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Abstract

We prove a law of the iterated logarithm (LIL) for an infinite sum of independent indi-
cators parameterized by t and monotone in t as t→∞. It is shown that if the expectation
b and the variance a of the sum are comparable, then the normalization in the LIL includes
the iterated logarithm of a. If the expectation grows faster than the variance, while the ratio
log b/ log a remains bounded, then the normalization in the LIL includes the single logarithm
of a (so that the LIL becomes a law of the single logarithm). Applications of our result are
given to the number of points of the infinite Ginibre point process in a disk and the number
of occupied boxes and related quantities in Karlin’s occupancy scheme.
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1 Main results

The main purpose of the article is to prove a law of the iterated logarithm (LIL) for an infinite
sum of independent indicators. Although this problem is interesting on its own, the present
work has originally been motivated by an application of the aforementioned LIL to the number
of points of the infinite Ginibre point process in a disk and the number of occupied boxes and
related objects in Karlin’s occupancy scheme.

Let (A1(t))t≥0, (A2(t))t≥0, . . . be independent families of events defined on a common proba-
bility space (Ω,F ,P). The events Ak(t) and Ak(s), with t 6= s, are dependent. Formally, this fact
will be secured by assumption (A4) stated below. Put X(t) :=

∑
k≥1 1Ak(t) and assume that, for

each t ≥ 0, X(t) <∞ almost surely (a.s.), and moreover b(t) := EX(t) =
∑

k≥1 P(Ak(t)) <∞.
Then also

a(t) := VarX(t) =
∑
k≥1

P(Ak(t))(1− P(Ak(t))) ≤ b(t) <∞.

Actually, according to Lemma 5.1 below, EeθX(t) <∞ for all θ > 0.
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We start by formulating a central limit theorem for X(t). The following assumption is of
principal importance for all our results:

(A1) limt→∞ a(t) =∞.

Proposition 1.1. Suppose (A1). Then (X(t)−EX(t))/(VarX(t))1/2 converges in distribution
as t→∞ to a random variable with the standard normal distribution.

Our next result states that the central limit theorem is accompanied by the convergence of
exponential moments of all orders.

Proposition 1.2. Suppose (A1). Then, for each θ ∈ R,

lim
t→∞

E exp
(
θ
X(t)− EX(t)

(VarX(t))1/2

)
= E exp(θNormal(0, 1)) = exp(θ2/2),

where Normal(0, 1) denotes a random variable with the standard normal distribution.
Also, for each p > 0,

lim
t→∞

E
( |X(t)− EX(t)|

(VarX(t))1/2

)p
= E |Normal(0, 1)|p =

2p/2Γ((p+ 1)/2)

π1/2
, (1)

where Γ is the Euler gamma function.

The proofs of Propositions 1.1 and 1.2 will be given in Section 5.2. These propositions are
by no means new and only given as a precursor of the LIL to be stated below. Not intending to
provide a detailed survey of results related to the two propositions, we only mention that a local
central limit theorem for X(t) and, more generally, the Edgeworth expansions for P{X(t) = k}
as t → ∞, which hold uniformly in k ∈ N0 := {0, 1, 2, . . .}, follow from Theorem 11.1 in [8]; a
precise two-sided Berry-Esseen type estimate for X(t) can be found in formula (17) of [22]; and
an approximation of the distribution of X(t) by two terms of the Edgeworth expansion is given
in [27].

The central limit theorem given in Proposition 1.1 suggests the form of a LIL to be stated
next. To formulate it, we need a set of further assumptions (in addition to (A1)). As usual,
x(t) ∼ y(t) as t→∞ will mean that limt→∞(x(t)/y(t)) = 1.

(A2) There exists a nondecreasing function a0 such that a(t) ∼ a0(t) as t→∞.

(A3) There exists µ∗ ≥ 1 such that b(t) = O((a(t))µ
∗
) as t→∞.

Necessarily, µ∗ ≥ 1, for a(t) ≤ b(t) for t > 0. Put

µ := inf{µ∗ ≥ 1 : b(t) = O((a(t))µ
∗
)}. (2)

Remark 1.3. There are two situations: either the infimum in (2) is attained, that is, the infimum
coincides with the minimum; or the infimum is not attained. The first situation occurs if, for
instance, b(t) ∼ c(a(t))β for some c > 0 and β ≥ 1, in which case µ = β. The second
situation occurs if, for instance, b(t) ∼ (a(t))βf(t) for some f diverging to ∞ and satisfying
f(t) = o((a(t))ε) for all ε > 0, in which case, again, µ = β.
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We write that a function defined on [0,∞) has some property eventually, if it has the property
on [T,∞) for some T ≥ 0. Recall that a positive measurable function `, defined on some
neighborhood of ∞, is called slowly varying at ∞, if limt→∞(`(λt)/`(t)) = 1 for all λ > 0.

(A3 cont.) If µ = 1, we assume that either b is eventually continuous or

lim inft→∞(log b(t− 1)/ log b(t)) > 0

and that
b(t)/a(t) = O(fq(a(t))), t→∞, (3)

where fq(t) = (log t)qL(log t) for some q ≥ 0 with L slowly varying at ∞ and if q > 0,
b(t)/a(t) 6= O(fs(a(t))) for s ∈ (0, q).

In particular, if q = 0 and L(t) converges as t → ∞ to a positive constant, b/a is a bounded
function.

(A4) For each k ∈ N := {1, 2, . . .} and t > s > 0, Ak(s) ⊆ Ak(t).

In particular, b is a nondecreasing function.
In view of (A1) and a(t) ≤ b(t) for t > 0, we infer limt→∞ b(t) =∞. For each % ∈ (0, 1), put

µ% := µ+ % if µ > 1 and q% := q + % if µ = 1. (4)

Assuming (A3), fix any κ ∈ (0, 1), any % ∈ (0, 1) and put

tn = tn(κ, µ) := inf{t > 0 : b(t) > vn(κ, µ)} (5)

for n ∈ N, where vn(κ, 1) = vn(κ, 1, q, %) = exp(n(1−κ)/(q%+1)) and vn(κ, µ) = vn(κ, µ, %) =
nµ%(1−κ)/(µ%−1) for µ > 1. Plainly, the sequence (tn)n∈N is nondecreasing with limn→∞ tn = +∞.

Remark 1.4. In the situation that the infimum in (2) is attained, we could have defined vn(κ, µ)
and tn(κ, µ) with µ replacing µ% if µ > 1 and 0 replacing q% if µ = 1. This possibility will become
clear after an inspection of the proof. For the time being, this can be informally justified as
follows. If the infimum is attained, then b(t) ≤ const (a(t))µ for large1 t, whereas if the infimum
is not attained and µ > 1 (µ = 1), then b(t) ≤ const (a(t))µ% (b(t) ≤ (log a(t))q%a(t)) for each
% ∈ (0, 1) and large t. Our formulation is intended to simplify the subsequent presentation and
avoid dealing with multiple cases.

(A5) For each positive κ sufficiently close to 0 and for each n large enough, there exists
A > 1 and a partition tn = t0, n < t1, n < . . . < tj, n = tn+1 with j = jn satisfying

1 ≤ b(tk, n)− b(tk−1, n) ≤ A, 1 ≤ k ≤ j

and, for all ε > 0,
(
jn exp(−ε(a(tn))1/2)

)
is a summable sequence.

1The phrase ‘for each n (t) large enough’ means that there exists n0 ∈ N (t0 > 0) and we take any n ≥ n0

(t ≥ t0). Analogously, ‘for each positive κ sufficiently close to 0’ means that there exists κ0 > 0 and we take any
κ ∈ (0, κ0).
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Remark 1.5. A sufficient condition for (A5) is that b is eventually strictly increasing and
eventually continuous. Indeed, one can then choose a partition that satisfies, for large n,
b(tk, n)− b(tk−1, n) = 1 for k ∈ N, k ≤ j − 1 and b(tj, n)− b(tj−1, n) ∈ [1, 2). As a consequence,

jn = bvn+1(κ, µ)− vn(κ, µ)c,

and, by Lemma 5.3(b) below, jn = o(a(tn)) as n→∞. The sequence
(
jn exp(−ε(a(tn))1/2)

)
is

summable because a(tn) grows at least polynomially fast.

Assuming (A1) and (A3), fix any γ > 0 and put

τn = τn(γ, µ) := inf{t > 0 : a(t) > wn(γ, µ)} (6)

for large n ∈ N with µ as given in (2). Here, with q as given in (3), wn(γ, 1) = wn(γ, 1, q) =
exp(n(1+γ)/(q+1)) if µ = 1 and wn(γ, µ) = n(1+γ)/(µ−1) if µ > 1.

Now we formulate our remaining assumptions.

(B1) The function a is eventually continuous or limt→∞(log a(t−1)/ log a(t)) = 1 if µ = 1
and limt→∞(a(t− 1)/a(t)) = 1 if µ > 1.

(B2.1) There exist s0 > 0, ς0 > 0 and a family (Rς(t))0<ς<ς0,t>s0 of sets of positive integers
satisfying the following two conditions: for each γ > 0 close to 0 and all 0 < ς < ς0 there
exists n0 = n0(ς, γ) ∈ N such that the sets Rς(τn0(γ, µ)), Rς(τn0+1(γ, µ)), . . . are disjoint;
and

lim
t→∞

Var
(∑

k∈Rς(t) 1Ak(t)

)
VarX(t)

= 1− ς. (7)

(B2.2) There exist s0 > 0 and a family (R0(t))t>s0 of sets of positive integers satisfying
the following two conditions: for each γ > 0 close to 0 there exists n0 = n0(γ) ∈ N such
that the sets R0(τn0(γ, µ)), R0(τn0+1(γ, µ)), . . . are disjoint; and

lim
t→∞

Var
(∑

k∈R0(t) 1Ak(t)

)
VarX(t)

= 1. (8)

We are ready to state a LIL, which is the main result of the present article.

Theorem 1.6. Suppose (A1)-(A5), (B1) and either (B2.1) or (B2.2). Then, with µ ≥ 1 and
q ≥ 0 as defined in (2) and (3), respectively,

lim sup
t→∞

X(t)− EX(t)

(2(q + 1)VarX(t) log log VarX(t))1/2
= 1 a.s.

if µ = 1 and

lim sup
t→∞

X(t)− EX(t)

(2(µ− 1)VarX(t) log VarX(t))1/2
= 1 a.s.

if µ > 1.

Theorem 1.6 will be proved in Section 5.3.

Remark 1.7. A perusal of the proof of Theorem 1.6 reveals that the corresponding lower limits
in Theorem 1.6 are equal to −1 a.s.
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2 A short overview of relevant literature

For history up to 1985 of development of LILs for various stochastic models we refer to an
excellent survey [3].

Now we provide an incomplete list of relatively recent articles, which are concerned with LILs
for infinite sums of deterministically weighted independent and identically distributed random
variables. Let ξ1, ξ2, . . . be independent copies of a random variable ξ with Eξ = 0 and Var ξ ∈
(0,∞). A LIL for a random geometric series

∑
k≥0 b

kηk+1 as b→ 1− was proved in Theorem 1.1
of [6] with the help of classical methods and in Theorem 2.1 of [28] via a strong approximation
argument. See also [10, 11, 26] and Theorem 1(iii) in [18] for various extensions. A LIL for
a random Dirichlet series

∑
k≥2 k

−1/2−s(log k)αξk as s → 0+ was proved in [1] in the case
P{ξ = ±1} = 1/2 and α = 0 and in [7] and [14] in the cases α > −1/2 and α = −1/2,
respectively. One may expect that the asymptotic behavior of the random Dirichlet series with
α = −1/2 mimics that of

∑
p p
−1/2−sξp, where

∑
p denotes the summation over the prime

numbers.
The most relevant to our setting is the article [20]. It proves a LIL for

∑
i∈Z an,iηi as n→∞,

where (an,i)n≥1,i∈Z is a sequence of reals satisfying certain conditions, and . . . , η−1, η0, η1, . . .
are independent random variables with Eηi = 0, Var ηi = σ2 ∈ (0,∞) and supi∈Z E|ηi|r < ∞
for some r > 2. We use in one fragment of our proof the argument worked out in that paper,
see Remark 5.11 for more details. Four LILs for

∑
i≥0 an,iηi as n → ∞, where the weights

(an,i)n≥1,i≥0 relate to the four particular summability methods, can be found in Theorem 2
of [5].

After the present manuscript has been submitted for publication, Iksanov and Kotelnikova
published the article [15], in which Theorem 1.6 was proved under less restrictive assumptions.
Namely, the requirement of monotonicity in assumptions (A2) and (A4) was removed and re-
placed by a weaker condition. Although the argument given in [15] followed, for the most part,
that of the present paper, the technical details were more complicated at places.

3 An application to the Ginibre point processes

Let C and Leb denote the set of complex numbers and the Lebesgue measure on C, respectively.
As usual, we write z̄ for the complex conjugate of z ∈ C. Let Ξ be the infinite Ginibre point
process on C, that is, a determinantal point process with kernel C(z, w) = ezw̄ for z, w ∈ C
with respect to the measure µ defined by µ(dz) := π−1e−|z|

2
Leb(dz) for z ∈ C. This means that

Ξ is a simple point process such that, for any k ∈ N and any mutually disjoint Borel subsets
B1, . . . , Bk of C

E
k∏
i=1

Ξ(Bi) =

∫
B1×...×Bk

det(C(zi, zj))1≤i,j≤k µ(dz1) . . . µ(dzk).

See [2] for detailed information on determinantal point processes and particularly Sections 4.3.7
and 4.7 for a discussion of the Ginibre point processes.

For each t ≥ 0, let Ξ(Dt) denote the number of points of Ξ in the disk Dt := {z ∈ C : |z| <
t1/2}. According to an infinite version of Kostlan’s result [19], stated as Theorem 1.1 in [9], the
process

(Ξ(Dt))t≥0 has the same distribution as N = (N(t))t≥0 =
(∑
k≥1

1{Γk≤t}

)
t≥0

, (9)
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where Γ1, Γ2, . . . are independent random variables and Γk has a gamma distribution with
parameters k and 1, that is,

P{Γk ∈ dx} =
1

(k − 1)!
xk−1e−x 1(0,∞)(x)dx, x ∈ R.

The process N can be thought of as a decoupled version of a Poisson process π on [0,∞) of
unit intensity. The expectations of the two processes coincide EN(t) = Eπt = t for t ≥ 0, but
their variances behave differently. It is shown in Proposition B.1 of [9] that

VarN(t) ∼ (t/π)1/2, t→∞, (10)

whereas Varπt = t for t ≥ 0. In view of (9), (10) and Proposition 1.1, (t/π)−1/4(Ξ(Dt) − t)
converges in distribution to a random variable with the standard normal distribution. Weak con-
vergence of finite-dimensional distributions of (Ξ(Dut))u≥0, properly normalized and centered,
to those of a Gaussian white noise was proved in Proposition 1.3 of [9]. A functional central
limit theorem for (Ξ(Du+t))u≥0, properly normalized and centered, was obtained in Proposition
1.4 of the same paper.

An application of Theorem 1.6 gives, with some additional technical efforts, a LIL for Ξ(Dt).

Theorem 3.1. The number of points of Ξ in the disk Dt satisfies

lim sup
t→∞

Ξ(Dt)− t
t1/4(log t)1/2

=
1

π1/4
a.s.

Theorem 3.1 will be deduced from Theorem 1.6 in Section 6.

4 An application to Karlin’s occupancy scheme

Let (pk)k∈N be a discrete probability distribution with pk > 0 for infinitely many k. We are
interested in an infinite balls-in-boxes scheme which is defined as follows. There are infinitely
many balls and an infinite array of boxes 1, 2, . . .. The balls are allocated, independently of
each other, over the boxes with probability pk of hitting box k, k ∈ N. The scheme is commonly
referred to as Karlin’s occupancy scheme due to Karlin’s article [17], which offered the first
systematic investigation of the scheme. A survey of many results available for the scheme up to
2007 can be found in [13].

In a deterministic version of Karlin’s occupancy scheme the nth ball is thrown at time n ∈ N.
For j, n ∈ N, denote by Kj(n) and K∗j (n) the number of boxes containing at time n at least
j balls and exactly j balls, respectively. In particular, K1(n) denotes the number of occupied
boxes at time n.

Denote by (Sk)k∈N a standard random walk with independent increments having an expo-
nential distribution of unit mean. Put π(t) := #{k ∈ N : Sk ≤ t} for t ≥ 0, so that π := (π(t))t≥0

is a Poisson process on [0,∞) of unit intensity. It is assumed that π is independent of random
variables which represent the indices of boxes hit by the balls 1, 2, . . .

