o 7 LA (V2L

Together with the inequalities E[(7y,,(s))?] < 1 and 1 + z < e® for « € R this
gives, for u € R,

WX (s u?(f*(s))? (logk)~! V2plu
B0 < [ e (00BN (log(;)’l/'s))

E>M(s)+1

u? \/§ U
< exp ( ©) exp ( (3ﬁ))| | )) (12)
4log'” 1/s log" 1/s

An application of Markov’s inequality yields, for u > 0,

P{X(s,) > 147} < e (HFVUE[enX ()]

e ()

<exp| —(14+7v)u+ ex
( 1+ 4log® 1/s,, log® 1/s,,

Putting u = 2(1 4 v)log® 1/s,, we conclude that

P{X (sn) > 147} < exp(—(1 +7)*(2 — exp(2v2(1 +7)p)) log'¥ 1/s,,)
1
n(1=7)(1+7)2(2—exp(2v2(1+7)p))

Thus, in view of (10), >° -, P{X(s,) > 14~} < o0, and invoking the direct
part of the Borel-Cantelli lemma completes the proof of Lemma 3. O

Now we present our final, and the most involved, preparatory result. It
shows that the convergence along a sequence discussed in Lemma 3 can be
lifted to the full convergence along the real numbers.

Lemma 4. Let (sp)nen be as defined in Lemma 3, where v € (0,1/2), and
M(s) = |log1/s/loglog1/s]| for s € (0,e°). For s € [Sny1,Sn], the following
limit relation holds

: (logk)~!/2 (logk)~/2
nlingof(s)( Z El/zs kT Z B/ 24 smm le) =0 as.
k> M (s)+1 k>M (sp41)+1
Proof. Using the fact that M is a nonincreasing function for the arguments

close to 0, write, for s € [s,,11, 8],

> (log k)~1/2ny > (log k)~1/2ny

k1/2+5 k1/2+5n+1
k>M(s)+1 k>M(spy1)+1
M(snt1) —1/2
(log k) Nk —1/2 1 1
= Z piars T Z (log k) (k1/2+s - /€1/2+s"+1)’7’c
k=M (s)+1 k>M(sp41)+1

=: I, 1(8) + I 2(8).
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ANALYSIS OF I, 1(s). Actually, we shall prove that

lim sup  |[I,1(s)] =0 as.
n—o0 SE[Sn+1,8n]

This relation is even more than we need because lim;_,4 f(s) = 0. We obtain
with the help of summation by parts

La(s) = (log M(Sn"'l))il/zTM(snﬁ) _ (log(M(s) + 1))_1/2TM(S)
n,1 (M (8p41))1/2ts (M(s) + 1)1/2+s
M(sny1)—1 (log k)71/2 (log(k + 1))71/2
+ Z ( - N )Tk‘7
El/2+s (k + 1)1/2+s
k=M (s)+1

where, as before, T,, = 71 + ... + n, for n € N. Invoking formula (7) and
limy, s 00 (M (8p4+1))*"+* = 1 we obtain

(log M(sn+1))_1/2|TM(Sn+1)‘ < (log M(sn+l))_1/2|TM(sn+1)‘

(M (5p41))1/2Fs = (M (5541))/ 25041
N (log M(Sn+1))71/2|T]\/j(sn+1)|
(M(5n+1))1/2

= O((log M (sp41))~"/?(loglog M (sn41))"/%) =0, n—oo as.
By a similar argument we conclude that

i sup (log(M(s) + 1))—1/2|TM(5)| _ 0 s
N o€ fsni1, 5n] (M(s) + 1)1/2+s

Further, for s € [s,,41,s,] and large n,

M(sn+1)-1 (logk)71/2 (10g(k+ 1))71/2 -
Z El/2+s (k+1)1/2+s k

k=M (s)+1

kl/2+s (k+1)1/2+s

M(snt1)—1 ~1/2 ~1/2
S ((logk) (log(k + 1)) )lTk|

k=M (s)+1

< ( sup |T|) s - s
J<M(snin) kzg(;)ﬂ fel/2+ (k + 1)1/2+

(log M (s)) '/ (log M (s,)) /2
< sup |Tj|)——5— < sup [T}
(jSM(Sﬂ,+1) J ) (M(S))1/2+s (jSM(Sn,-H) J )(M(Sn))1/2+5n+1

= O((log M (s,41))"/?(loglog M (s,:1))"?) =0, n—o00 as.

