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Abstract

We prove a law of the iterated logarithm (LIL) for an infinite sum of independent indi-
cators parameterized by ¢ and monotone in ¢ as ¢ — co. It is shown that if the expectation
b and the variance a of the sum are comparable, then the normalization in the LIL includes
the iterated logarithm of a. If the expectation grows faster than the variance, while the ratio
log b/ log a remains bounded, then the normalization in the LIL includes the single logarithm
of a (so that the LIL becomes a law of the single logarithm). Applications of our result are
given to the number of points of the infinite Ginibre point process in a disk and the number
of occupied boxes and related quantities in Karlin’s occupancy scheme.
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1 Main results

The main purpose of the article is to prove a law of the iterated logarithm (LIL) for an infinite
sum of independent indicators. Although this problem is interesting on its own, the present
work has originally been motivated by an application of the aforementioned LIL to the number
of points of the infinite Ginibre point process in a disk and the number of occupied boxes and
related objects in Karlin’s occupancy scheme.

Let (A1(t))t>0, (A2(t))t>0, - - . be independent families of events defined on a common proba-
bility space (£2, F,P). The events Ag(t) and A(s), with ¢ # s, are dependent. Formally, this fact
will be secured by assumption (A4) stated below. Put X (t) := ;- 14, ;) and assume that, for
each t > 0, X(t) < oo almost surely (a.s.), and moreover b(t) := EX(t) = > ;< P(Ax(t)) < oo.
Then also B

a(t) :== Var X (t) = ZIP’(Ak(t))(l —P(Ag(t))) < b(t) < oc.

k>1

Actually, according to Lemma 5.1 below, Ee?X(®) < o for all 8 > 0.
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We start by formulating a central limit theorem for X (¢). The following assumption is of
principal importance for all our results:

(A1) limy—so0 a(t) = oco.

Proposition 1.1. Suppose (A1). Then (X (t) —EX(t))/(Var X (t))'/2 converges in distribution
as t — oo to a random variable with the standard normal distribution.

Our next result states that the central limit theorem is accompanied by the convergence of
exponential moments of all orders.

Proposition 1.2. Suppose (A1). Then, for each 0 € R,

X(t) —EX(t)

(Var X (1))1/2 ) = Eexp(9 Normal(0, 1)) = exp(6°/2).

lim Eexp (9
t—o00
where Normal(0, 1) denotes a random variable with the standard normal distribution.
Also, for each p > 0,

» p/2
) = E |Normal(0,1)|P = 2 F(fﬁ/—; 1)/2), (1)

(IX(t) —EX(1)]

lim E
Soo -\ (Var X (6))1/2

t—o0
where I' is the Euler gamma function.

The proofs of Propositions 1.1 and 1.2 will be given in Section 5.2. These propositions are
by no means new and only given as a precursor of the LIL to be stated below. Not intending to
provide a detailed survey of results related to the two propositions, we only mention that a local
central limit theorem for X (¢) and, more generally, the Edgeworth expansions for P{X () = k}
as t — 0o, which hold uniformly in k € Ny := {0,1,2,...}, follow from Theorem 11.1 in [8]; a
precise two-sided Berry-Esseen type estimate for X (¢) can be found in formula (17) of [22]; and
an approximation of the distribution of X (t) by two terms of the Edgeworth expansion is given
in [27].

The central limit theorem given in Proposition 1.1 suggests the form of a LIL to be stated
next. To formulate it, we need a set of further assumptions (in addition to (Al)). As usual,
x(t) ~ y(t) as t — oo will mean that lim; o (z(t)/y(t)) = 1.

(A2) There exists a nondecreasing function ag such that a(t) ~ ag(t) as t — oo.

(A3) There exists u* > 1 such that b(t) = O((a(t))*") as t — co.

Necessarily, u* > 1, for a(t) < b(t) for ¢t > 0. Put

*

= inf{” > 1 b(t) = O((a(t)™ )} (2)

Remark 1.3. There are two situations: either the infimum in (2) is attained, that is, the infimum
coincides with the minimum; or the infimum is not attained. The first situation occurs if, for
instance, b(t) ~ c(a(t))? for some ¢ > 0 and B > 1, in which case p = 8. The second
situation occurs if, for instance, b(t) ~ (a(t))?f(t) for some f diverging to co and satisfying
f(t) = o((a(t))?) for all € > 0, in which case, again, u = f.



We write that a function defined on [0, 00) has some property eventually, if it has the property
on [T,00) for some T' > 0. Recall that a positive measurable function ¢, defined on some
neighborhood of oo, is called slowly varying at oo, if lim;_,o (£(At)/€(t)) = 1 for all A > 0.

(A3 cont.) If 4 = 1, we assume that either b is eventually continuous or
lim inf; o (logb(t — 1)/ logb(t)) > 0

and that
b(t)/a(t) = O(fq(a(t))), t— oo, (3)

where f,(t) = (logt)9L(logt) for some ¢ > 0 with £ slowly varying at oo and if ¢ > 0,
b(t)/a(t) # O(fs(a(t))) for s € (0,q).

J

In particular, if ¢ = 0 and L(t) converges as t — oo to a positive constant, b/a is a bounded
function.

[ (A4) For each k e N:={1,2,...} and t > s > 0, Ag(s) C Ag(¢). ]

In particular, b is a nondecreasing function.
In view of (A1) and a(t) < b(t) for t > 0, we infer lim;_,~, b(t) = co. For each ¢ € (0,1), put

po:=p+po ifp>1 and gy:=q+o fp=1. (4)
Assuming (A3), fix any x € (0,1), any p € (0,1) and put
ty, = tn(k, @) :==1nf{t > 0: b(t) > vp(k, )} (5)

for n € N, where v,(k,1) = vp(k,1,q,0) = exp(n(l_“)/(qﬁl)) and vy (k, 1) = vp(k,p,0) =
nte(1=r)/(e=1) for 1 > 1. Plainly, the sequence (t,)nen is nondecreasing with lim,, oo t, = +00.

Remark 1.4. In the situation that the infimum in (2) is attained, we could have defined vy, (k, )
and t,(k, ) with p replacing p, if 1 > 1 and 0 replacing g, if 4 = 1. This possibility will become
clear after an inspection of the proof. For the time being, this can be informally justified as
follows. If the infimum is attained, then b(t) < const (a(t))* for large! ¢, whereas if the infimum
is not attained and p > 1 (u = 1), then b(t) < const (a(t))*e (b(t) < (loga(t))%a(t)) for each
0 € (0,1) and large ¢. Our formulation is intended to simplify the subsequent presentation and
avoid dealing with multiple cases.

(A5) For each positive x sufficiently close to 0 and for each n large enough, there exists
A > 1 and a partition t, = to n <t1,n < ... <tjn =tyy1 With j = j, satisfying

1 <b(tg,n) —b(tk—1,n) <A, 1<k

and, for all £ > 0, (jy exp(—e(a(tn))l/z)) is a summable sequence.

\. J

!The phrase ‘for each n (t) large enough’ means that there exists no € N (to > 0) and we take any n > no
(t > to). Analogously, ‘for each positive x sufficiently close to 0’ means that there exists ko > 0 and we take any
K € (0, ko).



Remark 1.5. A sufficient condition for (A5) is that b is eventually strictly increasing and
eventually continuous. Indeed, one can then choose a partition that satisfies, for large n,
b(tk,n) — b(tk—1,n) =1 for k€ N, k < j—1 and b(tj ) — b(tj—1,n) € [1,2). As a consequence,

Jn = \_’UnJrl(Kv’ ,u) - UH(K" :U)Ja

and, by Lemma 5.3(b) below, j, = o(a(t,)) as n — co. The sequence (j, exp(—¢(a(t,))'/?)) is
summable because a(t,) grows at least polynomially fast.

Assuming (A1) and (A3), fix any v > 0 and put
Tn = Tn (7, ) == 1nf{t > 0 : a(t) > wy (v, 1)} (6)

for large n € N with p as given in (2). Here, with ¢ as given in (3), w,(7,1) = wy(y,1,q) =
exp(nIHN/@HDY if 1 = 1 and wy, (v, p) = n0EV/ W=D 4f 4 > 1,
Now we formulate our remaining assumptions.

(B1) The function a is eventually continuous or lim;_,~ (loga(t—1)/loga(t)) = 1if p =1
and lim; o (a(t — 1)/a(t)) = 1if p > 1.

(B2.1) There exist sg > 0, ¢p > 0 and a family (R¢(f))o<c<cy t>s, Of sets of positive integers
satisfying the following two conditions: for each v > 0 close to 0 and all 0 < ¢ < ¢ there
exists ng = no(s,7y) € N such that the sets R (7, (7, 1)), Re(Tng+1(7, 1)), - .. are disjoint;
and

_ Val"( 2 keRe(t) LAw®) )
lim

t—00 Var X (t) =2=6 (M)

(B2.2) There exist sg > 0 and a family (Ro(t)):>s, of sets of positive integers satisfying
the following two conditions: for each 7 > 0 close to 0 there exists ng = no(y) € N such
that the sets Ro(Tno (7, 1t)), Ro(Tng+1(7, 1)), - .. are disjoint; and

, Var( 2kero(t) Lan) )
lim

t—00 Var X (t) =t ®)

We are ready to state a LIL, which is the main result of the present article.

Theorem 1.6. Suppose (A1)-(A5), (B1) and either (B2.1) or (B2.2). Then, with p > 1 and
q > 0 as defined in (2) and (3), respectively,

X(t) —EX(t)

li =1 as.
Hmoor (2(q + 1)Var X (t) log log Var X (t))1/2 s
if u=1 and
. X(t) —EX(¢t)
lim sup =1 as.
t—oo  (2(p — 1)Var X (¢) log Var X (t))*/2
if p>1.

Theorem 1.6 will be proved in Section 5.3.

Remark 1.7. A perusal of the proof of Theorem 1.6 reveals that the corresponding lower limits
in Theorem 1.6 are equal to —1 a.s.



2 A short overview of relevant literature

For history up to 1985 of development of LILs for various stochastic models we refer to an
excellent survey [3].

Now we provide an incomplete list of relatively recent articles, which are concerned with LILs
for infinite sums of deterministically weighted independent and identically distributed random
variables. Let &1, &9, ... be independent copies of a random variable £ with E€ = 0 and Var¢ €
(0,00). A LIL for a random geometric series Y ;<o b¥n41 as b — 1— was proved in Theorem 1.1
of [6] with the help of classical methods and in Theorem 2.1 of [28] via a strong approximation
argument. See also [10, 11, 26] and Theorem 1(iii) in [18] for various extensions. A LIL for
a random Dirichlet series Y-, k7 1/27%(logk)%¢; as s — 0+ was proved in [1] in the case
P{¢ = £1} = 1/2 and @ = 0 and in [7] and [14] in the cases @ > —1/2 and a = —1/2,
respectively. One may expect that the asymptotic behavior of the random Dirichlet series with
a = —1/2 mimics that of pr_l/Z_sﬁp, where ) denotes the summation over the prime
numbers.

The most relevant to our setting is the article [20]. It proves a LIL for ) ., ann; as n — oo,
where (api)n>1,icz s a sequence of reals satisfying certain conditions, and ...,n-1, no, 71, ...
are independent random variables with En; = 0, Varn; = 02 € (0,00) and sup,cy E|n;|” < oo
for some r > 2. We use in one fragment of our proof the argument worked out in that paper,
see Remark 5.11 for more details. Four LILs for ) .., an7 as n — oo, where the weights
(@n,i)n>1,i>0 relate to the four particular summability methods, can be found in Theorem 2
of [5].

After the present manuscript has been submitted for publication, Iksanov and Kotelnikova
published the article [15], in which Theorem 1.6 was proved under less restrictive assumptions.
Namely, the requirement of monotonicity in assumptions (A2) and (A4) was removed and re-
placed by a weaker condition. Although the argument given in [15] followed, for the most part,
that of the present paper, the technical details were more complicated at places.

3 An application to the Ginibre point processes

Let C and Leb denote the set of complex numbers and the Lebesgue measure on C, respectively.
As usual, we write z for the complex conjugate of z € C. Let = be the infinite Ginibre point
process on C, that is, a determinantal point process with kernel C'(z,w) = *¥ for z,w € C
with respect to the measure u defined by u(dz) := ﬂfle*"zPLeb(dz) for z € C. This means that
Z is a simple point process such that, for any k£ € N and any mutually disjoint Borel subsets

Bl,...,Bk of C

E[[2B:) = / det(C(zi, 2j))1<ij<k p(dz1) - . . p(dzy).
. Bl><...><Bk

See [2] for detailed information on determinantal point processes and particularly Sections 4.3.7
and 4.7 for a discussion of the Ginibre point processes.

For each t > 0, let Z(D;) denote the number of points of = in the disk D; := {z € C: |z| <
t1/2}. According to an infinite version of Kostlan’s result [19], stated as Theorem 1.1 in [9], the
process

(E(D¢))t>0 has the same distribution as N = (N(¢))¢>0 = (Z Il{pkﬁ}> (9)

b
>0
k>1 =



where I'y, I'o,... are independent random variables and I'y has a gamma distribution with
parameters k and 1, that is,

1

P{Fk S da:} = W

akblem Lio,00)(7)dx, = €R.