In a Poissonized version of Karlin’s occupancy scheme the nth ball is thrown at time Sn for
n ∈ N, so that there are π(t) balls at time t ≥ 0. For j ∈ N and t ≥ 0, denote by Kj(t) and
K∗j (t) the number of boxes at time t in the Poissonized scheme containing at least j balls and
exactly j balls, respectively. In particular, K1(t) denotes the number of occupied boxes at time
t. For i ∈ N, denote by Yi the index of a box that the ith ball falls into. Also, for k ∈ N and
t ≥ 0, denote by πk(t) the number of balls which fall into the box k in the Poissonized scheme
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at time t. Then πk(t) = #{i ≤ π(t) : Yi = k} and π(t) =
∑

k≥1 πk(t) for all t ≥ 0. The reason
behind introducing the Poissonized version is the thinning property of Poisson processes. Since
the variables Y1, Y2, . . . are independent, and also independent of π, the property ensures that
the processes (π1(t))t≥0, (π2(t))t≥0, . . . are independent, and (πk(t))t≥0 is a Poisson process of
intensity pk. Thus, the numbers of balls which hit distinct boxes are independent, and for each
j ∈ N, the variable Kj(t) is an infinite sum of independent indicators. This is in contrast with
the deterministic version, in which the aforementioned independence is absent. This justifies
a common approach which is exploited when analyzing the deterministic version. First, the
scheme is Poissonized. Then the result in focus, or rather its counterpart, is proved for the
Poissonized scheme. Finally, a transition, called de-Poissonization, is made from the Poissonized
to the deterministic scheme. As far as the quantities introduced above are concerned, a relative
simplicity of the approach is secured by the equalities Kj(t) = Kj(π(t)) for t ≥ 0 a.s. and
Kj(Sn) = Kj(n) for n ∈ N a.s. The latter equality is not as useful as the former, for the process
(Kj(t))t≥0 and the variable Sn are dependent.

Put
ρ(t) := #{k ∈ N : 1/pk ≤ t}, t > 0,

so that ρ is the counting function of the sequence (1/pk)k∈N. Observe that ρ(t) = 0 for t ∈ (0, 1].
Typically, assumptions on the distribution (pk)k∈N are formulated in terms of ρ rather than
the distribution itself. Regular variation of ρ at ∞ of index α ∈ [0, 1] is a standard condition,
sometimes referred to as Karlin’s condition. This means that ρ(t) ∼ tαL(t) as t→∞ for some L
slowly varying at ∞. Comprehensive information about slowly and regularly varying functions
can be found in Section 1 of [4]. The Karlin scheme exhibits different behaviors for α = 0,
α ∈ (0, 1) and α = 1. In view of this the three cases are treated separately in Theorems 4.1, 4.3
and 4.4 (all the theorems will be proved by an application of Theorem 1.6).

To be more precise, Theorem 4.1 is concerned with the situation in which ρ belongs to a
proper subclass of slowly varying functions. We say that ρ belongs to de Haans class Π with the
auxiliary function ` (notation ρ ∈ Π or ρ ∈ Π`) if, for all λ > 0,

lim
t→∞

ρ(λt)− ρ(t)

`(t)
= log λ. (11)

Detailed information about the class Π can be found in Section 3 of [4] and in [12]. In particular,
according to Theorem 3.7.4 in [4], Π is a proper subclass of the class of slowly varying functions.
We note in passing that the definition of a general function belonging to the class Π does not
require the precise growth rate imposed on `, nor even divergence of ` to ∞. For instance,
t 7→ log t is a function of the class Π with the auxiliary function ` ≡ 1. We shall use the
notation ρ ∈ Π`,∞ if ρ belongs to the de Haan class Π with the auxiliary function ` satisfying
limt→∞ `(t) =∞.

Theorem 4.1. Assume that ρ ∈ Π`. If ` in (11) satisfies

`(t) ∼ (log t)βl(log t), t→∞ (12)

for some β > 0 and l slowly varying at ∞, then, for each j ∈ N,

lim sup
t→∞

Kj(t)− EKj(t)

(VarKj(t) log VarKj(t))1/2
=
( 2

β

)1/2
a.s. (13)

If ` in (11) satisfies
`(t) ∼ exp(σ(log t)λ), t→∞ (14)
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for some σ > 0 and λ ∈ (0, 1), then, for each j ∈ N,

lim sup
t→∞

Kj(t)− EKj(t)

(VarKj(t) log log VarKj(t))1/2
=
( 2

λ

)1/2
a.s. (15)

If ρ ∈ Π`,∞ (in particular, in both cases discussed above), then

EKj(t) ∼ ρ(t), t→∞

and

VarKj(t) ∼
(

log 2−
j−1∑
k=1

(2k − 1)!

(k!)222k

)
`(t), t→∞.

Remark 4.2. For the time being, working in the present setting with slowly varying ρ /∈ Π is a
challenging task, for even the large-time asymptotics of t 7→ VarK1(t) is not known.

Theorem 4.3. Assume that, for some α ∈ (0, 1) and some L slowly varying at +∞,

ρ(t) ∼ tαL(t), t→∞.

Then, for each j ∈ N,

lim sup
t→∞

Kj(t)− EKj(t)

(VarKj(t) log log VarKj(t))1/2
= 21/2 a.s., (16)

EKj(t) ∼
Γ(j − α)

(j − 1)!
tαL(t) and VarKj(t) ∼ cjt

αL(t), t→∞,

where Γ is the Euler gamma function and

cj :=
1

(j − 1)!

( 1

2j+1−α

j−1∑
i=0

Γ(i+ j − α)

i!2i
− Γ(j − α)

)
> 0.

Theorem 4.4. Assume that, for some L slowly varying at +∞,

ρ(t) ∼ tL(t), t→∞.

Then, for each j ≥ 2, relation (16) holds,

EKj(t) ∼
1

j − 1
tL(t) and VarKj(t) ∼

(2j − 3)!

((j − 1)!)222j−3
tL(t), t→∞.

If j = 1 and, for each small enough γ > 0,

lim
n→∞

L̂(exp((n+ 1)1+γ))

L̂(exp(n1+γ))
= 0, (17)

where L̂(t) :=
∫∞
t y−1L(y)dy is well-defined for large t, then relation (16) holds with j = 1. If

(17) does not hold, then

lim sup
t→∞

K1(t)− EK1(t)

(VarK1(t) log log VarK1(t))1/2
≤ 21/2 a.s. (18)

In any event
VarK1(t) ∼ EK1(t) ∼ tL̂(t), t→∞.
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Theorems 4.1, 4.3 and 4.4 will be proved in Section 7 by an application of Theorem 1.6.

Remark 4.5. The convergence of the integral defining L̂ which is not obvious will be justified in
the paragraph preceding Lemma 7.3.

Slowly varying L̂ satisfying (17) do exist, for instance, L̂(t) ∼ exp(− log t/ log log t) as t→∞.
In general, such functions should exhibit a very fast decay. In particular, for slowly varying L̂
of moderate decay like L̂(t) ∼ (log t)−β for some β > 0 or fast decay like L̂(t) ∼ exp(−σ(log t)λ)
for some σ > 0 and λ ∈ (0, 1), relation (17) fails to hold.

We do not claim that relation (16), with j = 1, fails to hold whenever so does (17). As
explained in Remark 7.8 the first parts of conditions (B2.1) and (B2.2) of Theorem 1.6, with
the sets Rς(t) and R0(t) chosen in a natural way, do not hold, so that one half of Theorem 1.6
stated as Proposition 5.7 below is not applicable in this case.

Our next purpose is to obtain versions of Theorems 4.1, 4.3 and 4.4 for the deterministic
version of Karlin’s occupancy scheme. It is known (see Lemma 1 in [13]) that the means EKj(n)
and EKj(n) satisfy

lim
n→∞

|EKj(n)− EKj(n)| = 0. (19)

The validity of this relation does not require any specific conditions like regular variation of the
counting function ρ. However, we are not aware of a counterpart of this result for variances.
To fill this gap, we obtain in Proposition 4.6 formula (20) which is crucial for de-Poissonization.
Although (20) is not a precise analogue of (19), it serves our purposes. In the case j = 1 relation
(20) was proved in Lemma 4 of [13] under the sole assumption that either limn→∞VarK1(n) =∞
or limn→∞VarK1(n) =∞. The case j ≥ 2 of Proposition 4.6 seems to be new.

Proposition 4.6. Assume that either ρ ∈ Π`,∞ or ρ is regularly varying at∞ of index α ∈ (0, 1].
Then, for j ∈ N,

lim
n→∞

VarKj(n)

VarKj(n)
= 1. (20)

Given next are LILs for Kj(n), j ∈ N a deterministic scheme version of Kj(t), j ∈ N. The
results will be derived from Theorems 4.1, 4.3 and 4.4 with the help of a de-Poissonization
technique.

Theorem 4.7. Under the assumptions of Theorems 4.1, 4.3 or 4.4, for j ∈ N, limit relations
(13), (15) and (16) hold true with Kj(n), EKj(n) and VarKj(n) replacing Kj(t), EKj(t) and
VarKj(t), and n→∞ replacing t→∞.

5 Proofs of the main results

5.1 Auxiliary results

For k ∈ N and t ≥ 0, put X∗(t) := X(t)− EX(t) and ηk(t) := 1Ak(t)−P(Ak(t)). Note that

X∗(t) =
∑
k≥1

ηk(t), t ≥ 0 (21)

and that η1(t), η2(t), . . . are independent centered random variables.

Lemma 5.1. For any ϑ ∈ R and any t ≥ 0,

E exp(ϑX∗(t)) ≤ exp(2−1ϑ2 exp(|ϑ|)a(t)) (22)

and
E exp(ϑX(t)) ≤ exp((exp(ϑ)− 1)b(t)). (23)
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Proof. Using (21), Eηk(t) = 0 and ex ≤ 1 + x + (x2/2)e|x| for x ∈ R we infer, for ϑ ∈ R and
t ≥ 0,

E exp(ϑX∗(t)) =
∏
k≥1

E exp(ϑηk(t)) ≤
∏
k≥1

(
1 + 2−1ϑ2Eη2

k(t) exp(|ϑ||ηk(t)|)
)
.

In view of |ηk(t)| ≤ 1 a.s., we conclude that exp(|ϑ||ηk(t)|) ≤ exp(|ϑ|). This in combination with∑
k≥1 Eη2

k(t) = a(t) and ex ≥ 1 + x for x ∈ R yields, for ϑ ∈ R and t ≥ 0,

E exp(ϑX∗(t)) ≤
∏
k≥1

(1 + 2−1ϑ2 exp(|ϑ|)Eη2
k(t)) ≤ exp(2−1ϑ2 exp(|ϑ|)a(t)).

Thus, inequality (22) does indeed hold.
Inequality (23) follows from

E exp(ϑX(t)) =
∏
k≥1

E exp(ϑ1Ak(t)) =
∏
k≥1

(1 + (eϑ − 1)P(Ak(t))) ≤ exp
(

(eϑ − 1)
∑
k≥1

P(Ak(t))
)

= exp((eϑ − 1)b(t)).

Corollary 5.2 is an immediate consequence of (23).

Corollary 5.2. Suppose (A4). Then, for ϑ ∈ R and t ≥ s > 0,

E exp
(
ϑ(X(t)−X(s))

)
≤ exp((eϑ − 1)(b(t)− b(s))).

For each B ≥ 0 and each D > 1, put

g1, B(t) := (B + 1) log log t, t > e and gD(t) := (D − 1) log t, t > 1. (24)

Lemma 5.3. Fix any % ∈ (0, 1) and any κ ∈ (0, 1), suppose (A1) and (A3) and let q% and µ%
be as defined in (4).
(a) If µ in (2) is equal to 1, then exp(−g1, q%(a(tn(κ, 1)))) = O(n−(1−κ)) as n→∞, and if µ > 1,

then exp(−gµ%(a(tn(κ, µ)))) = O(n−(1−κ)).
(b) There exists an integer r ≥ 2 such that

((
(vn+1(κ, µ)− vn(κ, µ))/a(tn)

)r)
n∈N is a summable

sequence.

Proof. (a) By (A3) and the definition of tn, for µ = 1,

exp(n(1−κ)/(q%+1)) ≤ b(tn(κ, 1)) = O(a(tn(κ, 1))fq(a(tn(κ, 1)))), n→∞ (25)

and, for µ > 1,

nµ%(1−κ)/(µ%−1) ≤ b(tn(κ, µ)) = O((a(tn(κ, µ)))µ%), n→∞. (26)

Since limt→∞(log fq(t)/ log t) = 0 we infer

exp(−g1, q%(a(tn(κ, 1)))) = (log a(tn(κ, 1)))−(q%+1) = O(n−(1−κ)), n→∞.

Also, for µ > 1,

exp(−gµ%(a(tn(κ, µ)))) = (a(tn(κ, µ)))−(µ%−1) = O(n−(1−κ)), n→∞.
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(b) We first show that if (A3) holds with µ = 1, then

log a(tn(κ, 1)) = O(n(1−κ)/(q%+1)), n→∞. (27)

Indeed, if b is eventually continuous, then b(tn(κ, 1)) = vn(κ, 1) for large enough n, whence
log a(tn(κ, 1)) ≤ log b(tn(κ, 1)) = n(1−κ)/(q%+1) for large n. Assume now that lim inft→∞(log b(t−
1)/ log b(t)) > 0. This in combination with log b(tn(κ, 1)−1) ≤ n(1−κ)/(q%+1) and log a(tn(κ, 1)) ≤
log b(tn(κ, 1)) yields (27).

Observe that, as n→∞,

vn+1(κ, 1)− vn(κ, 1) = exp((n+ 1)(1−κ)/(q%+1))− exp(n(1−κ)/(q%+1))

∼ ((1− κ)/(q% + 1))n((1−κ)/(q%+1))−1 exp(n(1−κ)/(q%+1))

and, for µ > 1,

vn+1(κ, µ)−vn(κ, µ) = (n+1)µ%(1−κ)/(µ%−1)−nµ%(1−κ)/(µ%−1) ∼ (µ%(1−κ)/(µ%−1))n(1−µ%κ)/(µ%−1).

Recall that limt→∞ t
−ρ∗L∗(t) = 0 for any ρ∗ > 0 and any L∗ slowly varying at ∞. This

implies that fq(t) = O((log t)q%) as t → ∞. Using the latter estimate together with (25) and
(27) we infer

1

a(tn(κ, 1))
= O((log a(tn(κ, 1)))q% exp(−n(1−κ)/(q%+1)))

= O(nq%(1−κ)/(q%+1) exp(−n(1−κ)/(q%+1))), n→∞. (28)

If µ > 1, inequality (26) entails

1

a(tn(κ, µ))
= O(n−(1−κ)/(µ%−1))), n→∞. (29)

Summarizing, for µ ≥ 1,

vn+1(κ, µ)− vn(κ, µ)

a(tn)
= O(n−κ), n→∞.

Now the claim of part (b) is justified by choosing any integer r ≥ 2 satisfying rκ > 1.

Lemma 5.4. Fix any γ > 0 and suppose (A1) and (A3). If µ in (2) is equal to 1, then
exp(−g1, q(a(τn(γ, 1)))) = O(n−(1+γ)) as n → ∞, and if µ > 1, then exp(−gµ(a(τn(γ, µ)))) =
O(n−(1+γ)) as n→∞. Assuming additionally that (B1) holds,

exp(−g1, q(a(τn(γ, 1)))) ∼ n−(1+γ) and exp(−gµ(a(τn(γ, µ)))) ∼ n−(1+γ), n→∞

in the cases µ = 1 and µ > 1, respectively.

Proof. The proof of the first part is similar to the proof of Lemma 5.3(a). The proof of the
second part is similar to the proof of (27). Hence, both are omitted.

Lemma 5.5 can be found in Lemma 2 of [21].

Lemma 5.5. Let ξ1, ξ2, . . . be random variables. Fix any N ∈ N and assume that

E|ξl+1 + . . .+ ξm|λ1 ≤ (ul+1 + . . .+ um)λ2 , 0 ≤ l < m ≤ N (30)

for some λ1 > 0, some λ2 > 1 and some nonnegative numbers u1, . . . , uN . Then

E( max
1≤m≤N

|ξ1 + . . .+ ξm|)λ1 ≤ Aλ1, λ2(u1 + . . .+ uN )λ2

for a positive constant Aλ1, λ2.
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5.2 Proofs of Propositions 1.1 and 1.2

Proof of Proposition 1.1. This follows by a standard application of the Lindeberg-Feller theo-
rem. One of the conditions that has to be checked is

lim
t→∞

∑
k≥1

E
(ηk(t))

2

a(t)
1{|ηk(t)|>ε(a(t))1/2} = 0 (31)

for all ε > 0. As |ηk(t)| = |1Ak(t)−P(Ak(t))| ≤ 1 a.s. and a diverges to infinity, the indicator
1{|ηk(t)|>ε(a(t))1/2} is equal to 0 for large t, which entails (31).

Proof of Proposition 1.2. Fix any θ ∈ R. By Proposition 1.1 together with Fatou’s lemma,

lim inf
t→∞

E exp
( θ X∗(t)

(a(t))1/2

)
≥ E exp(θNormal(0, 1)).