M(sn4+1)—1 ((10gk)1/2 (10g(k+1))1/2>

We have used (7), limy,— 00 (M ($p41)/M(s)) = 1 and limy, o0 (M (85,))%"+ =
1 for the equality.
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ANALYSIS OF I, 2(s). One can show that
1 1

. —1/2
,}LH;O >sup Z (log k) / (k1/2+sn+1 7k1/2+s)|nk|]l{"’7k‘>kl/2 log n}
S=Sn+1 kzM(571+1)+1

=0 as. (13)

and

1 1
) ] —1/2
Jim sup 3, (logh)™ <k1/2+8n+1 - kl/m)
SZSnAL k> M (spy1)+1

X E['nklﬂ{\nk\>k1/2 logn}] =0. (14)

For instance, relation (13) follows from sup;; (k™'/2|ni|) < oo a.s. and

1 1
—1/2
Z (log k) ~*/ (k1/2+8n+1 - k1/2+s)'n’fll{\nkbkl/zlogn}
k>M(sni1)+1

[ |
S D pEleemisn as
B2 M (1) 41

The summands on the right-hand side are equal to 0 for large enough n. Here,
we have used k2sn+1 logk > 1 for k > 3 and n € N. More details can be found
in the proof of Lemma 2.

Put ﬁk(n) = nk]l{\m,\gkl/z logn} — E[nk]l{h’lk‘gkl/Z logn}] for k,n € N. For
n € N and small positive u, put

. (log k) ~'/27jy,(n)
Viw= > pl/24e
k>M(sp41)+1

In view of (13) and (14), it suffices to demonstrate that, for each s € [sn41, Sp];

i f(s,) (¥ (s) = Y (s041)) = 0 s,

n—oo

By a technical reason to be explained below, we shall show that, for each

(S [UnJrl?vn];
lm f(s,)(Yn(v) — Yau(vng1)) =0 as, (15)

n—oo
where Y, (v) := Y} (exp(—1/v)), v, := 1/(log1/s,) = exp(—n'~7) for n € N
and v > 0.
For j € Ny and n € N, put

Fi(n) := {tj m(n) == vp1 +279m(v, —vyp1) : 0 <m < 29},

Note that Fj(n) C Fji1(n) and put F(n) := ;5 Fj(n). The set F(n) is
dense in the interval [v,1,v,]. For any u € [v,41,vs], put

2/ (u— UnJrl)J .

uj = max{v € F;(n) :v <u} =v,1 +277 (v, — vnﬂ){ p—
n — Un+1
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Then limj o u; = u (we omit the dependence on n in the notation) An
important observation is that either u;_1 = u; or uj_1 = u; —277 (vy, — Vpt1)-
Consequently, u; = t;, for some 0 < m < 27/, which implies that either
Uj—1 = tj m O Uj_1 = tj m—1. Since Y,, is a.s. continuous on [v,y1,vy,], we
obtain

Yo (u) = Yo (vng1)| = ll_If& 1Yo (wi) — Yo (vnt1)]

l
= lliglo z;(yn(uj) = Yo (uj—1)) + Yn(uo) — Ya(vn41)
J:
l
< lim max |Yn(tj,m) — Yn(tjymflﬂ

T l—oo — 1<m<27

= Z nax Yoty m) = Yot m-1)l-
20— 7
Thus, our purpose is to prove that, for all € > 0 and sufficiently large ng € N,

> B{Y max f(s)[Yaltim) = Yaltim-1)| > <} < oo
n>ngo j=>0 — -

Put a; := (j+1)279/% for j € Ny. In view of > j>0 @5 < 00, it suffices to show
that, for all € > 0, -

Z ZIE”{ max  f(sp)|Yn(tj,m) — Yau(tj, m-1)| > saj} < 0. (16)

1<m<27
n>ng j>0

Now we proceed similarly to the proof of Lemma 3 and refer to that proof
regarding any missing details. Write, for « € R and sufficiently large n,

E[exp ( T u(Yn(tjm) — Yn(tj,m—l)))]

- E[eXp (iu > (k 1og1k)1/2 (kexp(fll/tj, o kexp(,ll/twm) )ﬁk(n))}
k> M (spi1)+1

u? 1 1 1 2
= H (1 ) 2 klogk (kexp(—l/tmm) B kexp(—l/tj,m—l))
k>M(snt+1)+1

* B[(@(m)? exp ((kloZL)l/z (kexm—ll/tj,m) B kexp(*ll/tj,m—l) )l )

Now we prove that, for large n, all j € Ny and integer m € [0, 27],

. 1 1 1 2
A(J, n) = Z klog k (kcxp —1/tj. m) kcxp(—l/tj,m_l))
E>M(sp41)+1

279 (Un - Un—i—l)

2
anrl
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For fixed a,b > 0, the function x — x~le™*(e™ 9" — e~%*)2 is decreasing on
(1,00). Indeed, = — xze™* is decreasing on (1, 00), and

— min(a,b)x,.—2

T e T (1 . ef(max(a,b)fmin(a,b))x)2

is decreasing on (0, c0) as the product of two positive decreasing functions. As
far as monotonicity of the second function is concerned, observe that, up to a
multiplicative constant, it is the Laplace-Stieltjes transform of the Lebesgue-
Stieltjes convolution of the uniform distribution on [0, 1] with itself. Using
this argument with « = logk, a = exp(—1/t; »,) and b = exp(—1/t; m—_1) we
conclude that the function of argument & under the sum defining A(j,n) is
decreasing, whence