The process N can be thought of as a decoupled version of a Poisson process 7 on [0, 00) of
unit intensity. The expectations of the two processes coincide EN (t) = Emy = t for ¢t > 0, but
their variances behave differently. It is shown in Proposition B.1 of [9] that

Var N(t) ~ (t/m)"2, ¢t — oo, (10)

whereas Varm; = t for t > 0. In view of (9), (10) and Proposition 1.1, (t/7)~Y*(Z(Dy) — t)
converges in distribution to a random variable with the standard normal distribution. Weak con-
vergence of finite-dimensional distributions of (Z(Dyt))u>0, properly normalized and centered,
to those of a Gaussian white noise was proved in Proposition 1.3 of [9]. A functional central
limit theorem for (=(Dy++))u>0, properly normalized and centered, was obtained in Proposition
1.4 of the same paper.

An application of Theorem 1.6 gives, with some additional technical efforts, a LIL for Z(D;).

Theorem 3.1. The number of points of Z in the disk Dy satisfies

y (D) —t 1 ‘
D g2 =

Theorem 3.1 will be deduced from Theorem 1.6 in Section 6.

4 An application to Karlin’s occupancy scheme

Let (pr)ken be a discrete probability distribution with py > 0 for infinitely many k. We are
interested in an infinite balls-in-boxes scheme which is defined as follows. There are infinitely
many balls and an infinite array of boxes 1, 2,.... The balls are allocated, independently of
each other, over the boxes with probability pg of hitting box k, ¥ € N. The scheme is commonly
referred to as Karlin’s occupancy scheme due to Karlin’s article [17], which offered the first
systematic investigation of the scheme. A survey of many results available for the scheme up to
2007 can be found in [13].

In a deterministic version of Karlin’s occupancy scheme the nth ball is thrown at time n € N.
For j,n € N, denote by K;(n) and Kj(n) the number of boxes containing at time n at least
j balls and exactly j balls, respectively. In particular, C1(n) denotes the number of occupied
boxes at time n.

Denote by (Sk)ren a standard random walk with independent increments having an expo-
nential distribution of unit mean. Put w(¢) := #{k € N : S <t} fort > 0, so that 7 := (7(t))¢>0
is a Poisson process on [0,00) of unit intensity. It is assumed that 7 is independent of random
variables which represent the indices of boxes hit by the balls 1, 2, ...

In a Poissonized version of Karlin’s occupancy scheme the nth ball is thrown at time S, for
n € N, so that there are 7(t) balls at time t > 0. For j € N and ¢t > 0, denote by Kj(t) and
K;(t) the number of boxes at time ¢ in the Poissonized scheme containing at least j balls and
exactly j balls, respectively. In particular, K (t) denotes the number of occupied boxes at time
t. For i € N, denote by Y; the index of a box that the ith ball falls into. Also, for £ € N and
t > 0, denote by 7 (t) the number of balls which fall into the box k in the Poissonized scheme



at time t. Then m(t) = #{i < w(t) : Y; = k} and w(t) = > .~ mk(t) for all t > 0. The reason
behind introducing the Poissonized version is the thinning property of Poisson processes. Since
the variables Y7, Y5, ... are independent, and also independent of mw, the property ensures that
the processes (m1(t))t>0, (m2(t))t>0,- .. are independent, and (74 ())¢>0 is a Poisson process of
intensity pi. Thus, the numbers of balls which hit distinct boxes are independent, and for each
J € N, the variable Kj(t) is an infinite sum of independent indicators. This is in contrast with
the deterministic version, in which the aforementioned independence is absent. This justifies
a common approach which is exploited when analyzing the deterministic version. First, the
scheme is Poissonized. Then the result in focus, or rather its counterpart, is proved for the
Poissonized scheme. Finally, a transition, called de-Poissonization, is made from the Poissonized
to the deterministic scheme. As far as the quantities introduced above are concerned, a relative
simplicity of the approach is secured by the equalities K;(t) = ICj(n(t)) for t > 0 a.s. and
K;(Sn) = Kj(n) for n € N a.s. The latter equality is not as useful as the former, for the process
(K;(t))i>0 and the variable S, are dependent.
Put

p(t) =#{keN:1/p, <t}, t>0,

so that p is the counting function of the sequence (1/pg)ren. Observe that p(t) = 0 for ¢ € (0, 1].
Typically, assumptions on the distribution (pg)ren are formulated in terms of p rather than
the distribution itself. Regular variation of p at co of index a € [0,1] is a standard condition,
sometimes referred to as Karlin’s condition. This means that p(t) ~ t“L(t) as t — oo for some L
slowly varying at co. Comprehensive information about slowly and regularly varying functions
can be found in Section 1 of [4]. The Karlin scheme exhibits different behaviors for o = 0,
a € (0,1) and a = 1. In view of this the three cases are treated separately in Theorems 4.1, 4.3
and 4.4 (all the theorems will be proved by an application of Theorem 1.6).

To be more precise, Theorem 4.1 is concerned with the situation in which p belongs to a
proper subclass of slowly varying functions. We say that p belongs to de Haans class II with the
auxiliary function ¢ (notation p € Il or p € IIy) if, for all A > 0,

1o P08 = p(t)

theo L) log A. (11)

Detailed information about the class II can be found in Section 3 of [4] and in [12]. In particular,
according to Theorem 3.7.4 in [4], IT is a proper subclass of the class of slowly varying functions.
We note in passing that the definition of a general function belonging to the class II does not
require the precise growth rate imposed on ¢, nor even divergence of £ to co. For instance,
t — logt is a function of the class II with the auxiliary function ¢ = 1. We shall use the
notation p € Ily » if p belongs to the de Haan class II with the auxiliary function /¢ satisfying

Theorem 4.1. Assume that p € ;. If ¢ in (11) satisfies
((t) ~ (logt)’l(logt), t— oo (12)

for some B8 >0 and | slowly varying at oo, then, for each j € N,

) K;(t) —EK;(t) (212
h?i&lp (Var Kjét) logVaijj(t))l/2 B <E> o (13)
If € in (11) satisfies
((t) ~ exp(o(logt))), t— oo (14)



for some o0 >0 and X € (0,1), then, for each j € N,

K;(t) —EK,;(t 2\1/2
lim sup 0 10 = (—) a.s. (15)
oo (Var Kj(t)loglog Var K;(t))1/? A
If p € Iy o (in particular, in both cases discussed above), then
EK;(t) ~ p(t), t— o0
and
= (2k—1)!
=1

Remark 4.2. For the time being, working in the present setting with slowly varying p ¢ II is a
challenging task, for even the large-time asymptotics of ¢t — Var K (t) is not known.

Theorem 4.3. Assume that, for some « € (0,1) and some L slowly varying at 400,
p(t) ~ t*L(t), t— oc.

Then, for each j € N,

K;(t) — EK;(t)

li =212 as., 16
oo, (Var K (t) log log Var K (t))/2 o (16)
) F(] — a) «a . ey
EK;(t) ~ Wt L(t) and VarK;(t) ~ c;jt“L(t), t— oo,
where I' is the Fuler gamma function and
. 1 ( 1 jz_il“(i+ja)_r(__a)>>0
PTG\t i J ‘

Theorem 4.4. Assume that, for some L slowly varying at +oo,
p(t) ~ tL(t), t— oo.
Then, for each j > 2, relation (16) holds,

(2j — 3)!

EKj(t) ~ #tL(t) and VarKj(t) ~ ((j—l)!)222j73

j—1

tL(t), t— oc.

If 5 =1 and, for each small enough v > 0,

g Llexp((n+ D)) 0, an
2 (exp(n )

where IAJ(t) = ftoo y~'L(y)dy is well-defined for large t, then relation (16) holds with j = 1. If
(17) does not hold, then

K —EK
lim sup 1(t) 1t) <22 as. (18)
t—oo  (Var K1(t)loglog Var K (t))/2

In any event R
Var K (t) ~ EKi(t) ~ tL(t), t— oc.



Theorems 4.1, 4.3 and 4.4 will be proved in Section 7 by an application of Theorem 1.6.

Remark 4.5. The convergence of the integral defining L which is not obvious will be justified in
the paragraph preceding Lemma 7.3.

Slowly varying L satisfying (17) do exist, for instance, L(t) ~ exp(—logt/loglogt) as t — cc.
In general, such functions should exhibit a very fast decay. In particular, for slowly varying L
of moderate decay like L(t) ~ (logt)~? for some 3 > 0 or fast decay like E(t) ~ exp(—o(logt)})
for some o > 0 and A € (0, 1), relation (17) fails to hold.

We do not claim that relation (16), with j = 1, fails to hold whenever so does (17). As
explained in Remark 7.8 the first parts of conditions (B2.1) and (B2.2) of Theorem 1.6, with
the sets R.(t) and Ry(t) chosen in a natural way, do not hold, so that one half of Theorem 1.6
stated as Proposition 5.7 below is not applicable in this case.

Our next purpose is to obtain versions of Theorems 4.1, 4.3 and 4.4 for the deterministic
version of Karlin’s occupancy scheme. It is known (see Lemma 1 in [13]) that the means EX;(n)
and EK;(n) satisfy

lim [EK;(n) —EK;(n)| =0. (19)
n—oo

The validity of this relation does not require any specific conditions like regular variation of the
counting function p. However, we are not aware of a counterpart of this result for variances.
To fill this gap, we obtain in Proposition 4.6 formula (20) which is crucial for de-Poissonization.
Although (20) is not a precise analogue of (19), it serves our purposes. In the case j = 1 relation
(20) was proved in Lemma 4 of [13] under the sole assumption that either lim,,_,~, Var C1(n) = co
or lim,,_,~ Var K1(n) = oco. The case j > 2 of Proposition 4.6 seems to be new.

Proposition 4.6. Assume that either p € 11y o or p is reqularly varying at oo of index o € (0, 1].
Then, for j € N,

Var IC;(n)

im ————=

n—oo Var K;(n)

Given next are LILs for K;(n), j € N a deterministic scheme version of Kj;(t), j € N. The

results will be derived from Theorems 4.1, 4.3 and 4.4 with the help of a de-Poissonization

technique.

~1. (20)

Theorem 4.7. Under the assumptions of Theorems 4.1, 4.3 or 4.4, for j € N, limit relations
(13), (15) and (16) hold true with K;(n), EX;(n) and VarICj(n) replacing K;(t), EK;(t) and
Var K(t), and n — oo replacing t — oo.

5 Proofs of the main results

5.1 Auxiliary results
For k € Nand t > 0, put X*(¢) := X (t) — EX(t) and ny(t) := 14, —P(Ax(t)). Note that
X*(t) =) m(t), t>0 (21)
k>1
and that 7y (¢), n2(t), ... are independent centered random variables.
Lemma 5.1. For any ¥ € R and any t > 0,
Eexp(0X* (1)) < exp(2~10% exp(|9])a(t)) (22)

and
Eexp(dX (1)) < exp((exp(d) — 1)b(£)). (23)



Proof. Using (21), En(t) = 0 and ¢® < 1+ z + (22/2)ell for z € R we infer, for ¥ € R and
t>0,
Eexp(0X*(1)) = [[ Eexp(@n(®) < [T (1 + 2~ 02Br () exp((9]lmi (1)),
k>1 k>1

In view of |ng(t)| < 1 a.s., we conclude that exp(|9||nx(t)|) < exp(|¥|). This in combination with
D k1 En?(t) = a(t) and e® > 14z for € R yields, for ¥ € R and ¢ > 0,

Eexp(9X*(1)) < [ (1 + 2792 exp([9)Eni(1)) < exp(2~'9° exp(|9)])a(t)).
k>1
Thus, inequality (22) does indeed hold.
Inequality (23) follows from

Eexp(0X (1)) = [[ Eexp(d La,) = [J(+ (e~ DEAL(1) < exp (e 1) 3 F(A4(1))

k>1 k>1 k>1
— exp((e” — 1)b(1).
O
Corollary 5.2 is an immediate consequence of (23).
Corollary 5.2. Suppose (A4). Then, for 9 € R andt > s> 0,
Eexp (J(X(t) = X(5))) < exp((e” = 1)(b(t) = b(s))).
For each B > 0 and each D > 1, put
g1,B(t) == (B+1)loglogt, t>e and g¢gp(t):=(D—1)logt, t>1. (24)

Lemma 5.3. Fiz any o € (0,1) and any € (0,1), suppose (A1) and (A3) and let q, and p,
be as defined in (4).
(a) If 1 in (2) is equal to 1, then exp(—gi,q,(a(tn(k,1)))) = O(n~U=") asn — oo, and if u > 1,

then exp(—gy,, (a(tn(r, 1)) = O(n= =) )
(b) There exists an integer r > 2 such that (((vp41(k, k) — vn(k, p))/a(ts)) )neN is a summable
sequence.