Hence, we are left with proving that

lim sup
t→∞

E exp
( θX∗(t)

(a(t))1/2

)
≤ E exp(θNormal (0, 1)) = exp(θ2/2). (32)

Using inequality (22) with ϑ = θ/(a(t))1/2 we obtain

E exp
( θX∗(t)

(a(t))1/2

)
≤ exp

(θ2

2
exp

( |θ|
(a(t))1/2

))
.

Recalling (A1) and letting t tend to ∞ yields (32).
Relation (1) is a consequence of uniform integrability of (|X∗(t)|/(a(t))1/2))t≥s1 for some

s1 > 0, which is implied by (32), and Proposition 1.1.

5.3 Proof of Theorem 1.6

Theorem 1.6 follows from the two propositions given next.

Proposition 5.6. Suppose (A1)-(A5). Then, with µ ≥ 1 and q ≥ 0 as defined in (2) and (3),
respectively,

lim sup
t→∞

X∗(t)

(2(q + 1)a(t) log log a(t))1/2
≤ 1 and lim sup

t→∞

X∗(t)

(2(µ− 1)a(t) log a(t))1/2
≤ 1 a.s.

in the cases µ = 1 and µ > 1, respectively.

Proposition 5.7. Suppose (A1), (A3), (B1) and either (B2.1) or (B2.2). Then, with µ ≥ 1
and q ≥ 0 as defined in (2) and (3), respectively,

lim sup
t→∞

X∗(t)

(2(q + 1)a(t) log log a(t))1/2
≥ 1 and lim sup

t→∞

X∗(t)

(2(µ− 1)a(t) log a(t))1/2
≥ 1 a.s.

(33)
in the cases µ = 1 and µ > 1, respectively.
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Proof of Proposition 5.6. In view of (A2) we can and do assume that a is eventually nonde-
creasing. It suffices to show that, for each % ∈ (0, 1) and each positive κ sufficiently close to
0,

lim sup
n→∞

supu∈[tn, tn+1] X
∗(u)

(2a(tn)h%(a(tn)))1/2
≤ 1 + κ a.s., (34)

where tn = tn(κ, µ) is as defined in (5), h% = g1, q% if µ in (2) is equal to 1 and h% = gµ% if µ > 1
(see (24) for the definitions of g1, q% and gµ%). Indeed, if this is true, then, for large enough n,

X∗(t)

(2a(t)h%(a(t)))1/2
≤

supu∈[tn, tn+1] X
∗(u)

(2a(tn)h%(a(tn)))1/2
≤ 1 + κ a.s.,

whenever t ∈ [tn, tn+1] (the first inequality is the only place of our proof in which condition
(A2) is used).

Relation (34) will be obtained in two steps. First, we shall prove in Lemma 5.8 that

lim supn→∞
X∗(tn)

(2a(tn)h%(a(tn)))1/2
≤ 1 + κ a.s. (35)

Second, we shall show that

lim
n→∞

supu∈[tn, tn+1] |X∗(u)−X∗(tn)|
(a(tn)h%(a(tn)))1/2

= 0 a.s. (36)

Lemma 5.8. Suppose (A1) and (A3). Then relation (35) holds for any κ ∈ (0, (
√

5− 1)/2).

Proof. Fix any κ ∈ (0, (
√

5− 1)/2). We claim that there exists a positive ρ = ρ(κ) satisfying

(1− κ)(1 + κ)2(2− exp(2(1 + κ)ρ)) > 1. (37)

To prove this, observe that (1−κ)(1+κ)2 > 1. Choosing positive ρ sufficiently close to 0, we can
make 2−exp(2(1+κ)ρ) as close to 1 as we wish and particularly ensure that 2−exp(2(1+κ)ρ) >
(1− κ)−1(1 + κ)−2.

Fix any θ ∈ R. Inequality (22) with ϑ = θ/(2a(t)h%(a(t)))1/2 reads

E exp
( θX∗(t)

(2a(t)h%(a(t)))1/2

)
≤ exp

( θ2

4h%(a(t))
exp

( |θ|
(2a(t)h%(a(t)))1/2

))
.

Since h%(a(t))/a(t) ≤ 2ρ2 for large enough t and ρ as in (37), we infer, for such t,

E exp
( θX∗(t)

(2a(t)h%(a(t)))1/2

)
≤ exp

( θ2

4h%(a(t))
exp

( ρ|θ|
h%(a(t))

))
. (38)

By Markov’s inequality, for large n,

P
{ X∗(tn)

(2a(tn)h%(a(tn)))1/2
> 1 + κ

}
≤ e−(1+κ)θE exp

(
θ

X∗(tn)

(2a(tn)h%(a(tn)))1/2

)
≤ exp

(
− (1 + κ)θ +

θ2

4h%(a(tn))
exp

( ρ|θ|
h%(a(tn))

))
.

13



Putting θ = 2(1 + κ)h%(a(tn)) we obtain

P
{ X∗(tn)

(2a(tn)h%(a(tn)))1/2
> 1 + κ

}
≤ exp(−(1 + κ)2(2− exp(2(1 + κ)ρ))h%(a(tn)))

= O
( 1

n(1−κ)(1+κ)2(2−exp(2(1+κ)ρ))

)
.

Here, we have used exp(−h%(a(tn))) = O(n−(1−κ)) as n→∞, see Lemma 5.3(a).
Hence, by (37), ∑

n≥n1

P
{ X∗(tn)

(2a(tn)h%(a(tn)))1/2
> 1 + κ

}
<∞

for some n1 ∈ N large enough, and an appeal to the Borel-Cantelli lemma completes the proof
of Lemma 5.8.

Next, we shall prove a result which is stronger than (36):

lim
n→∞

supu∈[tn, tn+1] |X∗(u)−X∗(tn)|
(a(tn))1/2

= 0 a.s. (39)

Proof of (39). Using a partition tn = t0, n < . . . < tj, n = tn+1 defined in (A5) we obtain

sup
u∈[tn, tn+1]

|X∗(u)−X∗(tn)|

= max
1≤k≤j

sup
v∈[0, tk, n−tk−1, n]

|(X∗(tk−1, n)−X∗(tn)) + (X∗(tk−1, n + v)−X∗(tk−1, n))|

≤ max
1≤k≤j

|X∗(tk−1, n)−X∗(tn)|

+ max
1≤k≤j

sup
v∈[0, tk, n−tk−1, n]

|(X∗(tk−1, n + v)−X∗(tk−1, n))| a.s.

We first show that

lim
n→∞

max1≤k≤j |X∗(tk−1, n)−X∗(tn)|
(a(tn))1/2

= 0 a.s. (40)

To this end, we need two additional auxiliary results.

Lemma 5.9. Suppose (A4). Let r ∈ N and t, s ≥ 0. Then

E(X∗(t)−X∗(s))2r ≤ Cr max(|b(t)− b(s)|r, |b(t)− b(s)|) (41)

for a positive constant Cr which does not depend on t and s.

Proof. In view of the representation

X∗(t)−X∗(s) =
∑
k≥1

(1Ak(t)−P(Ak(t))− 1Ak(s) +P(Ak(s))) =:
∑
k≥1

ηk(s, t),

the variable X∗(t) − X∗(s) is an infinite sum of independent centered random variables with
finite (2r)th moment. If r ≥ 2, then, by Rosenthal’s inequality (Theorem 3 in [23]),

E(X∗(t)−X∗(s))2r ≤ Cr max
((∑

k≥1

E(ηk(s, t))
2
)r
,
∑
k≥1

E(ηk(s, t))
2r
)
.
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If r = 1, then

E(X∗(t)−X∗(s))2 =
∑
k≥1

E(ηk(s, t))
2,

so that the preceding inequality trivially holds with C1 = 1. For any event A,

E(1A−P(A))2r = (1− P(A))2rP(A) + (P(A))2r(1− P(A)) ≤ (1− P(A))P(A) ≤ P(A).

Since, under (A4), ηk(t, s) = 1Ak(t∨s)\Ak(t∧s)−P(Ak(t ∨ s)\Ak(t ∧ s)) we conclude that in this
case, for k ∈ N,

E(ηk(t, s))
2r ≤ P(Ak(t ∨ s)\Ak(t ∧ s)) = |P(Ak(t))− P(Ak(s))|.

This proves (41).

Lemma 5.10. Suppose (A4) and (A5). Then, for any integer r ≥ 2, there exists a positive
constant Ar such that

E( max
1≤k≤j

|X∗(tk−1, n)−X∗(tn)|)2r ≤ Ar(vn+1(κ, µ)− vn(κ, µ))r. (42)

Here, j and (tk, n)0≤k≤j are as defined in (A5), and vn(κ, µ) is as defined in (5).

Proof. We intend to apply Lemma 5.5 with λ1 = 2r, λ2 = r, N = j − 1 and ξk := X∗(tk, n) −
X∗(tk−1, n) for k ∈ N. Let 0 ≤ l < m ≤ j − 1. Recall that (A5) ensures that b(tm,n)− b(tl, n) =∑m

k=l+1(b(tk, n)− b(tk−1, n)) ≥ 1. Using this and Lemma 5.9 we obtain

E|ξl+1 + . . .+ξm|2r = E(X∗(tm,n)−X∗(tl, n))2r ≤ Cr max((b(tm,n)−b(tl, n))r, b(tm,n)−b(tl, n))

= Cr(b(tm,n)− b(tl, n))r =
( m∑
k=l+1

uk

)r
, (43)

that is, inequality (30) holds with uk := C
1/r
r (b(tk, n)− b(tk−1, n)), k ∈ N, k ≤ j − 1, where Cr is

the constant defined in Lemma 5.9. Now (42) is an immediate consequence of Lemma 5.5 and
the definition of tn:

E( max
1≤k≤j

|X∗(tk−1, n)−X∗(tn)|)2r = E( max
1≤k≤j−1

|ξ1 + . . .+ ξk|)2r ≤ A2r, r

( j−1∑
k=1

uk

)r
= A2r, rCr(b(tj−1, n)− b(tn))r ≤ A2r, rCr(vn+1(κ, µ)− vn(κ, µ))r.

Remark 5.11. We have learned the idea of using Lemma 5.5 in the present context from the
proof of Theorem 4 (i) in [20]. The cited result is concerned with an upper half of a LIL for a
rather general discrete-time model and as such cannot be used to prove (39).

An application of Markov’s inequality yields, for any r > 0 and all ε > 0,

P
{

max
1≤k≤j

|X∗(tk−1, n) − X∗(tn)| > ε(a(tn))1/2
}
≤

E(max1≤k≤j |X∗(tk−1, n)−X∗(tn)|)2r

ε2r(a(tn))r
.

In view of Lemma 5.10 and Lemma 5.3(b), there exists an integer r ≥ 2 such that the right-hand
side forms a summable sequence. This in combination with the Borel-Cantelli lemma ensures
(40).
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To complete the proof of (39) it is enough to show that

lim
n→∞

max1≤k≤j supv∈[0, tk, n−tk−1, n] |X∗(tk−1, n + v)−X∗(tk−1, n)|
(a(tn))1/2

= 0 a.s.

Condition (A4) ensures that the process (X(t))t≥0 is a.s. nondecreasing, and the function b is
nondecreasing. Hence,

sup
v∈[0, tk, n−tk−1, n]

|X∗(tk−1, n + v)−X∗(tk−1, n)| ≤ sup
v∈[0, tk, n−tk−1, n]

(X(tk−1, n + v)−X(tk−1, n))

+ sup
v∈[0, tk, n−tk−1, n]

(b(tk−1, n + v)− b(tk−1, n)) ≤ X(tk, n)−X(tk−1, n) + b(tk, n)− b(tk−1, n) a.s.

According to (A1) and (A5)

max1≤k≤j (b(tk, n)− b(tk−1, n))

(a(tn))1/2
≤ A

(a(tn))1/2
→ 0, n→∞.

Finally, for all ε > 0,

P
{

max
1≤k≤j

(X(tk, n)−X(tk−1, n)) > ε(a(tn))1/2
}
≤

j∑
k=1

P
{
X(tk, n)−X(tk−1, n) > ε(a(tn))1/2

}
≤ e−ε(a(tn))1/2

j∑
k=1

EeX(tk, n)−X(tk−1, n) ≤ e−ε(a(tn))1/2
j∑

k=1

exp((e− 1)(b(tk, n)− b(tk−1, n)))

≤ exp(A(e− 1))je−ε(a(tn))1/2 .

We have used Markov’s inequality for the second inequality, Corollary 5.2 for the third and (A5)
for the fourth. The right-hand side is summable in n by another appeal to (A5) and thereupon

lim
n→∞

max1≤k≤j(X(tk, n)−X(tk−1, n))

(a(tn))1/2
= 0 a.s.

by the Borel-Cantelli lemma. This completes the proof of (39) and that of Proposition 5.6.

To unify the subsequent proofs for the cases µ = 1 and µ > 1, we introduce an additional
notation. Put h0 := g1, q if µ defined by (2) is equal to 1 (here, q is as defined in (3)) and
h0 := gµ if µ > 1.

Lemma 5.12. Suppose (A1) and (A3) and let µ ≥ 1 be as given in (2). For large t > 0 and
some ς ∈ [0, 1), let Rς(t) denote a set of positive integers satisfying (7) if ς ∈ (0, 1) and (8) and
Rς(t) 6= N if ς = 0. Then

lim infn→∞
1

(2a(τn)h0(a(τn)))1/2

∑
k∈(Rς(τn))c

ηk(τn) ≥ −(ς(1− γ2))1/2 a.s.,

where τn = τn(γ, µ), with any γ ∈ (0, (
√

5−1)/2), is as defined in (6), and (Rς(τn))c := N\Rς(τn)
denotes the complement of Rς(τn) in N.
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Proof. Fix any γ ∈ (0, (
√

5 − 1)/2). Arguing in the same way as we did when justifying (37),
we prove that there exists a positive ρ = ρ(γ) satisfying

(1− γ2)(1 + γ)(2− exp(2(1− γ2)1/2ρ)) > 1. (44)

For large t, put a∗ς (t) := Var
(∑

k∈(Rς(t))c
1Ak(t)

)
=
∑

k∈(Rς(t))c
E(ηk(t))

2 and then

Z1, ς(t) :=
1

(2a∗ς (t)h0(a(t)))1/2

∑
k∈(Rς(t))c

ηk(t).

In view of (7) or (8) we have to show that

lim sup
n→∞

(−Z1, ς(τn)) ≤ (1− γ2)1/2 a.s.

According to the Borel-Cantelli lemma, the latter is ensured by∑
n≥n1

P{−Z1, ς(τn) > (1− γ2)1/2} <∞ (45)

for some n1 large enough. To this end, we obtain a counterpart of (38), for u ∈ R and t large
enough to ensure h0(a(t))/a∗ς (t) ≤ 2ρ2, where ρ is as in (44),

Eeu(−Z1, ς(t)) ≤ exp
( u2

4h0(a(t))
exp

( ρ|u|
h0(a(t))

))
.

Invoking the Markov inequality with u = 2(1− γ2)1/2h0(a(τn)) and the first part of Lemma 5.4
yields, for large n,

P{−Z1, ς(τn) > (1− γ2)1/2} ≤ e−u(1−γ2)1/2Eeu(−Z1, ς(τn))

≤ exp
(
− (1− γ2)(2− exp(2(1− γ2)1/2ρ))h0(a(τn))

)
= O

( 1

n(1−γ2)(1+γ)(2−exp(2(1−γ2)1/2ρ))

)
.

In view of (44) this entails (45).

Lemma 5.13. Suppose (A1), (A3), (B1) and either (B2.1) or (B2.2) and let µ ≥ 1 be as given
in (2). For sufficiently small δ > 0, pick γ ∈ (0, (

√
5−1)/2) > 0 satisfying (1+γ)(1−δ2/8) < 1.

Then

lim sup
n→∞

1

(2a(τn)h0(a(τn)))1/2

∑
k≥1

ηk(τn) ≥ 1− δ a.s.,

where τn = τn(γ, µ) is as defined in (6).

Proof. We intend to show that

lim sup
n→∞

1

(2a(τn)h0(a(τn)))1/2

∑
k≥1

ηk(τn) ≥ −(ς(1− γ2))1/2 + (1− ς)1/2(1− δ) a.s. (46)

with either any ς > 0 close to 0 which appears in condition (B2.1) or ς = 0 if condition (B2.2)
holds. In the former case the claim of the lemma follows on sending ς to 0+.

For large t, put aς(t) := Var
(∑

k∈Rς(t) ηk(t)
)

. In view of Lemma 5.12 and

lim sup
n→∞

(xn + yn) ≥ lim inf
n→∞

xn + lim sup
n→∞

yn
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which holds true for any numeric sequences (xn) and (yn), relation (46) follows if we can check
that

lim sup
n→∞

Z2, ς(τn) ≥ 1− δ a.s., (47)

where, for large t,

Z2, ς(t) =
1

(2aς(t)h0(a(t)))1/2

∑
k∈Rς(t)

ηk(t).