Al < < 1 1 1
(m) < . wlogw (x2exp(—1/tj,m—1) + x2exp(=1/t5,m)
2
T pexp(—1/t;, m,1)+exp(—1/tj,m))dx

o0 —x o0 —xT
:/ e—der/ ¢ dz
2exp(—1/tj, m-1) T 2exp(—1/t;,m) T
o0 —x 1 —x
—2/ e—dac:/ ¢ dz
eXp(_l/tj,mfl)‘i‘eXP(_l/tj,m) z 2eXP(_1/tj,mfl) T

1 —x 1 —x
+/ e—dx — 2/ e—dx.
2exp(—1/t;, m) T exp(—1/tj, m—1)+exp(—1/t; m) T

Put I(y) := [J 27! (1 — e ")dx for y € [0,1] and observe that

1
/ r e "dz = —logy — I(1) + I(y), y € (0,1].
y

The function x — z~(1—e~%) is decreasing on (0, ) as the Laplace-Stieltjes
transform of the uniform distribution on [0, 1]. Hence, I is concave on [0, 1] and
thereupon, for a,b € [0,1], I(2a) 4+ I(2b) — 2I(a + b) < 0. As a consequence,

A(j,n) < —2log2 +

1
o +2log (et e/t
tj,mfl tj,m

St —J —
< tJ7m t]amfl < 2 (U’ﬂ ’Un+1) (17)

)

— 2
tj,m—1lj,m Upg1

which proves the claim.
Next we work towards estimating

. |l 1 1 B
B(u,k,n) := exp ((k log k)1/2 (kexpm/tj,,,m B kexpel/tj,m))'”’“(”)')

for k > M(sp41) + 1. Assume first that 29 > v;fl(vn — Up41). Observe that,
fora>0and 0 < s < t,

0 < exp(—ae™ /%) — exp(—ae™ V") < aexp(—ae™/*)e ™V (1/s — 1/t).
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Using this inequality with a =logk, ¢t = ¢; ,,—1 and s = ¢; ,, we obtain

1 1 !
ogk o 1/tsm (# 1 )
) t

< _ _
= g1 ) pexp(— 1/t m) = gexp(— 1/t o i1 bim

In view of the inequality xe™ %" < (ea)_1 for x > 0 we conclude that the
right-hand side does not exceed

lel/t]‘, m—1—1/tj, m (L _ L)

e tiym—1  ljim

< leXp (2_j (Unz_ Un+1)) 279 (v = Unp1) < 279 (v = Unp1)
€ UnJrl

)

”Uq21+1 N ”Uq21+1

where the last inequality is justified by our present choice of j. Thus,
[ul277logn v, — Vi

(log M (sp1))1/? viiy

whenever k > M (s,11) + 1.
Assume now that 27 <o
trivial estimate

B(u,k,n) < =: Cj(u,n)

;fl(vn — vp41) for nonnegative integer j. Using a

1 1 <1
feexp(—1/tj m—1) o kexp(—1/tj m) —
we infer 1
u|logn
B(u,k,n) < =:Cj
(. kym) < (log M (sp41))'/? ()

whenever k > M(s,41) + 1.
Using now 1 4+ z < e” for x € R we arrive at

E[exp (£ u(Ya(tsm) — Ya(tjm-1)))]

29— —
< exp (gMe@(u,n)), wER.
2 Upaq

By Markov’s inequality and the inequality e“/l < e 4 e=%* for z € R,

P{f(snﬂyn(tj,m) = Yaltjm-1)| > 5aj}

< exp (= u s Elexp(ulYa (. m) = Ya(ti. 1))

f(sn)
S 9 exp ( _ UEQ; ’LL72 273 (Unz— Un+1) eC-7 (u,n)) .
f(s’ﬂ) 2 /Un+1
Put o ) )
u = ﬂ%j*%l and kn = 1 B} Un+1 .
f(80) vn — Vnp1 (f(5n))? vn — Vny1
In view of

1/2
(logM(an))_lm ~ 717’/2—1/27 (1}1)"7211) ~ (1_,}/)—1/2n7/2, n— 50
n — Yn++
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and
11_>Il’1 (IOg 1/Sn)vn+1 =1

we conclude that, for j satisfying 27 > ’u;fl(vn — Unt1)s

Cun) = [ul277logn vy —Unq1 £279/%logn
7 a (log M(Sn+1))l/2 ,U'?l+1 B f(sn)(log M(sn+1))1/2
elogn Un+1

<
= f(sn)(log M(sn41))"/? (vn — vnsa)'/?

— 521/2((10g 1/Sn)vn+1)1/2 (10g(3) 1/371)1/2 lOg n ( Un+1 )1/2
- (log M (sp41))'/2 Un

~ 2272 (logn)3/? = 0, n — oco.