Proof. (a) By (A3) and the definition of t,, for u =1,

exp(nt! =@ty < bt (r, 1) = Olalta(r, 1)) folaltn(k, 1)), 1 — oo (25)
and, for p > 1,

el =™ < bty (k, 1)) = O((alta(r, p))"e), 1 — oo, (26)

Since lim;_, o (log f,(t)/logt) = 0 we infer

exp(—g1,q,(a(tn(r, 1)) = (log altn(r, 1))~ = O(n~1"), n = cc.
Also, for p > 1,

oxp(—=gp, (alta(r, 1)) = (alt(r, 1))~ ¥ = O(n~079), 0 — co.
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(b) We first show that if (A3) holds with p = 1, then
log a(tp(k,1)) = O/ (@) oo, (27)

Indeed, if b is eventually continuous, then b(t,(x,1)) = v,(k,1) for large enough n, whence
log a(tn(k,1)) <logb(ty(r,1)) = n1=®)/(%e+D) for large n. Assume now that lim inf; . (log b(t —
1)/logb(t)) > 0. This in combination with log b(t,(r, 1)—1) < n1=%)/@%*1) and log a(t,(k, 1)) <
log b(tn(k, 1)) yields (27).
Observe that, as n — oo,
Ung1(k; 1) — vn(k,1) = exp((n 4 1) 79/ @) _ exp(n(17r)/(@et1)y

~ (1 —&)/(qo + 1))l =R/ (et D)=L oxpy (n(1=r)/ (1))

and, for p > 1,
Ung1 (Foy j1) =0 (15, 1) = (n1)He(1=R)/ (e=1) _ppe(1=r)/(ne=1) (Mg(l_ﬂ)/<ﬂg_1))71(1*#@*@)/(#@*1)_

Recall that lim; oo t7P*L.(t) = 0 for any p, > 0 and any L, slowly varying at co. This
implies that fq(t) = O((logt)%) as t — oo. Using the latter estimate together with (25) and
(27) we infer

1

[ — qo _ 0 (1=r)/(go+1)
a(tn(n, 1)) O((loga(tn(ﬁ, 1))) eXp( n ))

If > 1, inequality (26) entails
_r
altn(r; 1))

= O(n~ =R/ (e=1)y) " 5 0. (29)

Summarizing, for p > 1,

vn-l—l(/ia M) — ’Un(li, :u') _ n=F
a(tn) - O( )7

Now the claim of part (b) is justified by choosing any integer r > 2 satisfying rx > 1. O

n — oQ.

Lemma 5.4. Fiz any v > 0 and suppose (A1) and (A3). If u in (2) is equal to 1, then

exp(—g1,q(a(ta(7,1)))) = O(n~ ) as n — oo, and if p > 1, then exp(—gu(a(ta(v, 1)) =
O(n=*)) as n — oo. Assuming additionally that (B1) holds,

exp(—g1,4(a(ra(1, 1)) ~ 0~ and  exp(=gula(ra(v, 1)) ~ 00— 0o
in the cases p =1 and p > 1, respectively.

Proof. The proof of the first part is similar to the proof of Lemma 5.3(a). The proof of the
second part is similar to the proof of (27). Hence, both are omitted. O

Lemma 5.5 can be found in Lemma 2 of [21].
Lemma 5.5. Let &1, &9, ... be random variables. Fix any N € N and assume that
El&r + ..+ & < (ugr + ... +um), 0<l<m<N (30)
for some A1 > 0, some Ay > 1 and some nonnegative numbers uy,...,uy. Then

A A
B( max &+ +&n)™ < A (un 4. +un)™

for a positive constant Ay, »,.
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5.2 Proofs of Propositions 1.1 and 1.2

Proof of Proposition 1.1. This follows by a standard application of the Lindeberg-Feller theo-
rem. One of the conditions that has to be checked is

a

| (m4(1))? B
Jim > E ) Hmo>ea)2y =0 (31)
k>1
for all € > 0. As |ni(t)| = [ 14, —P(Ax(t))| < 1 a.s. and a diverges to infinity, the indicator
1{|77k(t)|>€(a(t))1/2} is equal to 0 for large t, which entails (31). 0

Proof of Proposition 1.2. Fix any 6§ € R. By Proposition 1.1 together with Fatou’s lemma,

. 0 X*(t)
hg(l)ngexp ((a(t))l/2) > E exp(6 Normal(0, 1)).

Hence, we are left with proving that

liﬂsczp]Eexp <(i()§;)(f/)2> < Eexp(# Normal (0,1)) = exp(6?/2). (32)

Using inequality (22) with 9 = 6/(a(t))'/? we obtain

0 X*(t) 62 6]
2 N )« il L))
Bexp ((a(t))l/z) < exp ( g P ((a(t))m))
Recalling (A1) and letting ¢ tend to oo yields (32).
Relation (1) is a consequence of uniform integrability of (|X*(t)|/(a(t))"/?))i>s, for some
s1 > 0, which is implied by (32), and Proposition 1.1. O
5.3 Proof of Theorem 1.6

Theorem 1.6 follows from the two propositions given next.

Proposition 5.6. Suppose (A1)-(A5). Then, with n > 1 and ¢ > 0 as defined in (2) and (3),
respectively,

lims X*(1) <1 and lims X*() <1 as
im su a im su 8.
t—)oop (2(q + 1)a(t)logloga(t))/2 — t—)oop (2(u — Da(t)loga(t))/2 —
in the cases =1 and p > 1, respectively.

Proposition 5.7. Suppose (A1), (A3), (B1) and either (B2.1) or (B2.2). Then, with u > 1
and ¢ > 0 as defined in (2) and (3), respectively,

X* X*
lim sup *) >1 and limsup ®)

=00 (2(q 4 1)a(t)logloga(t))/2 — M SUD = Da(t) log a(t)) /2 >1 as.

(33)
in the cases =1 and p > 1, respectively.
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Proof of Proposition 5.6. In view of (A2) we can and do assume that a is eventually nonde-
creasing. It suffices to show that, for each o € (0,1) and each positive  sufficiently close to
0,

lim sup SUPye[ty,, tnt1] X*(u) <
oo (2a(tn)ho(a(tn)))'/?

where t,, = t,,(k, 1) is as defined in (5), hy = g1,4, if 1 in (2) is equal to 1 and h, = g, if p > 1
(see (24) for the definitions of g1, 4, and g,,,). Indeed, if this is true, then, for large enough n,

<14k as., (34)

X*(t) < Supue[tn,tn+1] *(U)
(2a(t)ho(a(®))/? ~ (2a(tn)h(a(tn)))'/? —
whenever ¢t € [t,, t,41] (the first inequality is the only place of our proof in which condition
(A2) is used).
Relation (34) will be obtained in two steps. First, we shall prove in Lemma 5.8 that

<1l+k a.s.,

X*(tn)

li <1 8. 35
TSP o (a2 S (35)
Second, we shall show that
X*
lim —PuEltn, tosa] X () = X7 ()] =0 as. (36)

n—00 (a(ta)ho(a(ty )))1/2
Lemma 5.8. Suppose (A1) and (A3). Then relation (35) holds for any k € (0, (v/5 —1)/2).
Proof. Fix any s € (0,(v/5 —1)/2). We claim that there exists a positive p = p(k) satisfying
(1— k)14 r)%(2 —exp(2(1 + x)p)) > 1. (37)

To prove this, observe that (1—#)(1+x)? > 1. Choosing positive p sufficiently close to 0, we can
make 2—exp(2(1+k)p) as close to 1 as we wish and particularly ensure that 2—exp(2(1+x)p) >
(1—kr)11+ k)2

Fix any 6 € R. Inequality (22) with ¥ = 6/(2a(t)h,(a(t)))'/? reads

0.X*(t) 02 6]
=0 (ai, w72 < (i) (g ame))

Since h,(a(t))/a(t) < 2p? for large enough ¢ and p as in (37), we infer, for such ¢,

* 2
20 (Gamma) <= (inga * (iface)) 38)

By Markov’s inequality, for large n,

X*(tn)
]P’{ (2a(tn)hpla(ty)))/?

X*(tn)
n)ho(alt

2
< exp ( —(1+k)0+ 4hg(i(tn)) exp <hg(€z|(0t‘n))>)

—(1+k)0
> 1+/<a} <e E exp <0(2a(t n)))1/2>

13



Putting 0 = 2(1 + k)h,(a(ty,)) we obtain

X*(t)
P et e o)

5> 1+ ﬁ} < exp(—(1 + £)2(2 — exp(2(1 + K)p))hy(alty)))

1
=0 (n(H)<1+n>2<27exp<2(1+n>p>> ) '

Here, we have used exp(—h,(a(t,))) = O(n~07%)) as n — oo, see Lemma 5.3(a).
Hence, by (37),

X*(t,)
> B Calt)hglalt)) 12~ K} <o

n>ni

for some n; € N large enough, and an appeal to the Borel-Cantelli lemma completes the proof
of Lemma 5.8. O

Next, we shall prove a result which is stronger than (36):

X* — X*(t,
n—oo (a(tn)) /

PROOF OF (39). Using a partition t,, = tg n < ... <tjn = tp41 defined in (A5) we obtain

sup [ X" (u) = X*(tn)]

uE[tn,tn+1]

= max sup [(X*(th—1,n) — X*(tn)) + (X" (tp—1,n +v) = X (tp—1,n))|
1<k<J ve[0, tg, n—th—1,n]

< max ’X (tk 1n)—X*(tn)‘

1<k<j
+ max sup [(X*(th—1,n +v) = X*(th—1,n))| a.s.
1SKk<T ve(0, th, n—tr—1,n]

We first show that . .
max;<g<j | X*(tk—1,n) — X*(tn)]

nh_}ngo (altn))1)? =0 as. (40)

To this end, we need two additional auxiliary results.
Lemma 5.9. Suppose (A4). Let r € N and t,s > 0. Then

E(X*(t) — X*(5))*" < Crmax(|b(t) — b(s)[", [b(t) — b(s)|) (41)
for a positive constant C,. which does not depend on t and s.
Proof. In view of the representation

X*(t) = X*(5) = > (Lagw) —P(Ak(t) — Lay(s) +P(Ar(5))) = > mi(s,1),
k>1 k>1

the variable X*(t) — X*(s) is an infinite sum of independent centered random variables with
finite (2r)th moment. If » > 2, then, by Rosenthal’s inequality (Theorem 3 in [23]),

E(X*(t) — X*(s))*" < Crmax<<ZE Nk (s, 1) ) ZE Nk (s, 1)) )
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If r =1, then
E(X*(t) = X*(5))? = > E(mk(s, 1)),

k>1

so that the preceding inequality trivially holds with Cy = 1. For any event A,
E(La ~P(A))™ = (1 — B(A))”B(A) + (B(A)) (1 — P(A)) < (1 - P(A))P(4) < B(A).

Since, under (A4), ni(t,s) = 1a, qvs)\ Ay (ns) —~P(Ak(t V s)\Ax(t A s)) we conclude that in this
case, for k € N,

E(ny(t,$))*" < P(Ak(t V s)\Ax(t A ) = [P(A4(t)) — P(Ag(s))]-
This proves (41). O

Lemma 5.10. Suppose (A4) and (A5). Then, for any integer r > 2, there exists a positive
constant A, such that

E(max X (tt.0) = X" (b)) < Ar(wnss () = vl )" (42)

Here, j and (ty,n)o<k<; are as defined in (A5), and vy (k, ) is as defined in (5).

Proof. We intend to apply Lemma 5.5 with Ay = 2r, Ao =7, N = j — 1 and & := X*(t,n) —
X*(tg—1,n) for E € N. Let 0 <1 <m < j — 1. Recall that (A5) ensures that b(tm, n) — b(t;,n) =
> i1 (b(tk,n) = b(tg—1,»)) > 1. Using this and Lemma 5.9 we obtain

El&41+.. ‘+§m|2T = E(X*(tm,n) _X*(tl,n))Zr <C; max((b(tm,n) _b(tl,n))rv b(tm,n) - b(tl,n))

m
,
= Colbltm,n) = b)) = (D w) s (43)
k=l+1
that is, inequality (30) holds with uy := C}/r(b(tk,n) —b(tk—1,n)), k €N, k < j—1, where C, is
the constant defined in Lemma 5.9. Now (42) is an immediate consequence of Lemma 5.5 and
the definition of t,,:

-1
E X*(teq ) — X*(t,))2 = E 2 < 4 ( )
(g, 1) = X0 =B gy 446 < A (S

= AQr,rCr(b(tj—l,n) - b(tn))r < AQT,TCT(UH+1(K7 ,U,) - Un(ﬁv N))T
]

Remark 5.11. We have learned the idea of using Lemma 5.5 in the present context from the
proof of Theorem 4 (i) in [20]. The cited result is concerned with an upper half of a LIL for a
rather general discrete-time model and as such cannot be used to prove (39).

An application of Markov’s inequality yields, for any r > 0 and all € > 0,

E(maxi<gp<; [X*(th—1,n) — X*(ta))*
2 (a(tn))"

]P’{ 1rgl?§j|X*(tk—1,n) — X*(tn)| > 6(a(tn))1/2} <

In view of Lemma 5.10 and Lemma 5.3(b), there exists an integer r > 2 such that the right-hand
side forms a summable sequence. This in combination with the Borel-Cantelli lemma. ensures
(40).
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To complete the proof of (39) it is enough to show that

lim maxi<i<j Supve[()’tk’n_tk_l’n] |X*(tk71,n + U) — X*(tkfl,n)’
n—00 (a(tn))1/2

=0 a.s.