We shall prove that, for large t,

P{Z2, ς(t) > 1− δ} ≥ 3−1e−(1−δ2/8)h0(a(t)). (48)

By Lemma 5.4, conditions (A1) and (B1) ensure that e−(1−δ2/8)h0(a(τn)) ∼ n−(1+γ)(1−δ2/8) as
n→∞. As a consequence, ∑

n≥n1

P{Z2, ς(τn) > 1− δ} =∞

for some n1 ≥ n0 large enough. In view of the first part of (B2.1) or (B2.2), the random variables
Z2, ς(τn0), Z2, ς(τn0+1), . . . are independent. Hence, divergence of the series entails (47) by the
converse part of the Borel-Cantelli lemma.

As a preparation for the proof of (48), consider the event

U
(ς)
t :=

{
1− δ < Z2, ς(t) ≤ 1

}
=
{

(1− δ)g(t) < Wς(t)/(aς(t))
1/2 ≤ g(t)

}
,

where g(t) :=
(
2h0(a(t))

)1/2
and

Wς(t) :=
∑

k∈Rς(t)

ηk(t).

Recall that s0 is a positive number appearing in the definition of Rς(t), see assumption (B2.1).
Given u ∈ R and large t (that is, t > s0 such that a(t) > 0 and aς(t) > 0) introduce a new
probability measure Qt,u on (Ω,F) by the equality

Qt,u(A) =
E
(

euWς(t)/(aς(t))1/2 1A

)
EeuWς(t)/(aς(t))1/2

=

∫
A euWς(t)/(aς(t))1/2dP∫
Ω euWς(t)/(aς(t))1/2dP

, A ∈ F .

Then, for u ≥ 0,(
Eeu(Wς(t)/(aς(t))1/2−g(t))

)
Qt,u(U

(ς)
t ) = e−ug(t)

∫
U

(ς)
t

euWς(t)/(aς(t))1/2dP

≤ e−ug(t)
∫
U

(ς)
t

eug(t)dP = P(U
(ς)
t ) ≤ P{Z2, ς(t) > 1− δ}. (49)

We shall show that, upon choosing an appropriate positive u = u(t) = O((h0(a(t)))1/2), the
expectation on the left-hand side is bounded by e−(1−δ2/8)h0(a(t)) from below and also prove that

Qt,u(t)(U
(ς)
t ) ≥ 1/3, thereby deriving (48).

First, we check that, with u(t) = O((h0(a(t)))1/2), u(t) ∈ R (thus, for the time being, we do
not assume that u(t) takes positive values),

Eeu(t)Wς(t)/(aς(t))1/2 = e(u(t))2/2+(u(t))2h(t), t→∞ (50)
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for some function h satisfying limt→∞ h(t) = 0. To this end, put

ξk(t) :=
ηk(t)

(aς(t))1/2

and recall that ηk(t) := 1Ak(t)−P(Ak(t)). Since |ηk(t)| ≤ 1 a.s.,

|u(t)ξk(t)| = O
((h0(a(t))

aς(t)

)1/2)
= o(1), t→∞ a.s.

uniformly in k. Recalling the asymptotic expansions

ex = 1 + x+ x2/2 + o(x2) and log(1 + x) = x+O(x2), x→ 0,

we infer

Eeu(t)Wς(t)/(aς(t))1/2 =
∏

k∈Rς(t)

E exp(u(t)ξk(t))

=
∏

k∈Rς(t)

E
(
1 + u(t)ξk(t) + (u(t))2(ξk(t))

2
(
1/2 + o(1)

))
= exp

( ∑
k∈Rς(t)

log
(
1 + u(t)2E(ξk(t))

2
(
1/2 + o(1)

)))
= exp

(
(u(t))2

(
1/2 + o(1)

) ∑
k∈Rς(t)

E(ξk(t))
2 + (u(t))4O

( ∑
k∈Rς(t)

(E(ξk(t))
2)2
))
. (51)

Since, for large t, ∑
k∈Rς(t)

E(ξk(t))
2 =

∑
k∈Rς(t) E(ηk(t))

2

aς(t)
= 1

and E(ηk(t))
2 ≤ 1, we conclude that

(u(t))2
∑

k∈Rς(t)

(E(ξk(t))
2)2 = O(h0(a(t)))

∑
k∈Rς(t) E(ηk(t))

2

(aς(t))2
= o(1), t→∞

having utilized (7) or (8) for the last equality. Now (51) entails (50).
Observe that, with u ∈ R fixed, formula (50) reads

lim
t→∞

EeuWς(t)/(aς(t))1/2 = eu
2/2,

which implies a central limit theorem Wς(t)/(aς(t))
1/2 d−→Normal(0, 1) as t → ∞. Here, as

before, Normal(0, 1) denotes a random variable with the standard normal distribution.

We are ready to prove (48). Recall that g(t) =
(
2h0(a(t))

)1/2
and put

u(t) = (1− δ/2)g(t) = O((h0(a(t)))1/2).

Formula (50) implies that

Eeu(t)(Wς(t)/(aς(t))1/2−g(t)) = e−(1−δ2/4)h0(a(t))+o(h0(a(t))) ≥ e−(1−δ2/8)h0(a(t)) (52)
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for large t. Next, we intend to show the Qt,u(t)-distribution of Wς(t)/(aς(t))
1/2−(u(t)+2u(t)h(t))

converges weakly as t→∞ to the P-distribution of Normal(0, 1). To this end, we prove conver-
gence of the moment generating functions. Let EQt,u(t) denote the expectation with respect to
the probability measure Qt,u(t). Using (50) we obtain, for r ∈ R,

EQt,u(t)e
r(Wς(t)/(aς(t))1/2−(u(t)+2u(t)h(t))) =

Ee(r+u(t))Wς(t)/(aς(t))1/2

Eeu(t)Wς(t)/(aς(t))1/2
e−r(u(t)+2u(t)h(t))

= exp
(
(1/2)(r + u(t))2 + (r + u(t))2h(t)− (1/2)u2(t)− u2(t)h(t)− r(u(t) + 2u(t)h(t))

)
= exp

(
(1/2 + h(t))r2

)
→ exp((1/2)r2) = E exp(rNormal(0, 1)), t→∞.

The weak convergence ensures that

lim supt→∞Qt,u(t)

{
Wς(t)/(aς(t))

1/2 ≤ (1− δ)g(t)
}

≤ lim
t→∞

Qt,u(t)

{
Wς(t)/(aς(t))

1/2 ≤ u(t) + 2u(t)h(t)
}

= P{Normal (0, 1) ≤ 0} = 1/2.

Since limt→∞(g(t)− (u(t) + 2u(t)h(t))) = +∞, we also have

lim
t→∞

Qt,u(t)

{
Wς(t)/(aς(t))

1/2 ≤ g(t)
}

= 1.

Summarizing,

Qt,u(t)(U
(ς)
t ) = Qt,u(t)

{
Wς(t)/(aς(t))

1/2 ≤ g(t)
}
−Qt,u(t)

{
Wς(t)/(aς(t))

1/2 ≤ (1− δ)g(t)
}
≥ 1/3

(53)
for large t. Now (48) follows from (49), (52) and (53). The proof of Lemma 5.13 is complete.

Proof of Proposition 5.7. Given sufficiently small δ > 0 pick γ ∈ (0, (
√

5 − 1)/2) satisfying
(1 + γ)(1− δ2/8) < 1. Then

lim supt→∞
X∗(t)

(2a(t)h0(a(t)))1/2
≥ lim supn→∞

X∗(τn)

(2a(τn)h0(a(τn)))1/2
≥ 1− δ a.s.,

where the second inequality is secured by Lemma 5.13. Now (33) follows upon letting δ tend to
0+.

6 Proof of Theorem 3.1

In view of (9) it suffices to prove that

lim sup
t→∞

N(t)− t
t1/4(log t)1/2

=
1

π1/4
a.s.

Recalling (10) and that EN(t) = t for t > 0 this is equivalent to

lim sup
t→∞

N(t)− EN(t)

(2VarN(t) log VarN(t))1/2
= 1 a.s. (54)

Since N(t) is the sum of independent indicators, we intend to apply Theorem 1.6. While
condition (A4) holds trivially, conditions (A1), (A2) and (A3), with µ = 2, are secured by (10).
Since the function b (b(t) = t) is strictly increasing and continuous, condition (A5) holds by a
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sufficient condition given in Remark 1.5. The first part of condition (B1) is secured by continuity
of t 7→ VarN(t) =

∑
k≥1 P{Γk ≤ t}P{Γk > t}.

Checking condition (B2.1) requires some preparation. Recall that a random variable Yν, t
has a discrete Bessel distribution with parameters ν > −1 and t > 0 if

P{Yν, t = n} =
1

Iν(t)n!Γ(n+ ν + 1)

(
t

2

)2n+ν

, n ∈ N0,

where Γ is the Euler gamma function and Iν is the modified Bessel function of the first kind
given by

Iν(t) =
∑
n≥0

1

n!Γ(n+ ν + 1)

(
t

2

)2n+ν

, ν > −1, t > 0.

We shall need a central limit theorem for Yν, t, properly normalized and centered.

Lemma 6.1. The variables 2t−1/2(Yν, t − t/2) converge in distribution as t → ∞ to a random
variable with the standard normal distribution.

Remark 6.2. The centering and the normalization used in Lemma 6.1 can be replaced with EYν, t
and (VarYν, t)

1/2, respectively. The equalities

EYν, t = tRν(t)/2 and VarYν, t = t2Rν(t)(Rν+1(t)−Rν(t))/4 + tRν(t)/2, ν > −1, t > 0,

with Rν(t) := Iν+1(t)/Iν(t), can be checked directly or found in formula (2.1) of [24]. Using
these in combination with

lim
t→∞

t(1−Rν(t)) = ν + 1/2 (55)

we infer
EYν, t = t/2− (ν + 1/2)/2 + o(1) and VarYν, t ∼ t/4, t→∞

thereby justifying the claim.
Relation (55) can be derived with some efforts from formula (9.13.7) on p. 167 in [25], which

provides a series representation of the modified Bessel function Iν . We note in passing that
formula (A.3) in [24] which states that limt→∞ t(1−Rν(t)) = 2ν + 1 seems to be incorrect.

Proof. Observe that Yν, t has finite exponential moments of all orders: for p ∈ R,

EepYν, t =
∑
n≥0

epn

Iν(t)n!Γ(n+ ν + 1)

(
t

2

)2n+ν

=
e−νp/2

Iν(t)

∑
n≥0

1

n!Γ(n+ ν + 1)

(ep/2t

2

)2n+ν
=

e−νp/2Iν(ep/2t)

Iν(t)
<∞.

(56)

It is known (see, for instance, formula (9.13.7) on p.167 in [25]) that, for ν > −1,

Iν(t) ∼ et√
2πt

, t→∞. (57)

To prove the lemma, it suffices to show convergence of moment generating functions. To this
end, write, for p ∈ R,

E exp
(

2pt−1/2Yν, t−pt1/2
)

= exp(−p(t1/2 +νt−1/2))
Iν(ept

−1/2
t)

Iν(t)
∼ exp(−pt1/2 + ept

−1/2
t− t)

∼ exp(−pt1/2 + (pt−1/2 + p2t−1/2)t) = exp(p2/2) = E exp(pNormal(0, 1)), t→∞
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having utilized (57) for the first asymptotic equivalence and Taylor’s expansion for the second.

Now we state a lemma designed to check that relation (7) (the second part of condition
(B2.1)) holds.

Lemma 6.3. Fix any ς ∈ (0, 1). Then there exists the unique x > 0 such that

Var
( bt+xt1/2c∑
k=bt−xt1/2c

1{Γk≤t}

)
∼ (1− ς)VarN(t), t→∞.

Proof. Given x > 0 put c(t, x) := bt− xt1/2c − 1 for large t ensuring that c(t, x) ≥ 2.
We first note that

Var
( c(t,x)∑
k=1

1{Γk≤t}

)
=

c(t,x)∑
k=1

P{Γk ≤ t}P{Γk > t}.

Using

P{Γk ≤ t} = 1− e−t
k−1∑
j=0

tj

j!
, t ≥ 0,

we obtain

Var
( c(t,x)∑
k=1

1{Γk≤t}

)
=

c(t,x)∑
k=1

k−1∑
j=0

e−t
tj

j!

∑
i≥k

e−t
ti

i!

= e−2t

c(t,x)−1∑
j=0

c(t,x)∑
k=j+1

∑
i≥k

ti+j

i!j!

= e−2t

c(t,x)−1∑
j=0

∑
i≥j+1

min(i, c(t,x))∑
k=j+1

ti+j

i!j!

= e−2t

c(t,x)−1∑
j=0

c(t,x)∑
i=j+1

(i− j) t
i+j

i!j!
+ e−2t

c(t,x)−1∑
j=0

∑
i≥c(t,x)+1

(c(t, x)− j) t
i+j

i!j!

=: A(t, x) +B(t, x).

We proceed by analyzing A:

A(t, x) = e−2t

c(t,x)−1∑
j=0

tj

j!

c(t,x)∑
i=j+1

ti

(i− 1)!
− e−2t

c(t,x)−1∑
j=1

tj

(j − 1)!

c(t,x)∑
i=j+1

ti

i!

= e−2t

c(t,x)−1∑
j=0

tj

j!
· t ·

c(t,x)−1∑
i=j

ti

i!
− e−2t

c(t,x)−2∑
j=0

tj

j!
· t ·

c(t,x)∑
i=j+2

ti

i!

= e−2t tc(t,x)−1

(c(t, x)− 1)!
· t · tc(t,x)−1

(c(t, x)− 1)!
+ e−2t

c(t,x)−2∑
j=0

t2j+1

(j!)2
+ e−2t

c(t,x)−2∑
j=0

t2j+2

j!(j + 1)!

− e−2t

c(t,x)−2∑
j=0

tj+1

j!

tc(t,x)

(c(t, x))!
=: A1(t, x) +A2(t, x) +A3(t, x)−A4(t, x).
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By Stirling’s formula, the definition of c and Taylor’s expansion of y 7→ − log(1− y),

e−t
tc(t,x)−1

(c(t, x)− 1)!
∼ exp(−t+ (t− xt1/2) log t− (t− xt1/2) log(t− xt1/2) + t− xt1/2)

(2πt)1/2

=
exp(−xt1/2 − (t− xt1/2) log(1− xt−1/2))

(2πt)1/2
∼ e−x

2/2

(2πt)1/2
, t→∞. (58)

With this at hand, we infer

A1(t, x) = O(1) = o(VarN(t)), t→∞.

As a preparation for what follows, we note that, by Lemma 6.1,

P{Y0, 2t ≤ c(t, x)− 2} = P
{

(2t−1)1/2(Y0, 2t − t) ≤ −21/2x+ o(1)
}
→ Φ(−21/2x), t→∞,

where Φ is the distribution function of Normal(0, 1). Using this in combination with (57) we
obtain

A2(t, x) = e−2ttI0(2t)P{Y0, 2t ≤ c(t, x)− 2} ∼ Φ(−21/2x)

2π1/2
t1/2, t→∞

and

A3(t, x) = e−2ttI1(2t)P{Y1, 2t ≤ c(t, x)− 2} ∼ Φ(−21/2x)

2π1/2
t1/2, t→∞.

By the central limit theorem for standard random walks,

P{Γc(t,x) > t} = P
{Γc(t,x) − c(t, x)

(c(t, x))1/2
>

t− c(t, x)

(c(t, x))1/2

}
→ P{Normal(0, 1) > x} = Φ(−x), t→∞.

(59)
This together with (58) yields

A4(t, x) = tP{Γc(t,x)−1 > t}e−t tc(t,x)

(c(t, x))!
∼ e−x

2/2Φ(−x)

(2π)1/2
t1/2, t→∞.

Left with analyzing B we first obtain the following decomposition:

B(t, x) = c(t, x)e−2t

c(t,x)−1∑
j=0

tj

j!

∑
i≥c(t,x)+1

ti

i!
− te−2t

c(t,x)−2∑
j=0

tj

j!

∑
i≥c(t,x)+1

ti

i!

= c(t, x)e−t
tc(t,x)−1

(c(t, x)− 1)!

∑
i≥c(t,x)+1

e−t
ti

i!
− (t− c(t, x))

c(t,x)−2∑
j=0

e−t
tj

j!

∑
i≥c(t,x)+1

e−t
ti

i!

= c(t, x)e−t
tc(t,x)−1

(c(t, x)− 1)!
P{Γc(t,x)+1 ≤ t} − (t− c(t, x))P{Γc(t,x)−1 > t}P{Γc(t,x)+1 ≤ t}

=: B1(t, x)−B2(t, x).

By the same argument as used for the analysis of A4 we infer

B1(t, x) ∼ e−x
2/2Φ(x)

(2π)1/2
t1/2, t→∞.

Finally, by (59),
B2(t, x) ∼ xΦ(−x)Φ(x)t1/2, t→∞.
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Combining all the fragments together we arrive at

Var
( c(t,x)∑
k=1

1{Γk≤t}

)
∼ t1/2

(Φ(−21/2x)

π1/2
− e−x

2/2Φ(−x)

(2π)1/2
+

e−x
2/2Φ(x)

(2π)1/2
−xΦ(−x)Φ(x)

)
, t→∞.