— Un+1

For nonnegative integer j satisfying 27 < v;fl(vn —Unt1), Cj(u,n) admits the
same upper bound:
1 21/2] V7
CJ(’U,,TL) — |u| ogn — — € ogn — n+1
(log M(s0s )72 F(n) (108 M(3051))172 0 — U1
elogn Un41

= F(5m) (108 M52 1)) 72 (0 — g1 12

Therefore, for sufficiently large n such that k, > =2log2 and ¢%i(*™) < 3/2,

— 0, n — oo.

Z]P’{ max  f(sp)|Yn(tj, m) — Ya(tj m—1)| > Eaj}

1<m<2i
7=>0
2exp(—c?k, /4)
< 2]2 1 kn 2kn 4) = ’
;) exp(—&*(j + D) exp (3*hn/4) = 75 s

Since k,, ~ 2n7logn as n — oo, (16) follows.

Now we comment on the reason behind the passage from Y," to Y,, via a
logarithmic transformation. In order to have in the present context a successful
approximation with the help of a dyadic partition of an interval [A,y1, An],
say, the endpoints should satisfy lim, (A, /An+1) = 1. This is the case for
A, = v, and not the case for \,, = s,. O

We are prepared to prove Proposition 3.

Proof of Proposition 3. We only prove (4) because (5) follows from (4) by
replacing 7, with —n. Recall our convention that o2 = 1.

Choose any v > 0 sufficiently close to 0, put s, = exp(—exp(n'=))
for n € N and select p = p(y) such that (10) holds true. Let M(s) =
[log1/s/loglog1/s| for s € (0,e7°). By Lemmas 2 and 3 and the fact that

E[m1(ay sp) = —E[mla, )],

Z (log k)~'/2

lim sup f(sn) Ryl <1+7v as. (18)

nreo k> M (sn)+1
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Lemma 4 in combination with relation (18) secures

log k)~ 1/2
Z (log k)

1/2Ts e <14+ as.

lim sup f(s)

5s—0+ E>M(s)+1

Finally, by Lemma 1,

. (log k)~1/2
limsup f(s —— i < 1+ a.s.,
msup f( ); yereanlll v
which entails (4) because the left-hand side does not depend on ~. O

Proposition 4. Under the assumptions of Theorem 2,

: 1 1/2 o (logk)~1/2 2\1/2
lim sup ( ) g 2 > (2092 as. 19
s—0+ \log1/slog® 1/s =2 gi7zes (20%) (19)
and
o 1 1/2 (log k)~1/2 241/2
—_— . < = .S.
fim ot (log 1/5 log® 1/5) D e S (@077 as (20)

Proposition 4 will be proved by using Lemmas 1 and 2, together with two
additional lemmas. In the first of these, we show that an initial and a final
fragments of the series in question do not contribute to the LIL.

As before, we assume without further notice that the assumptions of The-
orem 2 hold true and that ¢? = 1. When proving Proposition 4 we use the sets
Ay, p(s) and the corresponding variables 7, ,(s) with p = 1.

Lemma 5. Fiz any v > 0 and put s, := exp(—exp(n't7)) for n > 1. Let
N1 and Ny be functions which take positive integer values, may depend on ~y
and satisfy N1(s) > 2 for small positive s, lims_, o (loglog N1(s)/log1/s) =0,
lim,_,0+ (loglog Na(s)/log1/s) =1 and lims_,o4 slog No(s) = 0. Then

Ni(sn) 1/2
: (log k)~
nll)nolo f(sn) 2 Wﬁ}g 1(sp) =0 as. (21)
and i
. log k

k2N2(5n)+1

Proof. As in the proof of Lemma 3, we obtain the result, with f* replacing
f- For s > 0 close to 0, put

Ni(s) —1/2
(log k) /
Z Z k1/2+s nk 1(8)'
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The reasoning used to derive both (21) and (22) is similar to the one applied
in the proof of Lemma 3. Therefore, we give a proof of (21) and indicate the
only minor change needed for a proof of (22).

Regarding (21), in view of the direct part of the Borel-Cantelli lemma, it
is sufficient to demonstrate that, for all € > 0,

> P{Zi(sn) > €} < . (23)

n>1

To this end, we obtain a counterpart of (12), for u € R,

27 w2 Vils) -1
uZ1(s u (f (5)) (logk) \/§|u|
E[e*Z1()] < exp ( 5 E FiTas OXP (log(?’) 1/3))
k=2

For each fixed s > 0, the function z — (log x) "tz =172 is decreasing on (1, 0).
The assumption lim,_, o4 (loglog N1(s)/log1/s) = 0 entails lim,_, o+ slog N1 (s)
= 0. Hence,

Ni(s) _ — s _
i (log k)=t < (log2)~1 +/N1( ) (log z) 1dx
= k1+25 — 21+23 9 .’£1+2S