Condition (A4) ensures that the process (X (t))¢>0 is a.s. nondecreasing, and the function b is
nondecreasing. Hence,

sup [ X" (th—1,n +0) = X (th—1,n)| < sup (X (th—1,n +v) = X(tg-1,n))
’UE[O, tk,n_tk—l,n] UE[O, tk,n_tk—l,n]
+ sup (b(tk_l’n + U) - b(tk—l,n)) S X(tk,n) — X(tk_l’n) + b(tk,n) — b(tk—l,n) a.s.

VE[D, Tk, n—tk—1,n]
According to (A1) and (Ab)

maxi<k<j (0(tk,n) — b(tk—1,n)) A
(a(tn))/?

Finally, for all € > 0,

P{ o (X (b, ) = X (t5o1,0)) > e(a(ta)) /) < T B{X (th0) = X(t5o1,0) > elaltn)/?)
- k=1

J J
< et )2 N e () =X n) < e (0t N ep((e — 1) (b(th,n) — blts—1,n))
k=1 k=1

< exp(A(e — 1))jec(@(t))"?,

We have used Markov’s inequality for the second inequality, Corollary 5.2 for the third and (A5)
for the fourth. The right-hand side is summable in n by another appeal to (A5) and thereupon

. maxi<k<j (X (th,n) — X(th—1,n))
11m

n—o00 (a(tn))l/z - O a-5:

by the Borel-Cantelli lemma. This completes the proof of (39) and that of Proposition 5.6. [

To unify the subsequent proofs for the cases 4 = 1 and p > 1, we introduce an additional
notation. Put hg := g1,4 if p defined by (2) is equal to 1 (here, ¢ is as defined in (3)) and
ho =gy, if p>1.

Lemma 5.12. Suppose (A1) and (A3) and let p > 1 be as given in (2). For large t > 0 and
some ¢ € [0,1), let R.(t) denote a set of positive integers satisfying (7) if ¢ € (0,1) and (8) and
R.(t) #N if ¢ =0. Then

1
lim inf,,_ o0 D) > —(s(1=?)Y?  as.
iminf, . (2a(Tn)ho(a(Tn)))1/2 ke(RZ(:T . Mk (Tn) > —(s( 7)) a.s.,

where T, = Ty (7, 1), with any v € (0, (v/5—1)/2), is as defined in (6), and (R (7,))¢ := N\R.(7»,)
denotes the complement of Rc(1y,) in N.
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Proof. Fix any v € (0, (/5 — 1)/2). Arguing in the same way as we did when justifying (37),
we prove that there exists a positive p = p(7) satisfying

(1= (1 +7)(2 —exp(2(1 —7%)%p)) > 1. (44)

For large t, put a’(t) := Var (ZkE(Rg( e Ly, t)) Zke (Re(t E(ni(t))? and then

1
2 a7 ke%;(mcnk(t)'

In view of (7) or (8) we have to show that

limsup (—Z1, (1)) < (1 =722 as.

n—oo

According to the Borel-Cantelli lemma, the latter is ensured by
Y P{=Zi(m) > (1=} < o0 (45)
n>ni

for some ny large enough. To this end, we obtain a counterpart of (38), for u € R and ¢ large
enough to ensure ho(a(t))/al(t) < 2p%, where p is as in (44),

U2 u
B+ < exp (4h0(a(t)) exp (hol()lz(lt))»'

Invoking the Markov inequality with u = 2(1 —~2)Y/2hg(a(7,)) and the first part of Lemma 5.4
yields, for large n,

P{—Z1.(12) > (1 —42)Y?} < o u(1=9) 2 pou(=2Z1, < (mn))

1
< 1 2o L an1/2 _ _
< exp (= (1=19)(2 - (21 =) p)ho(a(m)) = O a7 )

In view of (44) this entails (45). O

Lemma 5.13. Suppose (A1), (A3), (B1) and either (B2.1) or (B2.2) and let yn > 1 be as given
in (2). For sufficiently small § > 0, pick vy € (0, (v/5—1)/2) > 0 satisfying (1+~)(1—62/8) < 1.

Then 1
lim su ™) 21-0 as,
B o holalr T 2

where T, = T (7, 1) s as defined in (6).

Proof. We intend to show that

lim sup

mSup o )ho i 2 k() 2 (=) (1 -9V —8) as (40)

k>1

with either any ¢ > 0 close to 0 which appears in condition (B2.1) or ¢ = 0 if condition (B2.2)
holds. In the former case the claim of the lemma follows on sending ¢ to 0+.

For large t, put a.(t) := Var (ZkeRg(t) nk(t)). In view of Lemma 5.12 and

limsup (2, + yn) > hm 1nf ZTpn + lim sup y,

n—o0 n—oo
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which holds true for any numeric sequences (z,,) and (y, ), relation (46) follows if we can check
that

lim_)sup Zy,(th) >1—0 as., (47)
where, for large t,
1
Zy,o(t) = M (£)-
= o Oha@ 2=,
We shall prove that, for large ¢,
P{Zs,(t) > 1 — 6} > 3 Lo~ (1=0*/8)ho(a(®) (48)

By Lemma 5.4, conditions (A1) and (B1) ensure that e~ (1=0*/®ho(a(m)) ~ p~(1+7)1-0%/8) 4
n — 00. As a consequence,

D P{Zs(rn) > 1 -6} =00

n>ny

for some n; > ng large enough. In view of the first part of (B2.1) or (B2.2), the random variables
Z,(Tng)s Z2,<(Tng+1), - .. are independent. Hence, divergence of the series entails (47) by the
converse part of the Borel-Cantelli lemma.

As a preparation for the proof of (48), consider the event

U = {1 =6 < Zo, (1) <1} = {(1 = 9)g(t) < We(®)/(ac ()2 < g(8)},

where g(t) := (Qh()(a(t)))l/2 and
W)= > m(t).
kER.(t)

Recall that sg is a positive number appearing in the definition of R (t), see assumption (B2.1).
Given u € R and large ¢ (that is, ¢ > sp such that a(t) > 0 and ac(t) > 0) introduce a new
probability measure Q;,, on (€2, F) by the equality

E (e 0/60)/ 1)) O
EeuWe(t)/(as(t))/2 - fQ uWs (t)/(ac ()12 qp’

Qt,u(A) = AecF.

Then, for u > 0,

(Eeu(wg(t)/(a;(t))lﬂ—g(t))) Quu(US)) = eu9® / . QuWe(t)/(ac()/? g
U,®

< e o) /U e dp = P(US)) < P{Zy (t) > 1—6}. (49)
t
We shall show that, upon choosing an appropriate positive u = u(t) = O((ho(a(t)))'/?), the
expectation on the left-hand side is bounded by e~ (1=0%/8)ho(a(®)) from below and also prove that
Quu((ULS)) > 1/3, thereby deriving (48).
First, we check that, with u(t) = O((ho(a(t)))/?), u(t) € R (thus, for the time being, we do
not assume that wu(t) takes positive values),

EetOWs(0)/(as()'/? _ o@()2/2+@®)*h(®) ¢y o (50)
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for some function h satisfying lim; o, h(t) = 0. To this end, put

Mk (t)

Ek(t) == (0 (D)2

and recall that ng(t) := 14, ) —P(A(t)). Since |ng(t)] <1 a.s.,

() (1) = o((hl(jg)))m) —o(l), t— oo as

uniformly in k. Recalling the asymptotic expansions

e =1+x+2%/240(z%) and log(l+z)=2z4+0(?), z—0,

we infer

Ee W /@O — T[] Eexp(u(t)és(r)

kER.(t)
= I EQ+uet) + @®)? (@) (1/2+o(1)))
kER.(t)
—exp (D log (14 u(t)E(&(1)2(1/2 +o(1))))
kER(t)
—exp (®)2(1/2+0(1) > E@(1)? + @®)'0( Y E&1)H?)). (1)
kER(t) keRc(t)
Since, for large t, )
o 2ker.n E(k()"
oo Bl == =
and E(n(t))? < 1, we conclude that
o E(me(t))?
(w(®)® <E(5k<t>>2>2:o<ho<a<t>>>ZkER(‘;j(t)()Zk( V1)t o

kER.(t)

having utilized (7) or (8) for the last equality. Now (51) entails (50).
Observe that, with u € R fixed, formula (50) reads

lim EeWs(0)/(ac(0)'/? — qu?/2,
t—o00

which implies a central limit theorem Wg(t)/(ag(t))l/ngormal((), 1) as t — oo. Here, as
before, Normal(0, 1) denotes a random variable with the standard normal distribution.

We are ready to prove (48). Recall that ¢(t) = (2h0(a(t)))1/2 and put

u(t) = (1= 3/2)g(t) = O((ho(a(t)))"/?).

Formula (50) implies that

u(®)(We(t)/(ac(t)'/2=g(t)) _ o—(1-6%/4)ho(a(t))+o(ho(a(t)) > o—(1-06%/8)ho(a(t)) 2
Ee e e (52)
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for large ¢. Next, we intend to show the Q ,,(;)-distribution of W (t)/(ac(t))/? = (u(t)+2u(t)h(t))
converges weakly as ¢t — oo to the P-distribution of Normal(0, 1). To this end, we prove conver-
gence of the moment generating functions. Let EQW( 9 denote the expectation with respect to
the probability measure Q). Using (50) we obtain, for r € R,

. ) /
E er(W<(t)/(ag(t))1/27(u(t)+2u(t)h(t))) — Ee(r (D)W (/o< ()7
Qt,u(t) Eeu(t)W< (t)/(ck (t))1/2

= exp ((1/2)(r +u(t))? + (r+ u(®))*h(t) — (1/2)u?(t) — w?($)h(t) — r(u(t) + 2u(t)h(t)))
=exp ((1/2 + h(t))r?) — exp((1/2)r?) = Eexp(r Normal(0, 1)), ¢ — oc.

—r(u(t)+2u(t)h(t))

e

The weak convergence ensures that

lim SUPt—m@mu(t){Wg(t)/(%(t))l/z <(1-0d)g(t)}
< Jim Qi ity {We () / (as(t))? < u(t) + 2u(t)h(t)} = P{Normal (0,1) < 0} = 1/2.

Since lims—so0(g(t) — (u(t) + 2u(t)h(t))) = +oo, we also have
Tim Qo {W(0)/ ()2 < g()} = 1.
Summarizing,

Qe (UF) = Quaugy {We(8) /(s (8) 2 < 9(1)} = Qg {We(8)/(a (1)) 2 < (1 = 8)g(t)} > 1/3
(53)
for large t. Now (48) follows from (49), (52) and (53). The proof of Lemma 5.13 is complete. [

Proof of Proposition 5.7. Given sufficiently small § > 0 pick v € (0,(v/5 — 1)/2) satisfying
(14+~)(1 —0?/8) < 1. Then

lim su X" (t) > limsu X () >1—-6 as
P Ralho(a()2 = P Ralm)hola(m)) 2 = -
where the second inequality is secured by Lemma 5.13. Now (33) follows upon letting ¢ tend to
0+. O
6 Proof of Theorem 3.1
In view of (9) it suffices to prove that
lim su Ny—-t _ 1 a.s
oo t/4(logt)t/2 — gl/4A T
Recalling (10) and that EN(t) =t for ¢ > 0 this is equivalent to
N(t)—EN(t
lim sup ®) ®) =1 as. (54)

t—oo  (2Var N(t)log Var N(t))/2

Since N (t) is the sum of independent indicators, we intend to apply Theorem 1.6. While
condition (A4) holds trivially, conditions (A1), (A2) and (A3), with u = 2, are secured by (10).
Since the function b (b(t) = t) is strictly increasing and continuous, condition (A5) holds by a
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sufficient condition given in Remark 1.5. The first part of condition (B1) is secured by continuity
of t = Var N(t) =3 o, P{Ty < t}P{T} > t}.

Checking condition (B2.1) requires some preparation. Recall that a random variable Y,
has a discrete Bessel distribution with parameters v > —1 and ¢t > 0 if

1 ¢ 2n+v
P{Y,:=n}= = N
Yor=nj IL,(t)nT(n+v+1) <2> » nelo

where I' is the Euler gamma function and I, is the modified Bessel function of the first kind
given by

1 ¢ 2n+v
I,(t) = —_—| = , >—1,t>0.
®) Zn!F(n+v+1)(2> v

n>0

We shall need a central limit theorem for Y, 4, properly normalized and centered.

Lemma 6.1. The variables 2t=Y/2(Y,, ; — t/2) converge in distribution as t — oo to a random
variable with the standard normal distribution.