Arguing similarly we also conclude that, with d(t, x) := bt+ xt1/2c, as t→∞,

Var
( d(t,x)∑

k=1

1{Γk≤t}

)
∼ t1/2

(Φ(21/2x)

π1/2
− e−x

2/2Φ(x)

(2π)1/2
+

e−x
2/2Φ(−x)

(2π)1/2
+ xΦ(−x)Φ(x)

)
and thereupon

Var
( d(t,x)∑
k=c(t,x)+1

1{Γk≤t}

)
∼ (t/π)1/2

(
Φ(21/2x)−Φ(−21/2x)− 21/2e−x

2/2Φ(x) + 21/2e−x
2/2Φ(−x) + 2π1/2xΦ(−x)Φ(x)

)
.

In view of (10) it remains to show that given ς ∈ (0, 1) there exists the unique x > 0 such
that

f(x) := Φ(21/2x)−Φ(−21/2x)− 21/2e−x
2/2Φ(x) + 21/2e−x

2/2Φ(−x) + 2π1/2xΦ(−x)Φ(x) = 1− ς.

Since f ′(x) = 2π1/2Φ(−x)Φ(x), the function f is increasing on [0,∞). Also, it is continuous
with f(0) = 0 and limx→∞ f(x) = 1. The stated properties of f justify the claim.

Fix any ς ∈ (0, 1) and put Rς(t, x) := {k ∈ N : c(t, x) < k ≤ d(t, x)} with c(t, x) =
bt − xt1/2c − 1 and d(t, x) = bt + xt1/2c. Here, x is the unique positive number, for which the
asymptotic relation of Lemma 6.3 holds. In particular, this verifies (7), which is one part of
condition (B2.1).

Further,

c(τn+1, x) + 1− d(τn, x) ≥ τn+1 − τn − x(τ
1/2
n+1 + τ1/2

n )− 1 =
(
τ

1/2
n+1 + τ1/2

n

)(
τ

1/2
n+1 − τ

1/2
n − x

)
− 1.

By Proposition B.1 in [9], VarN(t) = te−2t(I0(2t) + I1(2t)) for t > 0. Using formula (9.13.7) on
p. 167 in [25] we infer

VarN(t) =
( t
π

)1/2
− 1

16(πt)1/2
+ o(t−1/2), t→∞.

Recalling that wn(γ, 2) = n1+γ we infer τ
1/2
n = (τn(γ, 2))1/2 = π1/2n1+γ + O(1) as n → ∞ and

thereupon

τ
1/2
n+1 − τ

1/2
n = π1/2(1 + γ)nγ +O(1), n→∞.

As a consequence,
lim
n→∞

(c(τn+1, x) + 1− d(τn, x)) = +∞,

whence d(τn, x) < c(τn+1, x) + 1 for large enough n. This proves that there exists n0 ∈ N such
that the sets Rς(τn0 , x), Rς(τn0+1, x), . . . are disjoint, that is, the second part of condition (B2.1)
holds true.

Now (54) is secured by Theorem 1.6.
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7 Proofs related to Karlin’s occupancy scheme

7.1 Auxiliary results

We shall need several preparatory results.

Lemma 7.1. (a) Let a function x be regularly varying at ∞ of negative index and y any positive
function satisfying limt→∞ t

−1y(t) =∞. Then

lim
t→∞

x(y(t))

x(t)
= 0.

(b) Let a function x be regularly varying at ∞ of positive index and y any positive function
satisfying limt→∞ t

−1y(t) = 0. Then

lim
t→∞

x(y(t))

x(t)
= 0.

Proof. (a) By Theorem 1.5.3 [4], there exists a nonincreasing function x1 such that x(t) ∼ x1(t)
as t→∞. Also, for each c > 0, y(t) ≥ ct for large enough t and thereupon

0 ≤ lim sup
t→∞

x(y(t))

x(t)
= lim sup

t→∞

x1(y(t))

x1(t)
≤ lim sup

t→∞

x1(ct)

x1(t)
= cβ,

where β is the (negative) index of regular variation. Sending c→∞ finishes the proof.
The proof of part (b) is analogous, hence omitted.

Lemma 7.2. (a) Conditions (11) and (12) entail

ρ(t) ∼ (β + 1)−1(log t)β+1l(log t), t→∞. (60)

(b) Conditions (11) and (14) entail

ρ(t) ∼ (σλ)−1 exp(σ(log t)λ)(log t)1−λ, t→∞. (61)

Proof. (a) By Theorem 3.7.3 in [4],

ρ(t) ∼
∫ t

e
y−1`(y)dy ∼

∫ t

e
y−1(log y)βl(log y)dy =

∫ log t

1
yβl(y)dy, t→∞.

Relation (60) now follows by an application of Karamata’s theorem (Proposition 1.5.8 in [4]).
(b) By the same reasoning as above

ρ(t) ∼
∫ t

e
y−1`(y)dy ∼

∫ t

e
y−1 exp(σ(log y)λ)dy =

∫ log t

1
exp(σyλ)dy, t→∞.

An application of L’Hôpital’s rule yields (61).

In the case α = 1 treated by Theorem 4.4, that is, ρ(t) ∼ tL(t) as t → ∞, a slowly varying
function L cannot be arbitrary. Indeed, according to Lemma 3 in [17]

lim
t→∞

t−1ρ(t) = 0 (62)
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and
∫∞

1 y−2ρ(y)dy ≤ 1. As a consequence, limt→∞ L(t) = 0 and, for each c > 0,
∫∞
c y−1L(y)dy <

∞. The latter entails that the function L̂(t) =
∫∞
t y−1L(y)dy is well-defined for large t. Obvi-

ously limt→∞ L̂(t) = 0. It is known (see, for instance, Proposition 1.5.9b in [4]) that L̂ is slowly
varying at ∞ and that

lim
t→∞

L(t)

L̂(t)
= 0. (63)

Lemma 7.3. If ρ(t) ∼ tL(t) as t→∞ for some slowly varying L, then

t−1

∫ ∞
0

y−2e−1/yρ(ty)dy ∼
∫ ∞
t

y−1L(y)dy, t→∞.

Proof. It suffices to prove that, as t→∞,

t−1

∫ 1

0
y−2e−1/yρ(ty)dy = o(L̂(t)) and t−1

∫ ∞
1

y−2(1− e−1/y)ρ(ty)dy = o(L̂(t)).

The former follows from

t−1

∫ 1

0
y−2e−1/yρ(ty)dy ≤ t−1ρ(t)

∫ 1

0
y−2e−1/ydy ∼

∫ 1

0
y−2e−1/ydy L(t) = o(L̂(t)).

Here, the first inequality is implied by monotonicity of ρ and the last asymptotic relation is
secured by (63). The latter is justified as follows

t−1

∫ ∞
1

y−2(1− e−1/y)ρ(ty)dy ≤ t−1

∫ ∞
1

y−3ρ(ty)dy = t

∫ ∞
t

y−3ρ(y)dy ∼ L(t) = o(L̂(t)).

The asymptotic equivalence is ensured by Proposition 1.5.10 in [4] and formula (63) entails the
last asymptotic relation.

Lemma 7.4. For any function ` slowly varying at ∞ there exists a positive function c satisfying

lim
t→∞

`(c(t))

`(t)
= 1 and lim

t→∞

c(t)

t
=∞.

Proof. According to the representation theorem for slowly varying function (Theorem 1.3.1 in
[4]),

`(t) = A(t) exp
(∫ t

a
u−1ε(u)du

)
,

where limt→∞A(t) = A ∈ (0,∞), a > 0 and limt→∞ ε(t) = 0. Therefore, the first limit relation
in the statement of the lemma is equivalent to

lim
t→∞

∫ c(t)

t
u−1ε(u)du = 0.

In view of ∣∣∣ ∫ c(t)

t
u−1ε(u)du

∣∣∣ ≤ ∫ c(t)

t
u−1|ε(u)|du ≤ sup

u≥t
|ε(u)| log(t−1c(t)),

one may take c(t) = t exp
(
(supu≥t |ε(u)|)−1/2

)
. Since limt→∞ supu≥t |ε(u)| = 0, both claimed

limit relations hold true.

26



Recall that we denoted by Π`,∞ the subclass of the de Haan class Π with the auxiliary
function ` satisfying limt→∞ `(t) =∞. Also, we recall that Kj(t) and K∗j (t) denote the number
of boxes at time t in the Poissonized Karlin scheme containing at least j balls and exactly j
balls, respectively. For k ∈ N and t ≥ 0, denote by πk(t) the number of balls in box k at time
t. By the thinning property of Poisson processes, the processes (π1(t))t≥0, (π2(t))t≥0, . . . are
independent and, for k ∈ N, (πk(t))t≥0 is a Poisson process with intensity pk. Now we are ready
to exhibit representations of Kj(t) and K∗j (t) as the infinite sums of independent indicators

Kj(t) =
∑
k≥1

1{πk(t)≥j} and K∗j (t) =
∑
k≥1

1{πk(t)=j}, j ≥ 1, t ≥ 0. (64)

7.2 Asymptotic behavior of EKj(t) and VarKj(t)

Passing to the proofs of Theorems 4.1, 4.3 and 4.4 we first show that the asymptotics of EKj(t)
and VarKj(t) are as stated in these theorems. In addition, we find the asymptotics of EK∗j (t).

Lemma 7.5. Assume that ρ ∈ Π`,∞. Then, for each j ∈ N,

EKj(t) ∼ ρ(t), t→∞, (65)

VarKj(t) ∼
(

log 2−
j−1∑
k=1

(2k − 1)!

(k!)222k

)
`(t), t→∞ (66)

and

EK∗j (t) ∼ `(t)

j
, t→∞. (67)

Assume that ρ(t) ∼ tαL(t) as t → ∞ for some α ∈ (0, 1] and some L slowly varying at ∞.
If α ∈ (0, 1) and j ∈ N or α = 1 and j ≥ 2, then, as t→∞,

EKj(t) ∼
Γ(j − α)

(j − 1)!
ρ(t), (68)

lim
t→∞

VarKj(t)

ρ(t)
=
( j−1∑
i=0

Γ(i+ j − α)

i!(j − 1)!2i+j−1−α −
Γ(j − α)

(j − 1)!

)
> 0 (69)

and

EK∗j (t) ∼ αΓ(j − α)

j!
ρ(t), t→∞. (70)

If α = 1, then

VarK1(t) ∼ EK1(t) ∼ EK∗1 (t) ∼ tL̂(t), t→∞. (71)

Proof. Assume that ρ ∈ Π`,∞. By Theorem 1 in [17], EK1(t) ∼ ρ(t) as t→∞. By Proposition
2.5 in [16], (67) holds. Relation (11) entails limt→∞(ρ(t)/`(t)) =∞. Hence, for j ≥ 2, EKj(t) =

EK1(t)−
∑j−1

i=1 EK∗i (t) ∼ ρ(t) as t→∞, that is, (65) holds true. Formula (66) can be found in
Corollary 2.8 of [16].

By formula (23) in [17], (70) holds whenever α ∈ (0, 1) and j ∈ N or α = 1 and j ≥ 2.
Assume that α ∈ (0, 1). By Theorem 1 in [17], EK1(t) ∼ Γ(1 − α)tαL(t) as t → ∞. Noting
that EKj+1(t) = EKj(t) − EK∗j (t) for j ∈ N and t ≥ 0, relation (68) follows with the help of
mathematical induction.
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Assume that α = 1 and j ≥ 2. The previous argument does not apply and we have to resort
to direct calculations. Write with the help of the first equality in (64), for t ≥ 0,

EKj(t) = E
∑
k≥1

1{πk(t)≥j} =
∑
k≥1

(
1− e−pkt

j−1∑
i=0

(pkt)
i

i!

)
=

∫
(1,∞)

(
1− e−t/x

j−1∑
i=0

(t/x)i

i!

)
dρ(x).

Using the inequality

1− e−x
j−1∑
i=0

xi

i!
≤ xj

j!
, x ≥ 0 (72)

and (62) we infer

lim sup
x→∞

(
1− e−t/x

j−1∑
i=0

(t/x)i

i!

)
ρ(x) ≤ lim

x→∞

(t/x)j

j!
ρ(x) = 0. (73)

Hence, integrating by parts and changing the variable t/x = y we obtain

EKj(t) =

∫ t

0
e−y

yj−1

(j − 1)!
ρ(t/y)dy, t ≥ 0. (74)

According to Potter’s bound (Theorem 1.5.6 in [4]), given δ ∈ (0, 1) there exists x0 > 1 such
that, for y ≤ t/x0 and t ≥ x0,

ρ(t/y)

ρ(t)
≤ 2 max(y−1−δ, y−1+δ).

With this at hand, write, for t ≥ x0,

EKj(t)

ρ(t)
=

∫ t

0
e−y

yj−1

(j − 1)!

ρ(t/y)

ρ(t)
dy =

∫ t/x0

0
. . .+

∫ t

t/x0

. . . =: A(t) +B(t).

By monotonicity of ρ,

B(t) ≤ ρ(x0)

ρ(t)

∫ ∞
0

e−y
yj−1

(j − 1)!
dy =

ρ(x0)

ρ(t)
→ 0, t→∞.

Observe that

1[0, t/x0](y)e−yyj−1 ρ(t/y)

ρ(t)
≤ e−yyj−1 max(y−1−δ, y−1+δ), y > 0

and that the function on the right-hand side is integrable on (0,∞). Hence, by Lebesgue’s
dominated convergence theorem,

lim
t→∞

A(t) =

∫ ∞
0

lim
t→∞

1[0, t/x0](y)e−y
yj−1

(j − 1)!

ρ(t/y)

ρ(t)
dy =

∫ ∞
0

e−y
yj−2

(j − 1)!
dy =

1

j − 1
.

This proves (68) in the case α = 1 and j ≥ 2.
Assume that α = 1. By Theorem 1 and formulae (23) and (26) in [17],

VarK1(t) ∼ EK1(t) ∼ EK∗1 (t) ∼
∫ ∞

0
y−2e−1/yρ(ty)dy, t→∞.
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This in combination with Lemma 7.3 entails (71).
Assume that α ∈ (0, 1) and j ∈ N or α = 1 and j ≥ 2. Arguing along the lines of the first

part of the proof one can show that

VarKj(t) = Var
∑
k≥1

1{πk(t)≥j} =
∑
k≥1

e−pkt
j−1∑
i=0

(pkt)
i

i!

(
1− e−pkt

j−1∑
i=0

(pkt)
i

i!

)

= 2

∫ t

0
e−2y

j−1∑
i=0

yi+j−1

i!(j − 1)!
ρ(t/y)dy −

∫ t

0
e−y

yj−1

(j − 1)!
ρ(t/y)dy. (75)

Changing in the first integral the variable z = 2y and invoking equality (74) we obtain

VarKj(t) =

j−1∑
i=0

EKi+j(2t)

(
i+j−1
i

)
2i+j−1

− EKj(t).

This in combination with the already proved relation (68) and the fact that ρ is regularly varying
of index α yields

lim
t→∞

VarKj(t)

ρ(t)
= lim

t→∞

(∑j−1
i=0 EKi+j(2t)

(i+j−1
i )

2i+j−1

ρ(2t)

ρ(2t)

ρ(t)
− EKj(t)

ρ(t)

)
=

j−1∑
i=0

Γ(i+ j − α)

i!(j − 1)!2i+j−1−α −
Γ(j − α)

(j − 1)!
:= cj . (76)

Plainly, the constants cj are nonnegative. Now we intend to show that cj > 0 for each j ∈ N
if α ∈ (0, 1) and for each j ≥ 2 if α = 1. In the latter case the constants cj take a simpler form

cj =
(2j − 3)!

((j − 1)!)222j−3
, j ≥ 2,

which immediately proves positivity. Indeed, according to Lemma 2.3 in [16], with a = b = 1
and l = j − 1,

j−2∑
i=0

(
i+j−2
j−2

)
2i+j−2

= 1, j ≥ 2,

whence
j−1∑
i=0

Γ(i+ j − 1)

i!(j − 1)!2i+j−2
− Γ(j − 1)

(j − 1)!
=

1

j − 1

( j−2∑
i=0

(
i+j−2
j−2

)
2i+j−2

+

(
2j−3
j−2

)
22j−3

− 1
)

=

(
2j−3
j−2

)
(j − 1)22j−3

.

Assume now that α ∈ (0, 1). Recalling a series representation of VarKj(t) (see (75)) and using

e−x
xj

j!
≤ 1− e−x

j−1∑
i=0

xi

i!
, x ≥ 0,

we infer

VarKj(t) ≥
∑
k≥1

e−2pkt
(pkt)

j

j!
= 2−jEK∗j (2t), t ≥ 0, j ∈ N.