2slog N1 (s)
=0(1) + / y e ¥dy = O(loglog N1(s)), s—0+. (24)
(2log2)s

Our choice of N; guarantees that there exists an » > 0 close to 0 and such

that
Ni(s)

o —1
PRI

k=2

for small positive s, and also (1—8)(1+7) > 1, where § := r(4e?) " exp(v/2e71)
with ¢ appearing in (23). Then, for v € R and small s > 0,

B 9) < e (TS (VI )y

2 log® 1/s
—oxp (T exp (—20Y)
41og® 1/s log® 1/s//"

Applying Markov’s inequality with u = (1/¢)log"® 1/s,, yields, for large n,

P{Z)(s,) > e} < e “E[e"“Z1(5)] < exp (-(1 —r(4€2)*1e‘/§571) log® 1/sy,)
_ 1
T p=9)+y)’

thereby proving (23) and hence (21).
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The proof of (22) is analogous to that of (21). The corresponding version
of (24) reads

(logh)™ _ [* (loga)~! & L
Z T plt2s = de = yle Vdy = o(1)
k>Na(s)+1 Na(s) 25 log Na(s)
(25)
as s — 0+. O

Lemma 6 treats the component of the series in question which gives a
principal contribution to the LIL. Our proof is based on the converse part
of the Borel-Cantelli lemma, which requires independence. The independence
requirement complicates to some extent a selection of the essential component.

Lemma 6. Fiz sufficiently small § > 0, pick v > 0 satisfying
(1+7)(1—62/8) < 1 and let, as before, 5, = exp(—exp(n'*?)) for n € N.
Then 12

. logk)="/= _

limsup f(sy) Z %nk’l(sn) >1-4 as.

n—00 k>2

Proof. Functions s — loglog Ni(s)/log1/s in Lemma 5 can tend to 0 as fast
as we please. Observe that lim,, o ($,+1/8,) = 00. Thus, we can choose Ny
satisfying

loglog Ny (8p,41) _ loglog N1 (s,,11) log1/s,41
log1/s, log1/sp41 log1/s,

— +00, N — 00.

Let N3 be any function satisfying the assumptions of Lemma 5. Since

log log Na(s,)

=1
n—oco  log1/s, ’

we conclude that there exists ng € N such that

loglog N1 (sn41)  loglog Na(sn)

for all n > ng,

log1/s, —  logl/s,
whence
Ni($p41) > Na(sn), n > ng. (26)
In view of Lemma, 5, it is sufficient to check that
limsup Z5(s,) > 1 -6 as., (27)
n—oo
where, for small s > 0,
N2(s) ~1/2
(log k) ~
Za(s) = [f(s) Z W’ﬂk,l(s)-
k=N1(s)+1

We shall prove that there exists 3 > 0 such that for all s € (0,3),

P{Zs(s) > 1 — 6} > 3~ Le=(1="/8)10a® 1/ (28)
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As a consequence,

1
D P{Za(sn) > 1-0} 237 Y g = o,

n>ni n>nj

where n; > ng is chosen to ensure that s,, < s for n > n;. In view of (26) the

random variables Z3(8y,,), Z2(Sp,+1), ... are independent. Hence, divergence

of the series entails (27) by the converse part of the Borel-Cantelli lemma.
When proving (28) we use the event

Uy = {18 < Za(s) <1} = {(1 = )V (s) <W(s)/(9(s))/* < V(s)},

where V(s) = (2 log® 1/5)1/2 and

NQ(S)

 Zy(s) (logk)~1/2 _
Wis)=Fry = k_g;sm iz (8):

For u € R and small s > 0, let Q5 ,, be a probability measure on (€2, §) defined
by

E[euW(S)/(g(S))l/21A]

Qo) = “paweramn ]

A€S. (29)
Then

E[et(WE)/ 62 =VEN]Q, , (U,) = e~V OE[eW /66D 1, ]
<P(U,) <P{Zs(s) >1—6}. (30)
Now we show that by selecting an appropriate u = u(s) = O((log'® 1/5)1/2),
the expectation on the left-hand side of (30) is bounded from below by
e~ (1=82/8)10g™ 1/5 for small positive s. Also, we shall prove that Q, . (Us) >
1/3, thereby deriving (28).
We start by demonstrating that, with « = O((log® 1/s)/2),

E[e"W (/00" *] o ou/24wh) 5 0y (31)
for some function h satisfying lims_,o4 h(s) = 0. Put

(log k) ~1/2

&r(s) = Wﬁk,l(s), kE>2 se(0,e°).