Remark 6.2. The centering and the normalization used in Lemma 6.1 can be replaced with EY), ;
and (Var Yl,7t)1/ 2 respectively. The equalities

EY, ;= tR,(t)/2 and VarY, ;= t*R,(t)(R,+1(t) — R,(t))/4+tR,(t)/2, v > —1, t>0,

with R, (t) := I,4+1(t)/1,(t), can be checked directly or found in formula (2.1) of [24]. Using
these in combination with

lim t(1 - R,(t)) =v+1/2 (55)

t—o0
we infer
EY,:=t/2—(v+1/2)/24+0(1) and VarY,, ~ t/4, t— o0
thereby justifying the claim.
Relation (55) can be derived with some efforts from formula (9.13.7) on p. 167 in [25], which
provides a series representation of the modified Bessel function I,,. We note in passing that
formula (A.3) in [24] which states that lim; o t(1 — R, (t)) = 2v + 1 seems to be incorrect.

Proof. Observe that Y, ; has finite exponential moments of all orders: for p € R,

v ebn ¢ 2n+v
EePivt = =
Z L) T(n+v+1) <2>

n>0

56
e—VP/2 1 eP/2¢N 2n+v e—vp/ij(ep/Qt) (56)
_ =V Y <.
L) Zn!F(n—l—V—l—l)( 2 ) I30) >
n>0
It is known (see, for instance, formula (9.13.7) on p.167 in [25]) that, for v > —1,
of
I,(t) ~ , t—o0. (57)
2mt

To prove the lemma, it suffices to show convergence of moment generating functions. To this
end, write, for p € R,

I (ert ™' %)
L,(t)
~ exp(—pt'? + (pt=1/% 4+ p?t71/2)t) = exp(p?/2) = Eexp(p Normal(0,1)), ¢ — oo

E exp (Zpt_l/QYMt —ptl/Q) = exp(—p(t'/2 +vt71/%)) ~ exp(—pt /2 et )
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having utilized (57) for the first asymptotic equivalence and Taylor’s expansion for the second.
O

Now we state a lemma designed to check that relation (7) (the second part of condition
(B2.1)) holds.

Lemma 6.3. Fiz any ¢ € (0,1). Then there exists the unique x > 0 such that

[t+atl/2]

Var ( Z ]l{pkgt}> ~ (1—=¢)VarN(t), t— oc.
k=|t—at1/2]

Proof. Given z > 0 put c(t,z) := |t — xt'/2| — 1 for large ¢ ensuring that c(t,z) > 2.
We first note that
c(t,x) c(t,x)

Var( Z ]l{kat}> = Z P{Fk < t}P{Fk > t}.
k=1 k=1
Using
k—1 t]
P{T} gt}:l—e_tzﬁ, t>0,
=0
we obtain
c(t,z) Aok tl
Var (3 L ) = Do D5 3 ey
k=1 k=1 j=0 Tk
c(tm -1 cf) Zti+j
10
j=0 k=j+1i>k v
c(tzx: Z min(i, ¢(t,x)) siti
141
i>j+1 k=j+1 v
c(tac -1 c(t,x) +J c(ta: tH_]
s ST -t
=0 i= J+1 = z>c(tx)+1
=: A(t,x) + B(t, ).
We proceed by analyzing A:
c(t z)— 1 c(tac c(t,x)—1 tj tw)
—2t
At "y 5 Z et Y o >4
J=0 i=j+1 j=1 i= j+1
_2t c(t,x)—1 j c(t,xr)—1 /i _2t c(t,x)—2 4 c(t,x) /i
S Y HT YRl T i
=0 i=j =0 i=j+2
_ c(t,x)—2 o c(t,x)—2
B 67215 (t,x)—1 tc(t,x) 1 _}_67225 Z t2j+1 _'_eth t2]+2
ORI ORI ] 2 Gy . G D)
c(t,x)—2 -
1 pe(t)
—e Z —_ = Al(t,$) + Ag(t, ac) + A3(t,:€) — A4(t,$).

gt (e(t, 2))!

J=0
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By Stirling’s formula, the definition of ¢ and Taylor’s expansion of y — —log(1 — y),

—_t pelta)—1 exp(—t + (t — $t1/2) logt — (t — xt1/2) log(t — xt1/2) e mtl/Z)
(cft, z) — 1)t (2rt)1 /2

_exp(—at!? — (t—atP)log(L —atT) e 58

— (2mt)1/2 ~ i — 00, (58)

With this at hand, we infer
Ai(t,x) = O(1) = o(Var N(t)), t— oo.
As a preparation for what follows, we note that, by Lemma 6.1,
P{Yp, 2 < c(t,x) — 2} = P{(2t 7)Y (Yo, 00 — t) < 222+ 0(1)} — ®(—2%z), t— oo,

where @ is the distribution function of Normal(0,1). Using this in combination with (57) we
obtain

Ag(t,x) = e 21y (2t) P{Yo 2t < c(t,z) — 2} ~
and

As(t,x) = e 2L (26) P{Y7 ot < c(t,z) — 2} ~
By the central limit theorem for standard random walks,

Fc(t,x) - C(t, x) S t— C(t, x)
(c(t, x))'/? (c(t, )12

P{Topg) > 1} = IP’{ } — P{Normal(0,1) > 2} = ®(—z), t— oc.

(59)
This together with (58) yields

e(t,z) e—z2/2q>(_$) 1/2
(c(t,z))! (2m)1/2 ’

Ay(t,z) = t P{T o p)—1 > the ™" t — o0.

Left with analyzing B we first obtain the following decomposition:

c(t,x)—1 4 4 c(t,x)—2 4 v
— —2t —2¢
B(t,z) = c(t,x)e i Z a te Z a Z T
j=0 i>c(t,z)+1 j=0 i>c(t,x)+1
» tc(t,m)—l » tz c(t,z)—2 » t] i tl
= C(t, x)e m Z (§] E — (t — C(t, I’)) Z ﬁ Z (§] ﬁ
’ i>c(t,x)+1 j=0 i>e(tyx)+1
i tc(t,x)—l
= C(t, x)e (C(t x) — 1)!P{Fc(t,x)+1 < t} - (t - C(t7 x))]P){Fc(t,m)fl > t}P{Fc(t,z)+l < t}

=: By(t,x) — Ba(t,x).
By the same argument as used for the analysis of A4 we infer

e "2 (x) (/2

t — oo.

Finally, by (59),
Bo(t,z) ~ x®(—z)®(x)tY?, t— oco.
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Combining all the fragments together we arrive at

c(t,x)

1/9 @(—21/2.%) efxz/QCI)(—x) eimQ/Q(I)(aj)
Var( ; ]]-{Fkgt}) ~ t / ( 7-‘-1/2 - (277)1/2 + (27‘(‘)1/2 —ZL'CD(—J])@(;I;))’ t — oo.

Arguing similarly we also conclude that, with d(t,z) := [t + 2t'/2], as t — oo,

d(t,x) 1/2 —22/2 —x2/2
®(2172z) e RPd(x) e T /2®(—x)
1/2
Var (32 o) ~ (T T e )
k=1

and thereupon

d(t,x)

Var< Z ]l{pkgt}>

k=c(t,z)+1
~ (t/m)(®(2Y22) — B(—2"/%z) — 2127 PP (2) 4 2120 20 (—2) + 2720 ®(—2) ().

In view of (10) it remains to show that given ¢ € (0,1) there exists the unique = > 0 such
that

Fz) = ®(2'%2) — d(—222) — 2127129 (z) 4 212" 2D(— 1) + 27" 22D (—2)D(2) = 1 —<.

Since f'(x) = 2r'/2®(—z)®(x), the function f is increasing on [0,00). Also, it is continuous
with f(0) =0 and lim,_,~ f(z) = 1. The stated properties of f justify the claim. O

Fix any ¢ € (0,1) and put R.(t,z) := {k € N : c(t,z) < k < d(t,z)} with c(t,x) =
|t — xtY/?] — 1 and d(t,z) = |t + xt'/2]. Here, z is the unique positive number, for which the
asymptotic relation of Lemma 6.3 holds. In particular, this verifies (7), which is one part of
condition (B2.1).

Further,

ATyt ) + 1 —d(1p, ) > Th1 — Tn — .Q?(Ti{fl + T%/Q) —1= (Té_/fl + ’7'71/2) (Tifl — 75/2 — x) —1.
By Proposition B.1 in [9], Var N (¢) = te™2!(I(2t) + I1(2t)) for t > 0. Using formula (9.13.7) on
p. 167 in [25] we infer

s

Recalling that wy,(7,2) = n!™ we infer /2 = (Tn(7,2))1/? = 712017 4 O(1) as n — oo and
thereupon
Tlfl — 7',1/2 = 71'1/2(1 +9)n"+0(1), n— oco.

n

As a consequence,
lim (¢(Tp41,2) + 1 —d(ms, ) = 00,

n—oo

whence d(7,,x) < ¢(Tnh41,2) + 1 for large enough n. This proves that there exists ng € N such
that the sets Rc(Tny, ), Re(Tng+1,), - .. are disjoint, that is, the second part of condition (B2.1)
holds true.

Now (54) is secured by Theorem 1.6.
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7 Proofs related to Karlin’s occupancy scheme

7.1 Auxiliary results

We shall need several preparatory results.

Lemma 7.1. (a) Let a function x be reqularly varying at oo of negative index and y any positive
function satisfying limg oo t~'y(t) = co. Then

aly(®)

=0.
t—oo  x(t)

(b) Let a function x be regularly varying at oo of positive index and y any positive function
satisfying limy_,oo t1y(t) = 0. Then

a(y(t)

=0.
t—oo  x(t)

Proof. (a) By Theorem 1.5.3 [4], there exists a nonincreasing function x; such that z(t) ~ z1(t)
as t — 0o. Also, for each ¢ > 0, y(t) > ct for large enough ¢ and thereupon

t t t
0 < limsup () = limsu 1(y(t) < limsup z1(ct) = cﬁ,

tsoo (1) t%oop z1(t) t—soo X1()

where [ is the (negative) index of regular variation. Sending ¢ — oo finishes the proof.
The proof of part (b) is analogous, hence omitted. O

Lemma 7.2. (a) Conditions (11) and (12) entail
p(t) ~ (B+1)"t(logt)’ i(logt), t— oco. (60)
(b) Conditions (11) and (14) entail
p(t) ~ (oN) " exp(o(logt))(logt)' ™, — cc. (61)

Proof. (a) By Theorem 3.7.3 in [4],

t t logt
p(t) ~ /y_lf(y)dy ~ /y‘l(logy)ﬁl(logy)dy—/1 yl(y)dy, t— occ.

Relation (60) now follows by an application of Karamata’s theorem (Proposition 1.5.8 in [4]).
(b) By the same reasoning as above

t t logt
p(t) ~ /y‘lf(y)dy ~ /y‘leXp(U(lOgy)A)dy=/1 exp(oy)dy, t— oc.

An application of L’Hopital’s rule yields (61). O

In the case a = 1 treated by Theorem 4.4, that is, p(t) ~ tL(t) as t — oo, a slowly varying
function L cannot be arbitrary. Indeed, according to Lemma 3 in [17]

. -1 o
tli)rglot p(t)=0 (62)
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and floo vy~ 2p(y)dy < 1. As a consequence, lim; o L(t) = 0 and, for each ¢ > 0, fcoo y~L(y)dy <

0. The latter entails that the function L(t) = [7°y~ L(y)dy is well-defined for large t. Obvi-

ously lim;_,oo L(t) = 0. It is known (see, for instance, Proposition 1.5.9b in [4]) that L is slowly

varying at oo and that
L(t
lim A( ) =0. (63)
t—o0 L(t)

Lemma 7.3. If p(t) ~ tL(t) ast — oo for some slowly varying L, then

o0 o0
t‘l/o y e Vp(ty)dy ~ / y'L(y)dy, t— occ.
t

Proof. 1t suffices to prove that, as t — oo,

1 00
! /0 y~ e Vp(ty)dy = o(L(t)) and ¢! /1 y 2 (1 — e )p(ty)dy = o(L(t)).

The former follows from
1 1 1 .
t‘l/ y‘2e‘1/yp(ty)dy§t‘lp(t)/ y e Vdy ~ / y e ¥y L(t) = o(L(t)).
0 0 0

Here, the first inequality is implied by monotonicity of p and the last asymptotic relation is
secured by (63). The latter is justified as follows

t_l/l y (1= e ) p(ty)dy < t_l/l

o0

y3p(ty)dy = t / Ty )y ~ L(t) = o L(1)).