Here, the equality follows from the second equality in (64). With this at hand, invoking now
(70) and (76) we obtain

cj ≥ 2α−j
αΓ(j − α)

j!
> 0, j ∈ N.
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7.3 Proofs of Theorems 4.1, 4.3 and 4.4

Since Kj(t) is the sum of independent indicators, Theorems 4.1, 4.3 and 4.4 will be proved by
an application of Theorem 1.6. As a preparation we prove a lemma designed to check conditions
(B2.1) and (B2.2) of Theorem 1.6 in the present setting.

Lemma 7.6. Assume that either ρ ∈ Π`,∞ or ρ is regularly varying at ∞ of index α ∈ (0, 1].
If ρ ∈ Π`,∞ and j ∈ N or ρ is regularly varying of index α ∈ (0, 1) and j ∈ N or α = 1 and
j ≥ 2, then for any positive functions c and d satisfying limt→∞ c(t) = ∞, limt→∞(c(t)/t) = 0
and limt→∞(d(t)/t) =∞,

Var
(∑
k≥1

1{c(t)<1/pk≤d(t)} 1{πk(t)≥j}

)
∼ VarKj(t), t→∞. (77)

If α = 1 and j = 1, then for any fixed ς ∈ [0, 1), any ς1 ∈ (0, 1] and ς2 ∈ [0, 1) satisfying ς1− ς2 =
1− ς and any positive functions c and d satisfying limt→∞(L̂(c(t))/L̂(t)) = ς1, limt→∞(c(t)/t) =
∞ provided that ς1 = 1 and limt→∞(L̂(d(t))/L̂(t)) = ς2,

Var
(∑
k≥1

1{c(t)<1/pk≤d(t)} 1{πk(t)≥j}

)
∼ (1− ς)VarKj(t), t→∞. (78)

Remark 7.7. If ς1 = 1, the existence of c appearing in the second part of Lemma 7.6 is secured
by Lemma 7.4. If ς1 < 1, one may take c(t) := L̂−1(ς1L̂(t)) for large t, where L̂−1 is the inverse
function of L̂ which exists because L̂ is decreasing and continuous for large t. The same argument
applies also to d if ς2 > 0. If ς2 = 0, the existence of d is clear.

Proof. Assume first that ρ is regularly varying of index α ∈ (0, 1) and j ∈ N or α = 1 and j ≥ 2.
In view of (69) it is enough to show that

Var
(∑
k≥1

1{1/pk>d(t)} 1{πk(t)≥j}

)
= o(ρ(t)), t→∞ (79)

and
Var

(∑
k≥1

1{1/pk≤c(t)} 1{πk(t)≥j}

)
= o(ρ(t)), t→∞. (80)

Recalling the first equality in (64) we start by writing

Var
(∑
k≥1

1{1/pk>d(t)} 1{πk(t)≥j}

)
=
∑
k≥1

1{1/pk>d(t)} e−pkt
j−1∑
i=0

(pkt)
i

i!

(
1− e−pkt

j−1∑
i=0

(pkt)
i

i!

)

=

∫
(d(t),∞)

e−t/x
j−1∑
i=0

(t/x)i

i!

(
1− e−t/x

j−1∑
i=0

(t/x)i

i!

)
dρ(x).

An integration by parts in combination with (73) yields

Var
(∑
k≥1

1{1/pk>d(t)} 1{πk(t)≥j}

)
= −e−t/d(t)

j−1∑
i=0

(t/d(t))i

i!

(
1− e−t/d(t)

j−1∑
i=0

(t/d(t))i

i!

)
ρ(d(t))

+

∫ t/d(t)

0
ρ(t/y)e−y

yj−1

(j − 1)!

(
2e−y

j−1∑
i=0

yi

i!
− 1
)

dy =: −A1(t) +A2(t). (81)

30



In view of (72),

0 ≤ A1(t)

ρ(t)
≤
( t

d(t)

)j ρ(d(t))

ρ(t)
∼
( L(d(t))

(d(t))j−α

)
/
(L(t)

tj−α

)
, t→∞.

By Lemma 7.1(a), the right-hand side converges to 0 as t → ∞ because j − α > 0 and
limt→∞ t

−1d(t) =∞.
Now we intend to show that limt→∞(A2(t)/ρ(t)) = 0. As a preparation, observe that, for

each y > 0,

lim
t→∞

1(0, t/d(t))(y)
ρ(t/y)

ρ(t)
e−y

yj−1

(j − 1)!

(
2e−y

j−1∑
i=0

yi

i!
− 1
)

= 0.

It remains to find an integrable majorant for the function under the limit. Let y∗ be the unique

root of the equation 2e−y
∑j−1

i=0
yi

i! = 1. According to Potter’s bound (Theorem 1.5.6 in [4]),
given δ > 0 there exists x0 > 1 such that, for y ≤ t

x0
and t ≥ x0,

ρ(t/y)

ρ(t)
≤ 2 max(y−α−δ, y−α+δ).

Increasing t if needed we can ensure that, together with the previous inequality, we also have
t/d(t) ≤ y∗ ∧ 1. With this at hand, choosing δ > 0 such that α+ δ < j we conclude that

y 7→ 1(0, y∗∧1)(y)2e−y
yj−α−δ−1

(j − 1)!

(
2e−y

j−1∑
i=0

yi

i!
− 1
)
, y > 0

is an integrable majorant. By Lebesgue’s dominated convergence theorem A2/ρ does indeed
vanish. The proof of (79) is complete.

Passing to the proof of (80) we obtain

Var
∑
k≥1

1{1/pk≤c(t)} 1{πk(t)≥j}

= e−t/c(t)
j−1∑
i=0

(t/c(t))i

i!

(
1− e−t/c(t)

j−1∑
i=0

(t/c(t))i

i!

)
ρ(c(t))

−
∫ t

t/c(t)
ρ(t/y)e−y

yj−1

(j − 1)!

(
1− 2e−y

j−1∑
i=0

yi

i!

)
dy =: B1(t)−B2(t) (82)

Since limt→∞(t/c(t)) =∞, we infer

lim
t→∞

e−t/c(t)
j−1∑
i=0

(t/c(t))i

i!

(
1− e−t/c(t)

j−1∑
i=0

(t/c(t))i

i!

)
= 0,

whence B1(t) = o(ρ(c(t))) = o(ρ(t)) as t → ∞. We have used the fact that ρ is nondecreasing
for the last asymptotic relation. Using monotonicity of ρ once again yields, for large t,

0 ≤ B2(t) ≤ ρ(c(t))

∫ t

t/c(t)
e−y

yj−1

(j − 1)!

(
1 − 2e−y

j−1∑
i=0

yi

i!

)
dy = o(ρ(c(t))) = o(ρ(t)), t → ∞,

and (80) follows.
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Consider now the case α = 1 and j = 1. Since ς1 > ς2 and L̂ is nonincreasing, the assumptions
of the lemma guarantee that, for large enough t, c(t) < d(t). Thus, the sum

∑
k≥1 1{c(t)<1/pk≤d(t)}

is nonzero for large t. Observe that

lim
t→∞

(c(t)/t) = lim
t→∞

(d(t)/t) =∞ (83)

and particularly limt→∞ c(t) = limt→∞ d(t) =∞. Indeed, assume on the contrary that d(tn)/tn ≤
c for a constant c > 0 and large n, where (tn)n∈N is some sequence of positive numbers diverging
to∞. Since the function L̂ is nonincreasing we conclude that L̂(d(tn))/L̂(tn) ≥ L̂(ctn)/L̂(tn)→ 1
as n → ∞, a contradiction. The claim about c follows analogously if ς1 < 1 and holds true by
assumption if ς1 = 1.

For simplicity of presentation we assume that ρ(t) = tL(t) for t > 0 for some slowly varying
L rather than ρ(t) ∼ tL(t) as t→∞. In view of (71) it is sufficient to prove that

Var
(∑
k≥1

1{1/pk>c(t)} 1{πk(t)≥1}

)
∼ ς1tL̂(t), t→∞. (84)

and
Var

(∑
k≥1

1{1/pk>d(t)} 1{πk(t)≥1}

)
∼ ς2tL̂(t), t→∞. (85)

The right-hand side of (85) reads = o(tL̂(t)) if ς2 = 0. We shall prove (84) and (85) simultane-
ously. Let (h, ς∗) denote either (c, ς1) or (d, ς2). Using the A1 and A2 defined in (81), putting
j = 1 and replacing d with h we obtain

0 ≤ A1(t)

tL̂(t)
= (e−t/h(t) − e−2t/h(t))

ρ(h(t))

tL̂(t)
≤ L(h(t))

L̂(t)
=
L(h(t))

L̂(h(t))

L̂(h(t))

L̂(t)
→ 0, t→∞.

Here, while the first factor on the right-hand side converges to 0 according to (63), the second
converges to ς∗. Further, for t large enough to ensure t/h(t) ≤ log 2 (this is possible in view of
(83)),

0 ≤ A2(t)

tL̂(t)
=

∫ t/h(t)

0

ρ(t/y)

tL̂(t)
e−y(2e−y − 1)dy ≤ 1

L̂(t)

∫ t/h(t)

0
y−1L(t/y)dy =

L̂(h(t))

L̂(t)
.

Given ε ∈ (0, 1) there exists δ > 0 such that, whenever t/h(t) ≤ δ,

A2(t)

tL̂(t)
=

∫ t/h(t)

0

ρ(t/y)

tL̂(t)
e−y(2e−y − 1)dy ≥ (1− ε)

∫ t/h(t)

0

ρ(t/y)

tL̂(t)
dy = (1− ε) L̂(h(t))

L̂(t)
.

Sending first t→∞ and then ε→ 0+ we obtain (84) and (85).
Assume now that ρ ∈ Π`,∞ and j ∈ N. In view of (66) it is enough to show that

Var
(∑
k≥1

1{1/pk>d(t)} 1{πk(t)≥j}

)
= o(`(t)), t→∞ (86)

and
Var

(∑
k≥1

1{1/pk≤c(t)} 1{πk(t)≥j}

)
= o(`(t)), t→∞. (87)
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We intend to represent the right-hand side of (81) in a form which is more suitable for the
present proof. Let ξj and ξ′j be independent random variables having a gamma distribution with
parameters j and 1, that is,

P{ξj ≤ x} = 1− e−x
j−1∑
i=0

xi

i!
=

∫ x

0
e−y

yj−1

(j − 1)!
dy, x ≥ 0. (88)

Then

P{min(ξj , ξ
′
j) ≤ x} = 1− e−2x

( j−1∑
i=0

xi

i!

)2
= 2

∫ x

0
e−2y yj−1

(j − 1)!

j−1∑
i=0

yi

i!
dy

=

∫ 2x

0
e−y

(y/2)j−1

(j − 1)!

j−1∑
i=0

(y/2)i

i!
dy, x ≥ 0.

This proves that

− e−t/d(t)
j−1∑
i=0

(t/d(t))i

i!

(
1− e−t/d(t)

j−1∑
i=0

(t/d(t))i

i!

)
=

∫ t/d(t)

0
e−y

yj−1

(j − 1)!
dy

−
∫ 2t/d(t)

0
e−y

(y/2)j−1

(j − 1)!

j−1∑
i=0

(y/2)i

i!
dy.

Using this we obtain an alternative representation of (81) that we were aimed at:

Var
∑
k≥1

1{1/pk>d(t)} 1{πk(t)≥j} =

∫ t/d(t)

0
(ρ(2t/y)− ρ(t/y))e−y

yj−1

(j − 1)!
dy

+

∫ 2t/d(t)

t/d(t)
(ρ(2t/y)− ρ(d(t)))e−y

yj−1

(j − 1)!
dy

+

∫ 2t/d(t)

0
(ρ(2t/y)− ρ(d(t)))e−y

yj−1

(j − 1)!

(
21−j

j−1∑
i=0

(y/2)i

i!
− 1
)

dy =: C1(t) + C2(t) + C3(t).

(89)

Since ρ ∈ Π`, there exists x1 > 0 such that, for all y ≤ t/x1 and large t,

ρ(2t/y)− ρ(t/y)

`(t/y)
≤ log 2 + 1. (90)

According to Potter’s bound (Theorem 1.5.6 in [4]), given δ ∈ (0, 1) there exists x0 > 1 such
that, for y ≤ t/x0 and large t,

`(t/y)/`(t) ≤ 2 max(y−δ, yδ). (91)

For t so large that d(t) ≥ x∗ := max(x0, x1) and t/d(t) ≤ 1, we infer

C1(t)

`(t)
≤ 2(log 2 + 1)

∫ t/d(t)

0
y−δe−y

yj−1

(j − 1)!
dy → 0, t→∞.
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Recalling that ρ is a nondecreasing function we conclude that,

C2(t)

`(t)
≤ ρ(2d(t))− ρ(d(t))

`(d(t))

`(d(t))

`(t)

∫ 2t/d(t)

t/d(t)
e−y

yj−1

(j − 1)!
dy

≤ e−(j−1) (j − 1)j−1

(j − 1)!

ρ(2d(t))− ρ(d(t))

`(d(t))

`(d(t))/d(t)

`(t)/t
→ 0, t→∞.

Here, while the last factor converges to 0 by an application of Lemma 7.1(a) to f defined by
f(t) = t−1`(t), the penultimate factor converges to log 2 because ρ ∈ Πl. Finally, C3(t) ≤ 0 for
large t satisfying 2t/d(t) ≤ 1, as a consequence of

21−j
j−1∑
i=0

(y/2)i

i!
≤ 21−j

j−1∑
i=0

2−i ≤ 22−j ≤ 1, y ∈ [0, 1], j ≥ 2

and, for j = 1,

21−j
j−1∑
i=0

(y/2)i

i!
= 1.

The proof of (86) is complete.
Mimicking the argument leading to (89) we obtain an alternative representation of formula

(82):

Var
(∑
k≥1

1{1/pk≤c(t)} 1{πk(t)≥j}

)
=

∫ 2t/c(t)

t/c(t)
(ρ(c(t))− ρ(t/y))e−y

yj−1

(j − 1)!
dy

+

∫ 2t

2t/c(t)
(ρ(2t/y)−ρ(t/y))e−y

yj−1

(j − 1)!
dy+

∫ 2t

2t/c(t)
(ρ(2t/y)−ρ(c(t)))e−y

yj−1

(j − 1)!

(
21−j

j−1∑
i=0

(y/2)i

i!
−1
)

dy

+ e−2t
( j−1∑
i=0

(2t)i

i!
−
( j−1∑
i=0

ti

i!

)2)
ρ(c(t)) =:

4∑
k=1

Dk(t).

Using the fact that ρ is nondecreasing we obtain

D1(t)

`(t)
=

∫ 2t/c(t)

t/c(t)

ρ(c(t))− ρ(t/y)

`(c(t))

`(c(t))

`(t)
e−y

yj−1

(j − 1)!
dy

≤ ρ(c(t))− ρ(c(t)/2)

`(c(t))

c(t)`(c(t))

t`(t)

t

c(t)
P{ξj > t/c(t)} → 0, t→∞.

Here, the first factor on the right-hand side converges to log 2 because ρ ∈ Π`,∞, the second
factor vanishes by Lemma 7.1(b) with f given by f(t) = t`(t), and the remainder vanishes
because the tail of a gamma distribution decays exponentially fast, see (88).

Further, for t so large that 2t/c(t) ≥ 1 and c(t) ≥ x∗ with x∗ defined right after (91),

D2(t)

`(t)
=

∫ 2t

2t/c(t)

ρ(2t/y)− ρ(t/y)

`(t/y)

`(t/y)

`(t)
e−y

yj−1

(j − 1)!
dy =

∫ t/x∗

2t/c(t)
. . .+

∫ 2t

t/x∗
. . . =: D21(t)+D22(t).

An application of (90) and (91) yields

D21(t) ≤ 2
(

log 2 + 1
) ∫ t/x∗

2t/c(t)
yδe−y

yj−1

(j − 1)!
dy → 0, t→∞.
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Since ρ is nondecreasing,

D22(t) ≤ ρ(2x∗)

`(t)

∫ ∞
t/x∗

e−y
yj−1

(j − 1)!
dy → 0, t→∞.

Observe now that ρ(2t/y)−ρ(c(t)) ≤ 0 under the integral in D3 and that 21−j∑j−1
i=0

(y/2)i

i! ≥ 1
for y > 0 if j = 1 and for y ≥ 2j if j ≥ 2. This demonstrates that D3(t) ≤ 0 for large t satisfying
2t/c(t) ≥ 2j . Finally, D4(t) ≤ 0 for all t > 0 as a consequence of

j−1∑
i=0

(2t)i

i!
−
( j−1∑
i=0

ti

i!

)2
= −

2(j−1)∑
i=j

ti

i!

j−1∑
k=i−(j−1)

(
i

k

)
≤ 0, t > 0.

The proof of (87) is complete.