As a consequence, for u € R,

NQ(S)

uW(s)/(g(s)'? = D ubils). (32)

k=N, (S)+1
According to the second inequality in (11),

|uék(s)] = O(1/loglog1/s) =o(1), s—0+ a.s.
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for each k£ > 2. Using

e =1+x+2%/2+0(z?) and log(l+z)=2+0(?), =—0,

we obtain
1/2 N2(S)
R [en (2)/(a(=)) / ] = Efexp(uéx(s))]
k=N, (s)+1
Na(s)
= I E[+ut(s)+u’G(s)(1/2 + o(1))]
k=N (s)+1
Na(s)
=exp Y log(1+u’E[&(s)(1/2+0(1))])
k=N1(s)+1
N2 (s) Na(s)
—exp (u2(1/240(1) Y EGG]+uto( Y (EE$)?)).
k=N (s)+1 k=N, (s)+1

(33)

Here, we have used the fact that the o(1) term can be chosen nonrandom. In
view of (24) and (25)

NQ(S) —1
log k
Z %Ng(s), s—=>0+.
k:N1(8)+1

The latter, combined with uniformity in the integer k € [N1(s) + 1, Na(s)] of
the limit relation

2
E[7 1 ()] = EmiLia,.sne) — Bl spnel)” — 1, s — 0+,

results in
Nz(s) Ng(s) 1
1 log k
> GOl > SEDCBR.G) o 1 5o+
k=Ni(s)+1 9 k:Nl(S)—‘rl
(34)
Finally,
NQ(S) 2 NQ(S) 2
U log k
@S EEE - Y e B
k=N (s)+1 g k=N (s)+1
u? (log k)~
< ——— =90(1), s—0+ (35
(g(s))2k>N2(I)H ® (1) (35)
ZIN1(8

because both factors converge to 0 as s — 0+. Now relations (33), (34) and
(35) entail (31).
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Formula (31), with u € R fixed, reads lim,_,o+ E[e“W(S)/(g(s))l/z] = ev/2,
which implies a central limit theorem W (s)/(g(s))'/? RN N(0,1) as s — O+.

Here, 4 denotes convergence in distribution and A(0,1) denotes a random
variable with the normal distribution with mean 0 and variance 1.
Passing to the proof of (28), put

u=u(s) =v2(1—68/2)(log® 1/5)"/2.
Formula (31) entails

R[ev(W (5)/(9(s)*=V ()] = o=(1=8%/4)1og™ 1/5-+0(108™) 1/)

> 67(1762/8) log® 1/s (36)
for small s > 0. Now we show that the Qj ,-distribution of

W (s)/(g())"/* = (u+ 2uh(s))

converges weakly as s — 0+ to the P-distribution of A/(0,1). To this end, we
prove convergence of the moment generating functions. Let Eq, , denote the
expectation with respect to the probability measure Q ,. Invoklng (31) we
conclude that, for ¢ € R,

Bl W (5)/(a(s) 7]
B (/5" 7]
=exp ((t+u)?/2+ (t+u)?h(s) — u?/2 — u?h(s) — t(u + 2uh(s)))
= exp ((1/2 + h(s))t*) — exp(t*/2) = Elexp(t N'(0,1))], s—0+.

—t(u+2uh(s))

Eq, , [e!V (/o) =t 2uh (o)) o

As a consequence of the weak convergence, we infer

limsup Qs,u{W(S)/(QC‘S))l/2 <S(@=0)V(s)}

< lim Qo {W(s)/(g(s))"? < u+2uh(s)} = P{N(0,1) < 0} = 1/2.

— s—0+

Further, the relation lims_04(V(s) — (u + 2uh(s))) = 400 entails

Jim @ {W(s)/(9(5))" 2 < V(s)} =1
and thereupon

Qsu(Us) = Qo u{W(s)/(g(s))/* < V(s)}
— Quu{W(s)/(g(s))? < (1 =)V (s)} >1/3 (37)

for small s > 0. Now (28) follows from (30), (36) and (37). The proof of Lemma
6 is complete. O
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Proof of Proposition 4. It suffices to prove (19). To this end, pick suffi-
ciently small § > 0 and v > 0, and let s, = exp(—exp(n!*7)) for n > 1. We
shall invoke a representation

— [(og1/5,)"/?) —1/2
(log k)~'/2 (log k)~
flom) Y e =1len) Y eIk
E>2 k=2
L(log 1/5,)'/2] _
(log k)~1/2
—fsn) Y. 7zren L (an ) — Bl (ay 1 (s0))))

k=2
(logk)~'/2
+ f(sn) Z W(thk,l(sn) —Elmela,(s0)))
k>[(log 1/8n)1/2] +1
(log k)~1/2
+ f(sn) Z W(%lmk,l(sn))c —E[kL i, (sa))<))-

k>2

Here, we have used that E[n] = 0. The first three terms on the right-hand side
converge to 0 a.s. as n — oo by Lemma 1, formula (21) of Lemma 5, with
Ni(s) = M(s) = |(log1/s)"/2], and Lemma 2, respectively. Lemma 6 ensures
that

_ (log k)~ 1/2 . (log k)~'/2

lim su s ~—=————q; > limsup f(s, — . >1—-06 as.
3*)0+p f( ) ICZZZ k1/2+s T]k - n*)oop f( ) kzzz k‘l/2+5n 77k