The asymptotic equivalence is ensured by Proposition 1.5.10 in [4] and formula (63) entails the
last asymptotic relation. O

Lemma 7.4. For any function £ slowly varying at oo there exists a positive function ¢ satisfying

(c(t) . oct)
t=oo (1) =1 and tlggoT_

Proof. According to the representation theorem for slowly varying function (Theorem 1.3.1 in

), t
0(t) = A(t) exp </a ufls(u)du>,

where lim;_,oo A(t) = A € (0,00), @ > 0 and lim¢_,o (t) = 0. Therefore, the first limit relation
in the statement of the lemma is equivalent to

lim ule(u)du = 0.
t—oo J;
In view of
c(t) c(t)
| / u™e(u)du < / =L |e(u)|du < sup |e(u)] log(t=2e(t)),
t t u>t
one may take ¢(t) = texp ((sup,>; le(u)])~1/2). Since lim o0 sup, > [e(u)] = 0, both claimed
limit relations hold true. O
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Recall that we denoted by II; o, the subclass of the de Haan class II with the auxiliary
function ¢ satisfying lim¢ o £(t) = co. Also, we recall that K;(¢) and K7 (¢) denote the number
of boxes at time ¢ in the Poissonized Karlin scheme containing at least j balls and exactly j
balls, respectively. For k € N and ¢ > 0, denote by 7 (¢) the number of balls in box k at time
t. By the thinning property of Poisson processes, the processes (71(t))i>0, (m2(t))e>0,... are
independent and, for k € N, (m(t))s>0 is a Poisson process with intensity pi. Now we are ready
to exhibit representations of Kj;(t) and K7(t) as the infinite sums of independent indicators

Ki) =3 Vmzy and G0 =D Vmw=y, J21, 20 (64)
E>1 E>1

7.2 Asymptotic behavior of EK;(t) and Var K(t)

Passing to the proofs of Theorems 4.1, 4.3 and 4.4 we first show that the asymptotics of EKj(t)
and Var K;(?) are as stated in these theorems. In addition, we find the asymptotics of EK7(t).

Lemma 7.5. Assume that p € Il «,. Then, for each j € N,

EK;(t) ~ p(t), t— oo, (65)
i1 o
Var K;(t) ~ (logQ—ZW)E(t), t— 0 (66)
k=1
and
EK(t) ~ g(f) t — 0. (67)

Assume that p(t) ~ t*L(t) ast — oo for some a € (0,1] and some L slowly varying at oo.
Ifae(0,1) and j e N ora=1 and j > 2, then, as t — o0,

I'j—«a

ERG(0) ~ (5ot (65)

C VarK(t) A~ T(i+j—a) T(j - a)
tILI?oTt; - (; il — 1)I2iti—1—a (5 = 1)! ) >0 (69)

and (i
EK(f) ~ O‘%!_a)p(t), t — 0. (70)
If a =1, then

Var Ki(t) ~ EKj(t) ~ EK;(t) ~ tL(t), t— ooc. (71)

Proof. Assume that p € II; .. By Theorem 1 in [17], EK;(t) ~ p(t) as t — oco. By Proposition
2.5 in [16], (67) holds. Relation (11) entails lim¢—,~(p(t)/¢(t)) = co. Hence, for j > 2, EK;(t) =
EK,(t) — Zf;ll EK;(t) ~ p(t) as t — oo, that is, (65) holds true. Formula (66) can be found in
Corollary 2.8 of [16].

By formula (23) in [17], (70) holds whenever a € (0,1) and j € Nor o = 1 and j > 2.
Assume that o € (0,1). By Theorem 1 in [17], EK;(t) ~ I'(1 — «)t“L(t) as t — oco. Noting
that EX;1(1) = EK;(t) — EK;(¢) for j € N and t > 0, relation (68) follows with the help of

mathematical induction.
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Assume that & = 1 and j > 2. The previous argument does not apply and we have to resort
to direct calculations. Write with the help of the first equality in (64), for ¢ > 0,

EK,(t) = EZ Ly ()25} = Z (1 _ e—pktjz:l (Pf't)l> _ /(1 | (1 B e—t/ij:l (t/;?)z>dp(x)
i=0 )0 ) )

k>1 k>1

Using the inequality

- j
1—e=y T <t w20 (72)
il — !
and (62) we infer
Jj—1 i i
| T RIS 72
hin—fgp (1 e ; 0 )p(:v) < a:lggo i p(z) =0. (73)

Hence, integrating by parts and changing the variable ¢t/x = y we obtain

t —1
EK(f) = /0 oV (j;yj_ e/, >0 (74)

According to Potter’s bound (Theorem 1.5.6 in [4]), given 6 € (0,1) there exists zp > 1 such
that, for y < t/xg and t > xy,

p(t/y)
p(t)

With this at hand, write, for ¢ > x,

EE() _ 'y v pltfy), [ L
o _/0 e dy_/o ...+/t/$0..._.A(t)+B(t).

By monotonicity of p,

e’} Jj—1
B(t) < plzo) / oY dy = plzo) — 0, t— o0
0 (j—1)!

<2 max(yil*‘; y71+6).

)

Observe that

—y j—1P/y) 16140

1 B2 < e yyd—t
[0, /0] (¥)e Yy 0 = max(y~ °, Y , y>0

and that the function on the right-hand side is integrable on (0,00). Hence, by Lebesgue’s
dominated convergence theorem,

-1 (t/y) yj72 1
lim A(t) = / lim 1 . e ¥ y P dy = / e V- d
t—oo Q o t—oo [0,/ O](y) (=1 p(t) 0 (7 — 1!

This proves (68) in the case « = 1 and j > 2.
Assume that o = 1. By Theorem 1 and formulae (23) and (26) in [17],

Var Ki(t) ~ EK;(t) ~ EK[(t) ~ / y e Vp(ty)dy, t— oo
0
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This in combination with Lemma 7.3 entails (71).
Assume that o € (0,1) and j € Nor o« =1 and j > 2. Arguing along the lines of the first
part of the proof one can show that

J—

Var K(t) = Var Z Lz ()=} = Ze Pkl Z

k>1 k>1 =0

t
Nk (t/y)dy — /O e?

_Qyﬂ ! yi i1 yi—1
[ G-

Changing in the first integral the variable z = 2y and invoking equality (74) we obtain

p(t/y)dy. (75)

Jj—1 (HJ 1)
Var K;(t) = Y EK;1;(2t) S~ B (D).
=0

This in combination with the already proved relation (68) and the fact that p is regularly varying
of index « yields

i YISO _ (EEBR 06 St pton) B ()
t=oo p(t) t—00 p(2t) p(t) p(t)

N'i+j—a) I'(j —a)
_ZZI éz+j 1—a (jj_ 1)! =G (76)

Plainly, the constants c; are nonnegative. Now we intend to show that ¢; > 0 for each j € N
if & € (0,1) and for each j > 2 if o = 1. In the latter case the constants ¢; take a simpler form

(2 —3)!
(G —1)n22%-3
which immediately proves positivity. Indeed, according to Lemma 2.3 in [16], with a = b =1
andl=j—1,

cj = J=2,

whence
j—1 . . j—2 (i+j—2 2j—3 2j-3
Zﬂf(z—k]—l) TG-1) 1 Z(j_Q) (H)_1)—( (7))

R R S VA A e e e AN (R PR A

Assume now that a € (0, 1). Recalling a series representation of Var K;(t) (see (75)) and using

) Iy
e_m?<1ie_12ﬁ7 1:_0,
’ i=0

we infer

Var K (t) > Ze QPkt(p’“t) =277EK}(2t), t>0,j€N.
k>1 J!
Here, the equality follows from the second equality in (64). With this at hand, invoking now
(70) and (76) we obtain

¢j > 2%]’%‘_0‘) >0, jeN.
J:

29



7.3 Proofs of Theorems 4.1, 4.3 and 4.4

Since K(t) is the sum of independent indicators, Theorems 4.1, 4.3 and 4.4 will be proved by
an application of Theorem 1.6. As a preparation we prove a lemma designed to check conditions
(B2.1) and (B2.2) of Theorem 1.6 in the present setting.

Lemma 7.6. Assume that either p € Il o or p is reqularly varying at co of index o € (0,1].
If p e Iy o and j € N or p is reqularly varying of index o € (0,1) and j € N or o = 1 and
Jj > 2, then for any positive functions ¢ and d satisfying lim;_,« c(t) = 00, limy_,o0(c(t)/t) =0
and limy_,o(d(t)/t) = o0

Var (3 Lt i) Lz ) ~ Vark(t), ¢ oo. (77)
E>1

Ifa =1 and j = 1, then for any fized s € [0,1), any ¢1 € (0, 1] and 3 € [0,1) satisfying ¢1 —c2 =
1 —¢ and any positive functions c and d satisfying lim; (L L(c(t))/L(t)) = <1, limy_yo0(c(t) /1) =
0o provided that ¢, = 1 and limy_,oo (L(d(t))/L(t)) = <2,

Var(Z l{c(t)<1/pk§d(t)} H{”k@)Zj}) ~ (1 - g)Var Kj(t), t — oo. (78)
k>1

Remark 7.7. If ¢; = 1, the existence of ¢ appearing in the second part of Lemma 7.6 is secured
by Lemma 7.4. If ¢; < 1, one may take ¢(t) :== L™ (1 L(t)) for large ¢, where L~ is the inverse
function of L which exists because L is decreasing and continuous for large t. The same argument
applies also to d if ¢o > 0. If o0 = 0, the existence of d is clear.

Proof. Assume first that p is regularly varying of index o € (0,1) and j € Nor o =1 and j > 2.
In view of (69) it is enough to show that

Var (Z L /pe>d(n)} ]lm@)zﬁ) =o(p(t)), t—o0 (79)
k>1
and
Var (37 1t peseton Lzt ) = olp(t), ¢ = oc. (80)
k>1

Recalling the first equality in (64) we start by writing

t) 2L ity
Var(zﬂ{l/wd(t)} L (e >a}) > L/pesat }e‘p’“tz p’“ ( —e—pkt;%))

k>1 k>1
_ . i1 .
_ 1y N () e\ ()
—/ e ZT<1—6 / ZT)dp(m)
(d(t), 0) i=0 i=0
An integration by parts in combination with (73) yields
. (t d et = (¢ d
Var (3 L psay Limyzsy ) = =70 Z / ( vy / ) (d(1))
k>1 i=0
t/d(t) j—1 =L
-y Y (9o vN YL _ . _
" /0 plt/3)e P (20 2; V1) dy = A0) + A (81)



In view of (72),

0= il(g) = (d(tt)yp(pci(tt))) ~ (<§$§?—)a)/ (tLa(—?) b= oo

By Lemma 7.1(a), the right-hand side converges to 0 as ¢ — oo because j — a > 0 and
lim; 0 tild(t) = 00.

Now we intend to show that lim; ,..(A2(t)/p(t)) = 0. As a preparation, observe that, for
each y > 0,

: PU/Y) —y ¥ (-
Jim Lo, ¢/a() (y) o0 y]_l ( yZ——l)

It remains to find an integrable majorant for the function under the limit. Let y* be the unique

root of the equation 2e™Y Zi (} g, = 1. According to Potter’s bound (Theorem 1.5.6 in [4]),
given § > 0 there exists xg > 1 such that, for y < ;0 and t > x,

pE)t(é?)J) < 2max(y7a75, yiO‘Jr‘S).

Increasing ¢ if needed we can ensure that, together with the previous inequality, we also have
t/d(t) < y* A1l. With this at hand, choosing § > 0 such that o + J < j we conclude that

yj a—6—1 3 y'
Y= Lo, yenn)(y)28 Y = G- (26 yz ), y>0

is an integrable majorant. By Lebesgue’s dominated convergence theorem As/p does indeed
vanish. The proof of (79) is complete.
Passing to the proof of (80) we obtain

Var Y Lt pe<e(t)} Lim (25

E>1
j—1 % iy c i
ISZ0NS WCZ('t)) (1 —e /" Wf”)ﬂ(fi@))
i=0 =0

Since limy_, oo (t/c(t)) = 0o, we infer
: —tctj_ltCti o t/elt t/c
tli>mooe /();W( /e( ;::0(/())> 0,

whence Bi(t) = o(p(c(t))) = o(p(t)) as t — oco. We have used the fact that p is nondecreasing
for the last asymptotic relation. Using monotonicity of p once again yields, for large ¢,

t

0< Ba(0) < plett) |

[ (]J_ ( wz )y = ofple(t))) = olp(t), t — ox,

and (80) follows.
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Consider now the case & = 1 and j = 1. Since ¢ > ¢ and L is nonincreasing, the assumptions
of the lemma guarantee that, for large enough ¢, ¢(t) < d(t). Thus, the sum Zkzl Lge(t)y<1/pr<d(t)}
is nonzero for large t. Observe that

Jlim (e(t)/t) = lim (d(t)/t) = oo (83)
and particularly lim;_,o ¢(t) = limy_, oo d(t) = co. Indeed, assume on the contrary that d(t,,)/t, <
¢ for a constant ¢ > 0 and large n, where (t,,),en is some sequence of positive numbers diverging
to co. Since the function L is nonincreasing we conclude that L(d(t,))/L(t,) > L(ct,)/L(t,) — 1
as n — 0o, a contradiction. The claim about ¢ follows analogously if ¢; < 1 and holds true by
assumption if ¢; = 1.