We shall check that, under the assumptions of Theorems 4.1, 4.3 and 4.4 (for the latter
provided that either j ≥ 2 or j = 1 and (17) holds), all the conditions of Theorem 1.6 are
satisfied. Also, we shall show that if under the assumptions of Theorem 4.4 relation (17) fails
to hold in the case j = 1, then all the conditions of Proposition 5.6 are satisfied.
Condition (A1) is secured by (66), (69) and (71), respectively.
Condition (A2). Invoking (66) in combination (12) or (14) secures (A2) under the assump-
tions of Theorem 4.1. By Theorem 1.5.3 in [4], formulae (69) and (71) ensure (A2) under the
assumptions of Theorems 4.3 and 4.4, respectively.
Condition (A4) holds trivially.
Conditions (A5) and (B1). Since the function b given by

b(t) = EKj(t) =
∑
k≥1

(1− e−pkt
j−1∑
i=0

((pkt)
i/(i!))), t ≥ 0

is strictly increasing and continuous, condition (A5) holds by a sufficient condition given in
Remark 1.5. Since the function a given by

a(t) = VarKj(t) =
∑
k≥1

e−pkt
j−1∑
i=0

(pkt)
i

i!

(
1− e−pkt

j−1∑
i=0

(pkt)
i

i!

)
, t ≥ 0

is continuous, the first part of condition (B1) also holds.
Condition (A3). If in the setting of Theorem 4.1 relation (12) prevails, then condition (A3)
holds, with µ = 1/β + 1, according to (65), (66) and (60). If in the setting of Theorem 4.1
relation (14) prevails, then condition (A3) holds, with µ = 1 and q = 1/λ− 1, according to (65),
(66) and (61). Condition (A3), with µ = 1 and q = 0, is secured by (68) and (69) in the setting
of Theorem 4.3; by (71) if j = 1 and by (68) and (69) if j ≥ 2 in the setting of Theorem 4.4.

Assume that in the setting of Theorem 4.4 condition (17) fails to hold. Then Proposition
5.6 ensures (18). It will be explained in Remark 7.8 that, under failure of (17), relation (18) is
the best one can hope for as far as an application of Theorem 1.6 is concerned.

Now we shall prove that condition (B2.1) holds in the case j = 1 under the assumptions
of Theorem 4.4 when (17) prevails, and that condition (B2.2) holds under the assumptions of
Theorems 4.1, 4.3 and 4.4 (the latter with j ≥ 2).
Condition (B2.1). Assume that ρ is regularly varying at ∞ of index α = 1 and j = 1. For
each ς ∈ (0, 1), define the set Rς(t) appearing in condition (B2.1) by

Rς(t) = {k ∈ N : c(t) < 1/pk ≤ d(t)}, t ≥ 1
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with any positive functions c and d satisfying limt→∞(L̂(c(t))/L̂(t)) = 1, limt→∞(c(t)/t) = ∞
and limt→∞(L̂(d(t))/L̂(t)) = ς (according to Remark 7.7, such functions c and d do exist).
Then, (78) entails (7).

Recall that condition (A3) holds with µ = 1 and q = 0, so that wn(γ, 1) = exp(n1+γ).
In view of (71), exp(n1+γ)/2 ≤ τn ≤ 2 exp(n1+γ) for large n. This together with (17), slow
variation and monotonicity of L̂ proves limn→∞(L̂(τn+1)/L̂(τn)) = 0. We intend to show that
d(τn) < c(τn+1) for large n. Since L̂ is nonincreasing, it suffices to check that, for large n,

L̂(d(τn))

L̂(τn)
>
L̂(c(τn+1))

L̂(τn+1)

L̂(τn+1)

L̂(τn)
. (92)

The latter holds true, for the left-hand side converges as n → ∞ to ς, whereas the right-hand
side converges to 1× 0 = 0. Thus, there exists n0 ∈ N such that the sets Rς(τn0), Rς(τn0+1), . . .
are disjoint, and condition (B2.1)does indeed holds.
Condition (B2.2). Assume that either (12) or (14) holds true (so that ρ ∈ Π`,∞) and j ∈ N,
or ρ is regularly varying at ∞ of index α ∈ (0, 1) and j ∈ N, or ρ is regularly varying of index
α = 1 and j ≥ 2. Put c(t) := t/ log t and d(t) := t log t and define the set R0(t) appearing in
condition (B2.2) by

R0(t) = {k ∈ N : c(t) < 1/pk ≤ d(t)}, t ≥ 1.

With this choice relation (8) holds according to (77).
If in the setting of Theorem 4.1 relation (12) prevails then µ = 1/β + 1 > 1, whence

wn(γ, µ) = n(1+γ)β. In view of (66) and (12) τn is equal asymptotically to exp(n1+γ) times
terms of smaller orders. If in the setting of Theorem 4.1 relation (14) prevails then µ = 1
and q = 1/λ − 1 > 0, whence wn(γ, 1) = exp(n(1+γ)λ). In view of (66) and (14) τn is equal
asymptotically to exp(σ−1/λn1+γ) times terms of smaller orders. In the settings of Theorems
4.3 and 4.4 (the latter with j ≥ 2) µ = 1 and q = 0, so that wn(γ, 1) = exp(n1+γ). According
to (69), τn is equal asymptotically to exp(α−1n1+γ) times terms of smaller orders. Thus, in
all the considered cases while limn→∞(τn+1/τn) = ∞ superexponentially fast, log τn exhibits a
polynomial growth. As a consequence, the inequality d(τn) < c(τn+1) holds for large enough
n, that is, there exists n0 ∈ N such that the sets R0(τn0), R0(τn0+1), . . . are disjoint. We have
shown that condition (B2.2) holds true unless α = 1 and j = 1.

The proofs of Theorems 4.1, 4.3 and 4.4 are complete.

Remark 7.8. Assume that ρ(t) ∼ tL(t) as t→∞ for some L slowly varying at ∞ and that, for
some γ > 0 small enough,

lim inf
n→∞

L̂(exp(n+ 1)1+γ)

L̂(exp(n1+γ))
> 0, (93)

that is, condition (17) fails to hold. Then the second parts of conditions (B2.1) and (B2.2),
with appropriately chosen Rς(t) and R0(t), hold, whereas the first parts of conditions (B2.1)
and (B2.2) fail to hold.

For each ς ∈ [0, 1), define

Rς(t) = {k ∈ N : c(t) < 1/pk ≤ d(t)}, t ≥ 1

with any positive functions c and d satisfying limt→∞(L̂(c(t))/L̂(t)) = ς1, limt→∞(c(t)/t) = ∞
provided that ς1 = 1 and limt→∞(L̂(d(t))/L̂(t)) = ς2, where ς1 ∈ (0, 1] and ς2 ∈ [0, 1) are any
fixed numbers such that ς1 − ς2 = 1− ς. If ς = 0, then ς1 = 1 and ς2 = 0 and (78) entails (8). If
ς ∈ (0, 1), then (78) secures (7).
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Arguing as in the previous proof one can check that (93) guarantees that

lim inf
n→∞

L̂(τn+1)

L̂(τn)
> 0.

We claim that inequality (92) cannot hold for all n large enough and neither can d(τn) < c(τn+1)
because L̂ is nonincreasing. This is obvious if ς = 0, for the limit of the left-hand side of (92)
is then 0, whereas the limit inferior of the right-hand side is positive. If ς ∈ (0, 1) is close to 0,
then ς1 is close to 1 and ς2 is close to 0. Hence, (92) fails to hold for large n in this case, too.

7.4 Proofs of Proposition 4.6 and Theorem 4.7

We start with an auxiliary result which is an important ingredient of our proof of Proposition
4.6.

Lemma 7.9. Assume that either ρ ∈ Π`,∞ or ρ is regularly varying at ∞ of index α ∈ (0, 1].
Then for l, j ≥ 2 and a positive constant Cα, l, j,

lim
n→∞

∑
i≥1

(
n
l

)
pli(1− pi)n

VarKj(n)
= Cα, l, j .

Proof. Using (66) and (67) or (69) and (70) we infer, for l ≥ 2 and a positive constant Cα, l, j ,

lim
n→∞

EK∗l (n+ l)

VarKj(n)
= lim

n→∞

EK∗l (n+ l)

VarKj(n+ l)
= Cα, l, j .

Here, the first equality is a consequence of limn→∞(VarKj(n + l)/VarKj(n)) = 1, which is
justified by the regular variation of t 7→ VarKj(t). According to Lemma 1 in [13], for l ∈ N,

lim
n→∞

|EK∗l (n)− EK∗l (n)| = 0

(the asymptotic relation holds true for arbitrary discrete probability distribution (pk)k∈N, not
necessarily satisfying the regular variation assumption). This entails∑

i≥1

(
n

l

)
pli(1− pi)n = EK∗l (n+ l)

(
n

l

)/(n+ l

l

)
∼ EK∗l (n+ l), n→∞.

The proof of Lemma 7.9 is complete.

Proof of Proposition 4.6. If j = 1, then, according to (66) and the assumption limt→∞ `(t) =∞
or (69), or (71), limn→∞VarK1(n) =∞. With this at hand, relation (20) follows from Lemma
4 in [13], as has already been mentioned.

From now on we are concerned with the case j ≥ 2 (however, some formulae that follow are
valid for j ∈ N). Then, by (66) or (69),

lim
t→∞

VarKj(t)

t
= 0. (94)

For k, j, n ∈ N, denote by Ak(j, n) the event {the box k contains at least j balls out of n}. Then

VarKj(n) =
∑
k≥1

P(Ak(j, n))(1−P(Ak(j, n)))+
∑
i 6=k

(P(Ai(j, n)∩Ak(j, n))−P(Ai(j, n))P(Ak(j, n))).
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We shall prove that

lim
n→∞

∑
k≥1 P(Ak(j, n))(1− P(Ak(j, n)))−VarKj(n)

VarKj(n)
= 0 (95)

and

lim
n→∞

∑
i 6=k(P(Ai(j, n) ∩Ak(j, n))− P(Ai(j, n))P(Ak(j, n)))

VarKj(n)
= 0. (96)

Proof of (95). Note that

P(Ak(j, n)) = 1−
j−1∑
i=0

(
n

i

)
pik(1− pk)n−i

and

VarKj(n) =
∑
k≥1

j−1∑
i=0

e−pkn
(pkn)i

i!

(
1−

j−1∑
i=0

e−pkn
(pkn)i

i!

)
.

Hence, the numerator in (95) is equal to

∑
k≥1

( j−1∑
i=0

((n
i

)
pik(1− pk)n−i − e−pkn

(pkn)i

i!

)

−
j−1∑
i=0

j−1∑
m=0

((n
i

)(
n

m

)
pi+mk (1− pk)2n−i−m − e−2pkn

(pkn)i+m

i!m!

))
.

The penultimate inequality in the proof of Lemma 2.13 in [16] states that, for large enough n
and all i ∈ N0, i ≤ n,

−Bipk ≤
(
n

i

)
pik(1− pk)n−i − e−pkn

(pkn)i

i!
≤ Aipk (97)

for some positive constants Ai and Bi. Therefore,

∑
k≥1

j−1∑
i=0

∣∣∣(n
i

)
pik(1− pk)n−i − e−pkn

(pkn)i

i!

∣∣∣ ≤ j−1∑
i=0

max(Ai, Bi) = o(VarKj(n)), n→∞

because limn→∞VarKj(n) =∞. Further, write

e−2pkn
(pkn)i+m

i!m!
−
(
n

i

)(
n

m

)
pi+mk (1− pk)2n−i−m

=

(
i+m

i

)
2−(i+m)

(
e−2pkn

(2pkn)i+m

(i+m)!
− 2i+m

(n!)2

(n− i)!(n−m)!(i+m)!
pi+mk (1− pk)2n−i−m

)
=

(
i+m

i

)
2−(i+m)

(
e−2pkn

(2pkn)i+m

(i+m)!
−
(

2n

i+m

)
pi+mk (1− pk)2n−i−m

)
+

(
i+m

i

)
2−(i+m)

(( 2n

i+m

)
− 2i+m

(n!)2

(n− i)!(n−m)!(i+m)!

)
pi+mk (1− pk)2n−i−m

=: Di,m,k(n) + Ei,m,k(n).
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By (97),

∑
k≥1

j−1∑
i=0

j−1∑
m=0

|Di,m,k(n)| ≤
j−1∑
i=0

j−1∑
m=0

(
i+m

i

)
2−(i+m) max(Ai+m, Bi+m) = o(VarKj(n)), n→∞.

Observe now that E0,0,k(n) = E0,1,k(n) = E1,0,k(n) = 0. For i and m such that i + m ≥ 2,(
2n
i+m

)
− 2i+m (n!)2

(n−i)!(n−m)!(i+m)! is a polynomial of order at most i + m. Since the coefficient in

front of ni+m is 0, we infer∣∣∣( 2n

i+m

)
− 2i+m

(n!)2

(n− i)!(n−m)!(i+m)!

∣∣∣ ≤ Ci,mni+m−1

for a positive constant Ci,m. This in combination with Lemma 7.9 (put there l = i + m and
replace n by 2n− i−m) and (94) yields, for i,m ≤ j − 1 such that i+m ≥ 2,∑
k≥1

|Ei,m,k(n)| ≤ Ci,m
(
i+m

i

)
2−(i+m)

∑
k≥1

ni+m−1pi+mk (1− pk)2n−i−m ∼ const
VarKj(n)

n
→ 0

as n→∞. Hence, limn→∞
∑

k≥1

∑j−1
i=0

∑j−1
m=0 |Ei,m,k(n)| = 0. The proof of (95) is complete.

Proof of (96). We start by writing

P(Ai(j, n) ∩Ak(j, n))− P(Ai(j, n))P(Ak(j, n))

= P((Ai(j, n))c ∩ (Ak(j, n))c)− P((Ai(j, n))c)P((Ak(j, n))c)

=

j−1∑
a=0

j−1∑
b=0

((n
a

)(
n− a
b

)
pai p

b
k(1− pi − pk)n−a−b −

(
n

a

)(
n

b

)
pai p

b
k(1− pi)n−a(1− pk)n−b

)

=:

j−1∑
a=0

j−1∑
b=0

Ca,b(i, k, n),

where Xc denotes the complement of a set X. Further, we obtain

Ca,b(i, k, n) =

(
n

a

)(
n− a
b

)
pai p

b
k

(
(1− pi − pk)n−a−b − (1− pi)n−a(1− pk)n−b

)
−
(
n

a

)((n
b

)
−
(
n− a
b

))
pai p

b
k(1− pi)n−a(1− pk)n−b =: C

(1)
a,b (i, k, n) + C

(2)
a,b (i, k, n).

To analyze C
(1)
a,b we argue as on p. 152 in [13]. Using an expansion

(x− y)m = xm −mxm−1y +O(m2xm−2y2), m→∞,

which holds for positive x and y, x > y, with x = (1− pi)(1− pk), y = pipk and m = n− a− b
for 0 ≤ a, b ≤ j − 1 yields

(1−pi−pk)n−a−b = (1−pi)n−a−b(1−pk)n−a−b− (n−a−b)pipk(1−pi)n−a−b−1(1−pk)n−a−b−1

+O(n2p2
i p

2
k(1− pi)n−a−b−2(1− pk)n−a−b−2), n→∞.
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Hence,

C
(1)
a,b (i, k, n) =

(
n

a

)(
n− a
b

)
pai p

b
k

(
(1− pi)n−a−b(1− pk)n−a−b

(
1− (1− pi)b(1− pk)a

)
− (n− a− b)pipk(1− pi)n−a−b−1(1− pk)n−a−b−1 +O(n2p2

i p
2
k(1− pi)n−a−b−2(1− pk)n−a−b−2)

)
=: Fa,b(i, k, n) +Ga,b(i, k, n) +Ha,b(i, k, n).

Now we investigate the contributions of the summands to
∑

i 6=k
∑j−1

a=0

∑j−1
b=0 Ca,b(i, k, n).

Analysis of Ha,b:∑
i 6=k

(
n

a

)(
n− a
b

)
n2pa+2

i pb+2
k (1− pi)n−a−b−2(1− pk)n−a−b−2

≤
∑
i≥1

n

(
n

a

)
pa+2
i (1− pi)n−a−b−2

∑
k≥1

n

(
n− a
b

)
pb+2
k (1− pk)n−a−b−2

∼ const

(
VarKj(n)

)2
n2

→ 0, n→∞.

Here, const denotes a positive constant, the asymptotic equivalence follows from Lemma 7.9,
and the last limit relation is justified by (94).
Analysis of Fa,b. Assume first that a ≥ 2 and b ≥ 2. An application of Bernoulli’s inequality
1− (1− x)m ≤ mx, which holds for m ∈ N and x ∈ [0, 1], yields

Fa,b(i, k, n) :=

(
n

a

)(
n− a
b

)
pai p

b
k(1− pi)n−a−b(1− pk)n−a−b

(
1− (1− pi)b(1− pk)a

)
≤ b
(
n

a

)(
n− a
b

)
pa+1
i pbk(1−pi)n−a−b(1−pk)n−a−b+a

(
n

a

)(
n− a
b

)
pai p

b+1
k (1−pi)n−a−b(1−pk)n−a−b

=: F
(1)
a,b (i, k, n) + F

(2)
a,b (i, k, n).