Sending § to 0+ we arrive at (19). O

Proof of Theorem 2. A combination of Propositions 3 and 4 yields (2) and
(3). To prove (1) we put H := {z € C: Rez > 0} and

(log k)~1/2
X(Z) ::Zw'ﬂk, ZEH,
k>2

and note that the so defined X is a random analytic function, see p. 247 in
[5]- Hence, its restriction to positive arguments

s—= X(s) = Z(log k)_l/Qk:_l/Q_snk

k>2

is a.s. continuous, and so is s — (202log1/s log®® 1/5)~1/2X (s) on (0,e°).
In view of (2) and (3), we obtain (1) with the help of the intermediate value
theorem for continuous functions. O

4 Proof of Theorem 1

It is more convenient to prove the result in an equivalent form

| (logh)/2
(ﬁzmnk)tm = (0B(t))i>0, s— 400

E>2
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on C0,00). Without loss of generality we can and do assume that o2 = 1.

In what follows we write X for X_; /5. We use a standard approach, which
consists of two steps: (a) proving weak convergence of finite-dimensional dis-
tributions; (b) checking tightness.

(a) If t = 0, then, for s > 0, X(e7**) = X(1) = 3, -, (logk)~1/2k=3/2p,, and
s~1/2X (1) converges in probability to B(0) = 0 as s — ~+oo0.

Thus, it suffices to show that, for ¢1,t5 € (0, 00) (we do not need to consider
t=0),

E[X(e7"*)X(e7"%)] ~ min(ty,t2)s, s— 400 (38)
and check the Lindeberg-Feller condition: for all € > 0 and each fixed ¢t > 0,
(log k)~1/2 2
SEIJPOO s ZE |:(k.1/2+exp( ts) nk) ]]'{(105 k)_1/2|77k‘>5k1/2+exp(_t5)51/2}] =0.

(39)
PRrOOF OF (38). Using monotonicity to pass from the series to an integral we
obtain

(log k)~1/2 (log j)~1/2 (log k)~
[1;2 k1/2+exp(—t1s) nk ; i1/24+exp(—tas) i| Z fltexp(—tis)+exp(—ta2s)
J=Z
N 0o (10g y)’l dy — ef(exp(ftls)Jrexp(ftzs))yd
o y1+cxp(—t15)+cxp(—tgs) Y= 1 Y Y

~ —log(e "* +e72%) ~ min(t;,ts)s, s— +o0.

PROOF OF (39). For each k > 2 and each s > 0, (logk)~1/2k—1/2-exp(=ts) <
(log2)~1/? =: 1/A. Hence, the expression under the limit on the left-hand side
of (39) does not exceed

(log k)~
72 L1 +2exp(—ts) E[n? Lgjni>ast/2})-

As shown in the proof of (38), 37, ., (logk) " tk=172exP(=15)  ¢5 as s — +o0.
Further, E[n®] < oo entails lim, s o0 E[n*1 ;> a51/23] = 0. With these at
hand, (39) follows.
(b) We have to prove tightness on C[0,7T] (the set of continuous functions
defined on [0, T) for each T' > 0. Since (B(t)):c[o,r] has the same distribution
as TV2(B(t))ie[o.1], it is enough to investigate the case T' = 1 only.

Let M* : (0,00) — Ny denote a function satisfying lims_, ;oo M*(s) = +c0
and M*(s) = o(s) as s — +o0o. We shall need a relation sup;,«,, |Tx| = O(n'/?)

. .- L. _ d
in probability as n — oo, which is a consequence of n~1/2 maxg<n [Tk| —

|[Normal (0,1)| as n — oo. Repeating the proof of Lemma 1, with the afore-
mentioned limit relation replacing (7), we infer
M(e) (log k) —1/2
lim

s%JrooslﬁtE[O 1] ’ Z k1/2+exp(— K1/2texp(—ts) TF =0 in probability. (40)
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From now on, we choose any particular M* as above, for instance, M*(s) =
|s'/2] and put a(s) := (log M*(s))'/? for s > 0. Arguing as in the proof of
Lemma 2 or in the analysis of I, 2(s) in the proof of Lemma 4 we obtain

(log k)~1/2

lim sup — ||l E/2q(s) =0 as. (41)
s——Fo00 te[0.1] kZM*Z(S)H k1/2+exp(—ts) {Imx[> (s)}

and

. (log k)~'/2
li)m sup Z mE[|ﬁk‘1{lnk‘>kl/2a(s)}] =0. (42)
T ()

Put ’I’)Z(S) = nk]]'{\nk|§k1/2a(s)} — E[Wk]l{\nk\gkl/%(s)}] for ke Nand s > 0
and then

3 (log k) ~"/2nj (s)
kl/2+exp(—ts) ~’
k>M*(s)+1

X*(t,5) = t>0, s>0.