For simplicity of presentation we assume that p(t) = tL(t) for t > 0 for some slowly varying
L rather than p(t) ~ tL(t) as t — oco. In view of (71) it is sufficient to prove that

Var (3 L pesetn Limozny ) ~ aitL(®), ¢ = oo. (84)
E>1
and R
Var (Z ]l{l/pk>d(t)} ]l{ﬂk(t)zn) ~ CQtL(t), t — oo. (85)
k>1

The right-hand side of (85) reads = o(tL(t)) if ¢; = 0. We shall prove (84) and (85) simultane-
ously. Let (h,¢*) denote either (c,¢1) or (d,s2). Using the A; and Ay defined in (81), putting
7 =1 and replacing d with h we obtain

(h(#)) L(h(1))

0< At) (et _ ef2t/h(t))p(?(t)) < L(Ah(t)) _ L g 50, t— o0
0 tL(t) — L(t)  L(h(t)) L(t)

h

Here, while the first factor on the right-hand side converges to 0 according to (63), the second
converges to ¢*. Further, for ¢ large enough to ensure ¢/h(t) < log2 (this is possible in view of

(83)),

Ao(t) _ MO p(tfy) _yo —y Lo _ L(n(v)
0< —/0 i) e Y2V - 1)dy < ﬁ(t)/o y L(t/y)dy = i)

Given ¢ € (0, 1) there exists 6 > 0 such that, whenever ¢/h(t) < 0,

As(t) _ [ p(tfy) gy M)y o L(R(E)
tﬁ(t)_/o tL(t) (2e7 ~Ddy = 1 6)/0 tL(t) dy=(1-¢) L)

Sending first ¢ — oo and then £ — 0+ we obtain (84) and (85).
Assume now that p € Iy o, and j € N. In view of (66) it is enough to show that

Var (3 Lgymsay Limyzs) ) = o(6(t), ¢ = o (86)
k>1
and
Var (Z ]l{l/pkgc(t)} ﬂ{ﬂk(t)zj}> = O(E(t))a t — oo. (87)
k>1

32



We intend to represent the right-hand side of (81) in a form which is more suitable for the
present proof. Let &; and §§» be independent random variables having a gamma distribution with
parameters j and 1, that is,

P{§J<x}—1—e—xzz' / I dy, x>0. (88)

Then

._.

Jj—

. i1

. (T Ty ¥ Y
P{min(¢;, &) <z} =1-e 2 < —) / e Z?,dy

- il

z:OZ! (j—l)!i
2x 131
2)7 2
:/0 (i/—l'zy/ dy, ==0.

This proves that

[y

j—

ot td e (E/d(L)) dt)
facey 5 LAY / (_e /d();(/ig))>:/() ey(jy_l)!dy

=0

Using this we obtain an alternative representation of (81) that we were aimed at:

e oy
Var Y L jpesd() Lm25) = /0 (p(2t/y) = p(t/y))e ™ 3,9

k>1

2t/d(t) L, !
- / t/d(t) Pty = pldO)e G-

2t/d(t)
[ ot - e (21—JZ W2 1)y = Ca(t) + Calt) + Cut).

(-
(89)
Since p € Iy, there exists x; > 0 such that, for all y < ¢/x; and large t,
p(2t/y) — p(t/y)
<log2+1. (90)
((t/y)

According to Potter’s bound (Theorem 1.5.6 in [4]), given 6 € (0,1) there exists zp > 1 such
that, for y < t/xo and large ¢,

((t/y)/0(t) < 2max(y~°,y°). (91)

For t so large that d(t) > z* := max(zg,z1) and t/d(t) < 1, we infer

t/d(t) i—1
Cl(t)§2(log2+1)/ y % y(y )dy—>0 t — o0.
0 J
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Recalling that p is a nondecreasing function we conclude that,

Ca(t) <:p<2da>>——p<du>>€<da>>j/?“d“>e_y Y

WS Wm0 b G

< o U = 1! pl(2d(1)) — pld(t)) £(d(1))/d(2)
t

- (=1t £(d(t)) ((t)/t
Here, while the last factor converges to 0 by an application of Lemma 7.1(a) to f defined by

f(t) = t714(t), the penultimate factor converges to log2 because p € II;. Finally, C3(t) < 0 for
large t satisfying 2t/d(t) < 1, as a consequence of

— 0, t— oo.

W2 N g
21— Z T < A 22—1 <2277 <1, yelo1], j>2
i=0 ’ i

and, for j =1,

The proof of (86) is complete.
Mimicking the argument leading to (89) we obtain an alternative representation of formula
(82):

2t/c(t) j—1

Var (311 pese) Lmeyzi) ) = / (p(e(®)) = p(t/ y))efyhdy

>1 t/c(t)

2t y -1 2 y 1 y/2
+ /Qt/c(t)(p(zt/y) p(t/y))e” y(j 1)'dy—i— /t/c(t)(p(2t/y)—p(c(t)))e y(g—1 (21 JZ -

i=0 i=0 k=1

Using the fact that p is nondecreasing we obtain

Di(t) _ [0 p(e(t) — p(t/y) Ue(t) —y v
oty /t/c(t) £(c(t)) £(t) ’ (J— 1)!dy
< p(c(t)) — plc(t)/2) C(t)ﬁ(C(t))LP{gj et} =0, - oo

t(c(t)) te(t)  c(t)

Here, the first factor on the right-hand side converges to log 2 because p € Il o, the second
factor vanishes by Lemma 7.1(b) with f given by f(t) = t£(¢), and the remainder vanishes
because the tail of a gamma distribution decays exponentially fast, see (88).

Further, for ¢ so large that 2t/c(t) > 1 and ¢(t) > =* with 2* defined right after (91),

Daft) _ [ p2t/y) — plt/y) (t/y) —y v" [T 21
= /2t/c(t) o) 0 G- 1)!dy = /2t/c(t) .. .—|—/ ..

An application of (90) and (91) yields

=: Doy (t) + Doyo (t)

t/x*

t/x* j—1
Dgl(t)§2(10g2+1)/ yle™V y dy%() t — oo.
2 /e(t) (j— D!
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Since p is nondecreasing,

) yj—l
Daa(t) < / eV dy — 0, t— oo.
t

Jx* (.7 - 1)'

Observe now that p(2¢/y) —p(c(t)) < 0 under the integral in Dy and that 217 577§ (2 > 1

4!

for y > 0if j = 1 and for y > 27 if j > 2. This demonstrates that D3(t) < 0 for large ¢ satisfying
2t/c(t) > 27. Finally, D4(t) < 0 for all t > 0 as a consequence of

j—1 < j—1 2-1) ;-1 .
(2t) N2 i i
- _<Zﬁ) —_Zﬂ L) <0 >0
=0 =0 i=j = k=i—(j—1)
The proof of (87) is complete. O

We shall check that, under the assumptions of Theorems 4.1, 4.3 and 4.4 (for the latter
provided that either j > 2 or j = 1 and (17) holds), all the conditions of Theorem 1.6 are
satisfied. Also, we shall show that if under the assumptions of Theorem 4.4 relation (17) fails
to hold in the case j = 1, then all the conditions of Proposition 5.6 are satisfied.

CONDITION (A1) is secured by (66), (69) and (71), respectively.

CoNDITION (A2). Invoking (66) in combination (12) or (14) secures (A2) under the assump-
tions of Theorem 4.1. By Theorem 1.5.3 in [4], formulae (69) and (71) ensure (A2) under the
assumptions of Theorems 4.3 and 4.4, respectively.

CONDITION (A4) holds trivially.

ConNDITIONS (A5) AND (B1). Since the function b given by

j—1
b(t) =BK;(t) =Y (1 —e Py ((pst)'/(1)), ¢>0
i=0

k>1

is strictly increasing and continuous, condition (A5) holds by a sufficient condition given in
Remark 1.5. Since the function a given by

i1 i i1 i
al) = Var (0 = e S (1ot B, o0

k>1

is continuous, the first part of condition (B1) also holds.

CoNDITION (A3). If in the setting of Theorem 4.1 relation (12) prevails, then condition (A3)
holds, with 4 = 1/8 + 1, according to (65), (66) and (60). If in the setting of Theorem 4.1
relation (14) prevails, then condition (A3) holds, with 1 = 1 and ¢ = 1/\ — 1, according to (65),
(66) and (61). Condition (A3), with =1 and ¢ = 0, is secured by (68) and (69) in the setting
of Theorem 4.3; by (71) if 7 = 1 and by (68) and (69) if 7 > 2 in the setting of Theorem 4.4.

Assume that in the setting of Theorem 4.4 condition (17) fails to hold. Then Proposition
5.6 ensures (18). It will be explained in Remark 7.8 that, under failure of (17), relation (18) is
the best one can hope for as far as an application of Theorem 1.6 is concerned.

Now we shall prove that condition (B2.1) holds in the case j = 1 under the assumptions
of Theorem 4.4 when (17) prevails, and that condition (B2.2) holds under the assumptions of
Theorems 4.1, 4.3 and 4.4 (the latter with j > 2).

CoNDITION (B2.1). Assume that p is regularly varying at oo of index & = 1 and j = 1. For
each ¢ € (0,1), define the set Rc(t) appearing in condition (B2.1) by

Ri(t) = {k e N:c(t) < L/pp <d(H)}, t>1
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with any positive functions ¢ and d satisfying lim; oo (L(c(t))/L(t)) = 1, limy_,o0(c(t)/t) = o0
and lim;_,o0(L(d(t))/L(t)) = < (according to Remark 7.7, such functions ¢ and d do exist).
Then, (78) entails (7).

Recall that condition (A3) holds with u = 1 and ¢ = 0, so that wy(y,1) = exp(n'*?).
In view of (71), exp(n'*?)/2 < 7, < 2exp(n'*?) for large n. This together with (17), slow
variation and monotonicity of L proves limy, oo (L(ns1)/L(7)) = 0. We intend to show that
d(1,) < ¢(Tny1) for large n. Since L is nonincreasing, it suffices to check that, for large n,

ﬁ(Ad(Tn)) > [A/(AC(TnJrl)) I:ETnJrl) ‘ (92)

L(ry) L(tpt1)  L(mn)

The latter holds true, for the left-hand side converges as n — oo to ¢, whereas the right-hand
side converges to 1 x 0 = 0. Thus, there exists ng € N such that the sets Rc(7,), Re(Tng+1), - - -
are disjoint, and condition (B2.1)does indeed holds.

CONDITION (B2.2). Assume that either (12) or (14) holds true (so that p € II; «,) and j € N,
or p is regularly varying at oo of index o € (0,1) and j € N, or p is regularly varying of index
a=1and j > 2. Put ¢(t) := t/logt and d(t) := tlogt and define the set Ry(t) appearing in
condition (B2.2) by

Ro(t)={keN:c(t) <1/ppr <dt)}, t>1.

With this choice relation (8) holds according to (77).

If in the setting of Theorem 4.1 relation (12) prevails then ¢ = 1/8 + 1 > 1, whence
wn(v, 1) = nIHYB. In view of (66) and (12) 7, is equal asymptotically to exp(n!*?) times
terms of smaller orders. If in the setting of Theorem 4.1 relation (14) prevails then p = 1
and ¢ = 1/X\ — 1 > 0, whence wy(7,1) = exp(n V). In view of (66) and (14) 7, is equal
asymptotically to exp(c~*n!*t7) times terms of smaller orders. In the settings of Theorems
4.3 and 4.4 (the latter with j > 2) u =1 and ¢ = 0, so that w,(v,1) = exp(n'*?). According
to (69), 7, is equal asymptotically to exp(a~'n!*7) times terms of smaller orders. Thus, in
all the considered cases while lim,, oo (Tn+1/7n) = 00 superexponentially fast, log 7, exhibits a
polynomial growth. As a consequence, the inequality d(7,,) < ¢(7,41) holds for large enough
n, that is, there exists ng € N such that the sets Ro(7n,), Ro(Tng+1),--. are disjoint. We have
shown that condition (B2.2) holds true unless & =1 and j = 1.

The proofs of Theorems 4.1, 4.3 and 4.4 are complete.

Remark 7.8. Assume that p(t) ~ tL(t) as t — oo for some L slowly varying at oo and that, for
some v > 0 small enough,

A

lim inf L(?Xp(n + D) > 0, (93)
n—00 L(exp(nlJr“{))
that is, condition (17) fails to hold. Then the second parts of conditions (B2.1) and (B2.2),
with appropriately chosen R(t) and Ry(t), hold, whereas the first parts of conditions (B2.1)
and (B2.2) fail to hold.
For each ¢ € [0,1), define

Ri(t) = {k eN:c(t) < Lpp < d(H)}, t>1

with any positive functions ¢ and d satisfying limy_eo (L(c(t))/L(t)) = <1, lims_e0(c(t) /) = o0
provided that ¢ = 1 and limy_,ee(L(d(t))/L(t)) = <2, where ¢; € (0,1] and ¢ € [0,1) are any
fixed numbers such that ¢; —¢ =1—¢. If ¢ =0, then ¢; = 1 and ¢, = 0 and (78) entails (8). If
¢ €(0,1), then (78) secures (7).
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Arguing as in the previous proof one can check that (93) guarantees that

lim inf (Tn+1)
n—00 L(Tn)

> 0.

We claim that inequality (92) cannot hold for all n large enough and neither can d(7,,) < ¢(7n41)
because L is nonincreasing. This is obvious if ¢ = 0, for the limit of the left-hand side of (92)
is then 0, whereas the limit inferior of the right-hand side is positive. If ¢ € (0,1) is close to 0,
then ¢; is close to 1 and ¢y is close to 0. Hence, (92) fails to hold for large n in this case, too.