By Lemma 7.9 and (94),

0 ≤
∑
i 6=k

F
(1)
a,b (i, k, n) ≤ b

∑
i≥1

(
n

a

)
pa+1
i (1− pi)n−a−b

∑
k≥1

(
n− a
b

)
pbk(1− pk)n−a−b

∼ const
VarKj(n)

n
VarKj(n) = o(VarKj(n)), n→∞.

The argument for F
(2)
a,b (i, k, n) is analogous.

Consider now Fa,b(i, k, n) with a ≤ 1 or b ≤ 1. Notice that F0,0(i, k, n) = 0. Further,
F0,1(i, k, n) = F1,0(i, k, n) = npipk(1− pi)n−1(1− pk)n−1, whence F0,1(i, k, n) +G0,0(i, k, n) = 0

and F0,1(i, k, n) + C
(2)
1,1 (i, k, n) = 0.

For b ≥ 2, using Pascal’s rule we obtain

F0,b(i, k, n) + C
(2)
1,b (i, k, n)

=

(
n

b

)
pbk(1− pi)n−b(1− pk)n−b

(
1− (1− pi)b

)
−n
((n

b

)
−
(
n− 1

b

))
pip

b
k(1− pi)n−1(1− pk)n−b

=

(
n

b

)
pbk(1− pi)n−b(1− pk)n−b

(
1− (1− pi)b − bpi(1− pi)b−1

)
.
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Since, for x ∈ [0, 1] and n ∈ N, (1−x)n+nx(1−x)n−1 ≤ 1, we conclude that the last expression
is nonnegative. Invoking Bernoulli’s inequality twice and then Lemma 7.9 and (94) we infer

0 ≤
∑
i 6=k

(F0,b(i, k, n) + C
(2)
1,b (i, k, n)) ≤

∑
i 6=k

b

(
n

b

)
pip

b
k(1− pi)n−b(1− pk)n−b

(
1− (1− pi)b−1

)
≤
∑
i 6=k

b(b− 1)

(
n

b

)
p2
i p
b
k(1− pi)n−b(1− pk)n−b ≤ b(b− 1)

∑
i≥1

p2
i (1− pi)n−b

∑
k≥1

(
n

b

)
pbk(1− pk)n−b

∼ const
(VarKj(n))2

n2
→ 0, n→∞.

Analogously, for a ≥ 2,

lim
n→∞

∑
i 6=k

(Fa,0(i, k, n) + C
(2)
a,1(i, k, n)) = 0.

Consider now F1,1(i, k, n) = n(n − 1)pipk(1 − pi)n−2(1 − pk)n−2(pi + pk − pipk). The first
summand of F1,1 satisfies n(n−1)pipk(1−pi)n−2(1−pk)n−2(pi+pk)+G0,1(i, k, n)+G1,0(i, k, n) =
0. By Lemma 7.9 and (94), the second summand of F1,1 satisfies∑

i 6=k
n(n− 1)p2

i p
2
k(1− pi)n−2(1− pk)n−2 ≤

∑
i≥1

np2
i (1− pi)n−2

∑
k≥1

(n− 1)p2
k(1− pk)n−2

∼ const
(VarKj(n))2

n2
→ 0, n→∞.

For b ≥ 2,

F1,b(i, k, n) +G0,b(i, k, n) = n

(
n− 1

b

)
pip

b
k(1− pi)n−1−b(1− pk)n−1−b

(
1− (1− pi)b(1− pk)

)
− (n− b)

(
n

b

)
pip

b+1
k (1− pi)n−1−b(1− pk)n−1−b

= n

(
n− 1

b

)
pip

b
k(1− pi)n−1−b(1− pk)n−1−b

(
1− (1− pi)b(1− pk)− pk

)
.

Since (1− pi)b(1− pk) + pk ≤ 1, the latter expression is nonnegative. By Bernoulli’s inequality,
Lemma 7.9 and (94),

0 ≤
∑
i 6=k

(F1,b(i, k, n) +G0,b(i, k, n)) ≤
∑
i 6=k

bn

(
n− 1

b

)
p2
i p
b
k(1− pi)n−1−b(1− pk)n−1−b

≤ b
∑
i≥1

np2
i (1− pi)n−1−b

∑
k≥1

(
n− 1

b

)
pbk(1− pk)n−1−b

∼ const
VarKj(n)

n
VarKj(n) = o(VarKj(n)), n→∞.

Analogously, for a ≥ 2,∑
i 6=k

(Fa,1(i, k, n) +Ga,0(i, k, n)) = o(VarKj(n)), n→∞.
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Analysis of Ga,b (cont). We have not investigated Ga,b(i, k, n) with a, b ≥ 1 so far. For such
a, b, by Lemma 7.9 and (94),

∑
i 6=k
|Ga,b(i, k, n)| =

∑
i 6=k

(n− a− b)
(
n

a

)(
n− a
b

)
pa+1
i pb+1

k (1− pi)n−a−b−1(1− pk)n−a−b−1

≤
∑
i≥1

(n− a− b)
(
n

a

)
pa+1
i (1− pi)n−a−b−1

∑
k≥1

(
n− a
b

)
pb+1
k (1− pk)n−a−b−1

∼ const VarKj(n)
VarKj(n)

n
= o(VarKj(n)), n→∞.

Analysis of C
(2)
a,b (cont). Observe that C

(2)
a,b (i, k, n) = 0 whenever a = 0 or b = 0. Thus,

we are left with analyzing C
(2)
a,b (i, k, n) = 0 for a, b ≥ 2. Notice that

(
n
b

)
−
(
n−a
b

)
= O(nb−1) as

n→∞. Hence, for some constant C > 0,

∑
i 6=k
|C(2)
a,b (i, k, n)| =

∑
i 6=k

(
n

a

)((n
b

)
−
(
n− a
b

))
pai p

b
k(1− pi)n−a(1− pk)n−b

≤
∑
i≥1

(
n

a

)
pai (1−pi)n−aC

∑
k≥1

nb−1pbk(1−pk)n−b ∼ const VarKj(n)
VarKj(n)

n
= o(VarKj(n))

as n→∞. We have used Lemma 7.9 and (94) for the asymptotic relations.
Combining all the fragments together we arrive at (96). The proof of Proposition 4.6 is

complete.

With Proposition 4.6 at hand, we are ready to prove the LIL stated in Theorem 4.7.

Proof of Theorem 4.7. We divide the proof into several steps.
Step 1. Under the present assumptions, for j ∈ N, |EKj(n) − EKj(n)| → 0 and VarKj(n) ∼
VarKj(n) as n→∞ by (19) and formula (20) of Proposition 4.6.
Step 2. Recall that, for j, n ∈ N, Kj(n) = Kj(Sn). We are going to prove that

lim
n→∞

Kj(Sn)−Kj(n)

(VarKj(n)f(VarKj(n)))1/2
= 0 a.s.,

where f(t) = log t under (11) and (12) and f(t) = log log t under the other assumptions of
Theorem 4.7. This is equivalent to showing that, for all ε > 0 and large enough n0 ∈ N,∑

n≥n0
1An(ε) <∞ a.s., where

An = An(ε) :=
{ |Kj(Sn)−Kj(n)|

(VarKj(n)f(VarKj(n)))1/2
> ε
}

(the value of n0 is chosen large enough to ensure that n0 ≥ 3 and f(VarKj(n)) > 0 for all
n ≥ n0). For any δ > 0 and integer n ≥ 3, consider the event

Bn = Bn(δ) :=
{ |Sn − n|

(2n log log n)1/2
≤ 1 + δ

}
.

Write
1An = 1An∩Bn +1An∩Bcn ≤ 1An∩Bn +1Bcn a.s.,
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where, as usual, Bc
n is the complement of Bn. According to the LIL for the standard random walk

(Sn)n∈N,
∑

n≥3 1Bcn <∞ a.s. Put dn := (1 + δ)
√

2n log log n for n ≥ 3. We are left with proving
that

∑
n≥n0

1An∩Bn < ∞ a.s. To this end, it is enough to check that
∑

n≥n0
P(An ∩ Bn) < ∞.

Observe that∑
n≥n0

P(An ∩Bn) ≤
∑
n≥n0

P
{ Kj(n+ dn)−Kj(n)

(VarKj(n)f(VarKj(n)))1/2
> ε
}

+
∑
n≥n0

P
{ Kj(n)−Kj(n− dn)

(VarKj(n)f(VarKj(n)))1/2
> ε
}

=: I(ε) + J(ε).

We shall only show that I(ε) < ∞, the proof for J(ε) being analogous. For j ∈ N and t ≥ 0,
put bj(t) := EKj(t) and aj(t) := VarKj(t). Since, for each t ≥ 0,∑

k≥1

e−pkt
(pkt)

j−1

(j − 1)!
pk ≤

∑
k≥1

pk = 1,

the series
∑

k≥1 e−pkt (pkt)
j−1

(j−1)! pk converges uniformly in t ≥ 0. This fact enables us to differentiate
the series termwise:

(bj(t))
′ =

∑
k≥1

(
1− e−pkt

j−1∑
i=0

(pkt)
i

i!

)′
=
∑
k≥1

e−pkt
(pkt)

j−1

(j − 1)!
pk =

jEK∗j (t)

t
.

By the mean value theorem for differentiable functions, for n ≥ 3 and some θn ∈ [n, n+ dn],

bj(n+ dn)− bj(n) = dnb
′
j(θn).

Under the present assumptions, the function t 7→ EK∗j (t), hence also b′j , is regularly varying at
∞, see (67), (70) and (71). Since limn→∞(θn/n) = 1 we conclude that b′j(θn) ∼ b′j(n) as n→∞
by the uniform convergence theorem for regularly varying functions (Theorem 1.5.2 in [4]) and
thereupon

bj(n+ dn)− bj(n) ∼ dn
jEK∗j (n)

n
, n→∞. (98)

Under the assumptions of Theorem 4.1, we infer

dn

(aj(n)f(aj(n)))1/2

jEK∗j (n)

n
∼ const

( `(n)

f(`(n))

)1/2( log logn

n

)1/2
→ 0, n→∞

having utilized (66) and (67). Under the assumptions of Theorem 4.3, according to (69) and
(70),

dn

(aj(n)f(aj(n)))1/2

jEK∗j (n)

n
=

dn

(aj(n) log log aj(n))1/2

jEK∗j (n)

n

∼ constn(α−1)/2(L(n))1/2 → 0, n→∞ (99)

because α ∈ (0, 1). Under the assumptions of Theorem 4.4, relation (99) still holds whenever
j ≥ 2. Indeed, formula (62) then ensures that limn→∞ L(n) = 0. For j = 1, we obtain by virtue
of (71) that, as n→∞,

dn

(aj(n)f(aj(n)))1/2

jEK∗j (n)

n
=

dn

(aj(n) log log aj(n))1/2

jEK∗j (n)

n
∼ const (L̂(n))1/2 → 0
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because limt→∞ L̂(t) = 0 (see the paragraph preceding Lemma 7.3).
Thus, we have proved that, under the present assumptions,

lim
n→∞

bj(n+ dn)− bj(n)

(aj(n)f(aj(n)))1/2
= 0.

Now we explain that the inequalities I(ε) <∞ for all ε > 0 are secured by the inequalities

K(ε) :=
∑
n≥n0

P
{Kj(n+ dn)−Kj(n)− bj(n+ dn) + bj(n)

(aj(n)f(aj(n)))1/2
> ε
}
<∞

for all ε > 0. Indeed, there exists a positive integer M such that 1{ bj(n+dn)−bj(n)

(aj(n)f(aj(n)))
1/2

>ε
} = 0 for

n ≥M + 1. Hence, for all ε > 0,

I(2ε) =
∑
n≥n0

P
{Kj(n+ dn)−Kj(n)

(aj(n)f(aj(n)))1/2
> 2ε,

bj(n+ dn)− bj(n)

(aj(n)f(aj(n)))1/2
> ε
}

+
∑
n≥n0

P
{Kj(n+ dn)−Kj(n)

(aj(n)f(aj(n)))1/2
> 2ε,

bj(n+ dn)− bj(n)

(aj(n)f(aj(n)))1/2
≤ ε
}

≤
∑
n≥n0

1{ bj(n+dn)−bj(n)

(aj(n)f(aj(n)))
1/2

>ε
}

+
∑
n≥n0

P
{Kj(n+ dn)−Kj(n)

(aj(n)f(aj(n)))1/2
> ε+

bj(n+ dn)− bj(n)

(aj(n)f(aj(n)))1/2

}
≤M +K(ε).

To prove that K(ε) <∞, note that

X∗j (n) := Kj(n+ dn)−Kj(n)− bj(n+ dn) + bj(n)

=
∑
k≥1

(
1{πk(n)<j, πk(n+dn)≥j}−E1{πk(n)<j, πk(n+dn)≥j}

)
.

An application of (22) yields, for θ ∈ R,

E exp
( θX∗j (n)

(aj(n)f(aj(n)))1/2

)
≤ exp

( θ2VarX∗j (n)

2aj(n)f(aj(n))
e

|θ|
(aj(n)f(aj(n)))

1/2
)

≤ exp
(θ2(bj(n+ dn)− bj(n))

2aj(n)f(aj(n))
e

|θ|
(aj(n)f(aj(n)))

1/2
)
. (100)

Here, we have used VarX∗j (n) ≤ bj(n+ dn)− bj(n) for n ≥ 3.

Under the assumptions of Theorem 4.1, pick θ := (log n)1+c/2 with c := β/2 in the setting
of (12) and c := λ/2 in the setting of (14). By Markov’s inequality and (100),

K(ε) ≤
∑
n≥n0

e−ε(logn)1+c/2 exp
((log n)2+c(bj(n+ dn)− bj(n))

2aj(n)f(aj(n))
e

(logn)1+c/2

(aj(n)f(aj(n)))
1/2
)
.

Recalling (66), (67) and (98), for any ∆ ∈ (0, 1/2),

(log n)2+c(bj(n+ dn)− bj(n))

2aj(n)f(aj(n))
∼ const

(log n)2+c(log log n)1/2

n1/2f(`(n))
= o(n−1/2+∆), n→∞.
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Under (12) exp
( (logn)1+c/2

(aj(n)f(aj(n)))1/2

)
diverges to∞ as n→∞ more slowly than any power, whereas

under (14) it converges to 1. Hence, there exists a positive integer N such that

K(ε) ≤ N + e
∑
n≥N

e−ε(logn)1+c/2 <∞.

Under the assumptions of Theorems 4.3 or 4.4, pick any β ∈ (0, α/4) and put θ := nα/4−β.
Appealing to Markov’s inequality and (100) once again we conclude that

K(ε) ≤
∑
n≥n0

e−εn
α/4−β

exp
(nα/2−2β(bj(n+ dn)− bj(n))

2aj(n)f(aj(n))
e

nα/4−β

(aj(n)f(aj(n)))
1/2
)
.

Recalling (69), (70), (71) and (98) we obtain

nα/2−2β(bj(n+ dn)− bj(n))

aj(n)f(aj(n))
∼ const

n(α−1)/2−2β(log log n)1/2

f(n)
→ 0, n→∞,

and
nα/4−β

(aj(n)f(aj(n)))1/2
∼ n−α/4−β(L∗(n)f(n))−1/2 → 0, n→∞,

where L∗ = L̂ if α = 1 and j = 1 and L∗ = L otherwise. Hence, there exists a positive integer
N1 such that

K(ε) ≤ N1 + e
∑
n≥N1

e−εn
α/4−β

<∞.

Step 3. LILs (13), (15) and (16) particularly imply that

lim sup
n→∞

Kj(n)− EKj(n)

(2VarKj(n)f(VarKj(n)))1/2
≤ C a.s.,

where the constant C depends on a setting and is equal to the right-hand side of (13), (15)
or (16), respectively. This taken together with the conclusions of Steps 1 and 2 enables us to
conclude that

lim sup
n→∞

Kj(n)− EKj(n)

(2VarKj(n)f(VarKj(n)))1/2
≤ C a.s.

It is shown in Lemma 5.13 that, for any δ > 0 and the deterministic sequence (τn) defined
in (6),

lim sup
n→∞

Kj(τn)− EKj(τn)

C(2VarKj(τn)f(VarKj(τn)))1/2
≥ 1− δ a.s.

The same proof may be used to check that the latter limit relation holds true with bτnc replacing
τn. Combining the resulting inequality with the conclusions of Steps 1 and 2 we obtain

lim sup
n→∞

Kj(n)− EKj(n)

C(2VarKj(n)f(VarKj(n)))1/2
≥ lim sup

n→∞

Kj(bτnc)− EKj(bτnc)
C(2VarKj(bτnc)f(VarKj(bτnc)))1/2

≥ 1− δ a.s.

Since the left-hand side does not depend on δ, we infer

lim sup
n→∞

Kj(n)− EKj(n)

(2VarKj(n)f(VarKj(n)))1/2
≥ C a.s.
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