s1/2

In view of (40), (41) and (42) it remains to prove tightness of the distributions
of (X*(t,5))teo,1] for large s > 0. According to formula (7.8) on p. 82 in [4],
it is enough to show that, for all £ > 0,

lim lim sup P{ sup | X" (u,s) — X*(v,s)| > e} =0. (43)

%0 sm00 wwel0,1], [u—v|<2

The proof of (43) follows closely the last part of the proof of Lemma 4. We
use dyadic partitions of [0,1] by points ¢} ,, := 27/m for j € Ny and m =

0,1,...,27. Similarly to the argument preceding formula (16) we infer
sup | X" (u, s) — X*(v, 9)|
u,v€[0,1], lu—v|<2—1%
<20, X5 (8 8) = X* (8501, 5)].
J=n

Thus, it suffices to prove that, for all € > 0,

lim limsup]P’{ max | X*(t% ,,,8) — X*(¢5 ,,_1,9)| > 551/2} = 0.
100 53400 — 1<m<2J > 75
VEC
Put a} := 279/242 for j € Ny. The last limit relation follows if we can show

that, for all € > 0,

lim limsup » P{ max |X*(t%,)— X*(t*, )| >ea’s'/?} =0.
J,m Jym—1 J
Jj=i

=00 53400 “ 1<m<29

Denote by A*(j,s) and B*(u,k, s) the counterparts of A(j,n) and B(u,k,n)
in the present situation. Then A*(j,s) < 277s and, if 2/ > s, B*(u,k,s) <
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[u|279s =: C5(u,s),if 27 < s, B*(j, k,s) < |u] =: C;(u, s). With these at hand
we obtain

* [k ® gk 277 su? C7(u,s)
E[exp (+u(X (t5 mss) — X*(¢] )] §exp(Te i\ ), ueR

J,m—1>»
and thereupon
P{IX* (] 1 8) — X (£ u_1,8)| > cals'/?}
< exp(—ueajs'/?)Elexp(ul X* (£}, ) = X" (], 1, 9)])]

—f an,2
< 2exp ( —ue2 /252512 4 w%ec;(“’s))

Put u = £27/2571/2. Then C}(u,s) < ¢ and further

* (g _ * (K * 1/2
S B{ max (X6 pos) = X7 (8 ur.)| > ajs
Jj>i -
§2exp(5265/2)ZZJ‘e*EQj2 — 0, 1i— o0.
j>i

The proof of Theorem 1 is complete.

5 A failure of approach based on a strong approximation

Our proof of Theorem 2 is quite technical. Naturally we wanted to work out a
less technical argument. One promising possibility has been to exploit a strong
approximation result for centered standard random walks with finite variance,
see, for instance, Theorem 12.6 in [7].

Lemma 7. There exists a standard Brownian motion (W (t))i>o such that
Ty —W(t) =o((t loglogt)'/?), t—o00 as.

Implicit in the preceding proofs is the fact that the principal contribution
to the LIL is made by the fragment of the original series which has the vari-
ance comparable to the variance of the full series. More precisely, one may

—1/2
reduce attention to the sum Zgig\?z(s) %nk, where N7 and N5 are pos-

itive integer-valued functions satisfying lims_,o4 (loglog Ni(s)/log1/s) = 0,
limg_,0+ slog N2(s) = 0 and

lim (loglog No(s)/logl/s) = 1. (44)
s—0+
The reason is that
N3 (s) (logk‘)fl/Q (logk)ﬂ/g
Var( Z Wﬂk) ~ Var <ZWW> ~ logl/s, s— 0+.

k=N, (s) k>2
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We hoped it would be possible to work with Gaussian random variables
—-1/2
given by fNZ(S %dW(x) in place of fN2 ) %dﬂ” Unfortu-

Ni(s)
nately, Lemma 7 does not seem to secure such a possibility. Indeed, after
integrating by parts we intended to show that
N2(s) T — W (x
(s)/ T @)l dez =0 as.

lim f le) — PN
Ni(s) (logx)l/2g3/2+s

s—0+

In view of Lemma 7 the latter would be a consequence of

N3(s) log 1 1/2
lim f(s) / Moglogz) /= 4 (45)

s—0+ Ni(s) (10g9€)1/2x1+5
Since
/ " (ogloga)t/? | 1 /Sl°gN2<s> (log 1/ + log 2)' /%~
Ny(s) (loga)t/2alts ™ 512 J o0 n o) 2172
(loglogNQ( ))1/2 slog N2(s) e
< $1/2 . 7247

2(log Na(s) loglog No(s))/2, s — 0+,

the validity of (45) required lim;_,o4 (log Na(s)/log1/s) = 0, which was in-
compatible with (44).

We note in passing that another strong approximation of (7},),>0, this
time by sums of independent Gaussian random variables, has a better error
the big O of square root, see [8]. Revisiting the calculation above reveals that
this approximation does not seem to help either.
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