7.4 Proofs of Proposition 4.6 and Theorem 4.7

We start with an auxiliary result which is an important ingredient of our proof of Proposition
4.6.

Lemma 7.9. Assume that either p € Il; o or p is regqularly varying at co of index o € (0,1].
Then forl,j > 2 and a positive constant Cy y, ;,

lim Yis1 (D —p)" .
n—o0 Var K;(n) T b

Proof. Using (66) and (67) or (69) and (70) we infer, for [ > 2 and a positive constant C,_;, ;,

EK/(n+1) . EKf(n+1)
lim ———— = lim —————" =C4 .
n—oo Var Kj(n)  n—oco Var Kj(n +1) o

Here, the first equality is a consequence of lim,_,(Var K;(n + 1)/Var K;(n)) = 1, which is
justified by the regular variation of ¢ — Var Kj;(t). According to Lemma 1 in [13], for [ € N,

lim |EK;(n) —EK/(n)|=0

n—o0

(the asymptotic relation holds true for arbitrary discrete probability distribution (pg)ren, not
necessarily satisfying the regular variation assumption). This entails

Z(?)pﬁ(l—pi)"—]EIC?(nJrl)(?)/(”;Ll) ~ EKf(n+1), n— oo.

i>1
The proof of Lemma 7.9 is complete. 0

Proof of Proposition 4.6. If j = 1, then, according to (66) and the assumption lim;_,~ £(t) = 0o
or (69), or (71), lim,_ Var Ki(n) = co. With this at hand, relation (20) follows from Lemma
4 in [13], as has already been mentioned.
From now on we are concerned with the case j > 2 (however, some formulae that follow are
valid for j € N). Then, by (66) or (69),
lim Var K(t)

t—o00

— 0. (94)
For k, j,n € N, denote by Ax(j,n) the event {the box k contains at least j balls out of n}. Then

Var Kj(n) =Y " P(Ax(,n)) (1-P(Ak(4, 1))+ Y _(P(Ai(f, n)N Ak (5, 1)) —P(Ai(j, n))P(Ak (5, n))).
k>1 1#k
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We shall prove that
. > i1 P(Ak(f,n)) (1 — P(Ak(j, n))) — Var Kj(n)

R0 Var K;(n) =0 (95)
and
ik (P(Ai(G,n) N AR(G,n)) = P(Ai(4,n))P(Ak (5, 1))
nh—>nolo Var K;(n) =0 (96)

PROOF OF (95). Note that

and

Var K( ZZe_pk” pkn (1 - Ze_p’“" pkn )

k>11=0

Hence, the numerator in (95) is equal to
Jj—1 i

n . . . PN
S (3 (3 rbor = por - emmngh)
E>1 =0 ’

j—1 -1 ) i+m
_ Z (( ) < > z+m(1 _pk)anzfm _ e 2pkn (pk;?r?l' ))
0

=0 m=

The penultimate inequality in the proof of Lemma 2.13 in [16] states that, for large enough n
and all 7 € Ny, ¢ < n,

< Aipi (97)

. . i
—Bipi, < (n)p2(1 _ pk)n—z _ e Prn (pk'n)
2 1.

for some positive constants A; and B;. Therefore,

ZZ‘( >pk 1 —pg)"™ —e‘Pk"(p’;:z)i

k>1 i=0

j—1
< Zmax(Ai,Bi) =o(Var Kj(n)), n— oo
i=0

because lim,, o, Var K;(n) = co. Further, write

+
_2pk’n (pkn)l m B <n> (Z)p?—m(l _ pk)Qn—i—m

i!m! i
i+ m o o) (n})?
= 2= (i+m) 2pin _ grtm i+m 1— 2n—i—m
( i > (e (1 +m)! (n—i)!(n—m)!(i+m)'pk (1= px) )
i+m\ B (2pgn)ttm 2n ) i
= 9—(i+m) (—2ppn \ZPkTY) i+m (] _ ), \2n—i-m
( i > (e (i 4+m)! i+m) Pk (1=pr) )

+ <Z +Zm> 9= (i+m) ((l j_nm> _ gitm = i)!(n(flzri) T )p;:-M(l )i

=: D m k(1) + Ei mi(n).
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y (97),

-1 j-1 j—1j—-1
Z > D) <3N (Z +m)2 (i) 1max(Aj s Biim) = o(Var Kj(n)), n — oc.
k>1 =0 m=0 i=0 m=0

Observe now that Eyox(n) = Epi1x(n) = E1ok(n) = 0. For ¢ and m such that i + m > 2,
(Zi?n) - 2f+m (n_i)!(éfiﬂz)!(i 1 1s a polynomial of order at most i 4+ m. Since the coefficient in
front of n'™™ is 0, we infer

. 1)2 .
‘ - 2n _ 2z+m : (n) : < Cz mnz-‘,-m—l
i+m (n—9)!(n —m)!(i +m)! ’

for a positive constant Cj,,. This in combination with Lemma 7.9 (put there | = ¢ + m and
replace n by 2n —i —m) and (94) yields, for i,m < j — 1 such that i + m > 2,

Var K;(n)
n

Z | B ()] < Cim (z —|— m) 9= (i+m) Zni—i-m—lp;':rm(l — pe)? 7™~ const 50
{

k>1 k>1

as n — 0o. Hence, limy, 00 D p59 S Z 0 |Eim,k(n)| = 0. The proof of (95) is complete.
PROOF OF (96). We start by writing

P(Ai(7,n) N Ag(Gn)) = P(A(5, 7)) P(AR (4, 7))
P((Ai(4,7)) 0 (Ak(,n))%) — P((Ai(5;n)))P((Ar (5, 7))

= g}:z_; <<Z> <n N a)p?pi(l —pi— )" - (Z) <Z>p?p2(1 —p)" (1= )" )
=Y > Capli,k,n),

a=0 b=0

where X¢ denotes the complement of a set X. Further, we obtain

Cap(isk,n) = (Z) <n Y a)p?pi <(1 —pi— )" — (1= )" (1 — pg)"
- <n> ((Z) - <n N a))z)?pi(l — )" (L = )" = O (i k) + CE) (i, k).

@‘

a

To analyze ! g we argue as on p. 152 in [13]. Using an expansion

(x—y)™ =2™ —ma™ y + O(m*2™ ), m — oo,

which holds for positive z and y, >y, with 2 = (1 —p;)(1 — pr), y =pipr and m=n—a —b
for 0 <a,b<j—1 yields

(L—pi =)™ = (L= p)" (L) (n— a— b)pipi(1 - pi)" > (L pp) !
T O e CEUE R
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Hence,

0532 (i,k,n) = (Z) (n ; a>p?p2 ((1 — )" (1 - pk)”_“_b<1 —(1—p)*(1— pk)“)

_ (n —a— b)pipk(l o pi)n—a—b—l(l _ pk)n—a—b—l + O(nzp?p%(l _ pi)n—a—b—Q(l _ pk)n—a—b—2)>
=: Fou(i,k,n) + Ga’b(i, k,n)+ Hap(i,k,n).

Now we investigate the contributions of the summands to }_, Z 0 o Ca,b(i, k,n).
ANALYSIS OF H, :

#Zk (Z) (n; >n2p7+2p2+2<1 pi) I =2(1 — pp a2
<Z ( ) at2(q yn—a—b- 22 ( ) b+2(1 pp)ab=2

i>1 E>1
(Var Kj(n))2

~ const 5
n

— 0, n — oo.

Here, const denotes a positive constant, the asymptotic equivalence follows from Lemma 7.9,
and the last limit relation is justified by (94).

ANALYSIS OF F, ;. Assume first that a > 2 and b > 2. An application of Bernoulli’s inequality
1 — (1 —2)™ < ma, which holds for m € N and = € [0, 1], yields

Fustiskon) = (1) (") )tk = p ot - gt (1= (- (0= )

n\ (n—a\ , I o n\ (n—a\ , e n—a
<b Py ph(1—pi)" P (1—pp)" P +a Py (1=p) b (1—py)" P
a b a b
= Fé}b) (i,k,n)+ F(Zb) (i,k,n).

a

By Lemma 7.9 and (94),

OSZF; an<b2()a+1 plnabz<n—a> 1_ )n—a—b

ik i>1 k>1
Var K (n)

~ const

Var Kj(n) = o(Var Kj(n)), n — oo.

The argument for F(Q) (i,k,n) is analogous.

Consider now Fab(z k,n) with a < 1 or b < 1. Notice that Fyo(i,k,n) = 0. Further,
Foq1(i,k,n) = Fio(i, k,n) = npipr(1 — pi)" 11 — pr)" 1, whence Fy1(i,k,n) + Gopo(i, k,n) =0
and Fy1(i,k,n) + C{?}(i, k,n) = 0.

For b > 2, using Pascal’s rule we obtain

= (3 )kt (1= p) = (3) = (" 1) k-t

- <Z>pi(1 =p)" A=) (1= (= p) = b1 = )"



Since, for z € [0,1] and n € N, (1 —2)" +nx(1 —z)"~! < 1, we conclude that the last expression
is nonnegative. Invoking Bernoulli’s inequality twice and then Lemma 7.9 and (94) we infer

0 < > (Fopli k) + CF) (i, k,m)) < zb@)p@pw —p)" (=) (1= (1= p)" )

itk itk
n - n— n— n n—
<Y 0o 1><b)p%p2<1—pi>" M1 ) < b 1) S 21— )"t S (b)pm—pk) b
i#k i>1 E>1
K. 2
~ constwéo, n — 00.

n2
Analogously, for a > 2,
: . ) B
nl;rrgo ';k(FaD(Z’ k,n) + Coilisk, n)) = 0.

Consider now F11(i,k,n) = n(n — 1)p;pr(1l — pi)”_Q(l — pk)”_Q(pi + pr — pipr). The first
summand of F} ; satisfies n(n—1)pz~pk(1—pi)”*Q(l—pk)”*Q(pi—i—pk)—i—Go,l(i, k,n)+Gio(i,k,n) =
0. By Lemma 7.9 and (94), the second summand of Fj ; satisfies

S n(n = DR (1 —p)" 20 - p)" 2 <Y npf(1—p)" 2y (n— 1)pi(1 - pr)"
itk i>1 k>1

(Var K(n))?

~ const 5
n

— 0, n — oo.

For b > 2,
, : n—1\ n—1-b n—1-b b
Fupliskyn) + Goa(ikon) = n( " Jpanh (1= pa)" 700 = pi)" (1= (1= ) (1 = )
n 1 ne1—
—(n— b)<b>pz‘p2+1(1 — )" (1 )
b

- n<n b 1)%2(1 =) ) (1 (1) ) - ).

Since (1 — p;)(1 — pr) + pr. < 1, the latter expression is nonnegative. By Bernoulli’s inequality,
Lemma 7.9 and (94),

. . n—1 el el
0< Z(Fl,b(lvlﬁn) + G0,6(27k7n)) < an< b )P?pz(l _pi) ! b(l _pk) =

itk 1#k
ne1— n—1 1
<5 np?(1 - p) “’Z( X )p2<1—pk> 1-b
i>1 k>1
Var K;(n)

~ const Var Kj(n) = o(Var Kj(n)), n — oo.

Analogously, for a > 2,

Z(Fa,l(i, k,n) 4+ Gao(i,k,n)) = o(Var K;(n)), n — oo.
itk
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ANALYSIS OF Ggy (CONT). We have not investigated Gg (7, k,n) with a,b > 1 so far. For such
a,b, by Lemma 7.9 and (94),

: n n-— a n—a—b— n—a—b—
S Gkl = 00— a0 (2 (" A e et
itk itk

<Zn—a—b(>“+1( pznablz< )b+1(1 Pt

i>1 k>1
Var K(n)

~ const Var K(n)
n

=o(VarK;(n)), n — oo.
ANALYSIS OF C’((fb) (coNT). Observe that Cfg (i,k,n) = 0 whenever @ = 0 or b = 0. Thus,

we are left with analyzing C’fb) (i,k,n) = 0 for a,b > 2. Notice that (}) — (";%) = O(n®™!) as
n — o0o. Hence, for some constant C' > 0,

D 1G] = Z( )((Z) - (n;a»p?pi(l —p)" (L —pp)" "

i#£k
Var K
<Z< >pZ (I—p)"~ aC’an b (1—pp)" " ~ constVarKj(n)Lj(n) = o(Var K(n))
i>1 k>1

as n — oo. We have used Lemma 7.9 and (94) for the asymptotic relations.
Combining all the fragments together we arrive at (96). The proof of Proposition 4.6 is
complete. O

With Proposition 4.6 at hand, we are ready to prove the LIL stated in Theorem 4.7.

Proof of Theorem 4.7. We divide the proof into several steps.

STEP 1. Under the present assumptions, for j € N, |EX;(n) — EKj(n)| — 0 and VarC;(n) ~
Var K;(n) as n — oo by (19) and formula (20) of Proposition 4.6.

STEP 2. Recall that, for j,n € N, K;(n) = K;(S,). We are going to prove that

i G550~ ()
e (Var K (n)f (Var K (n)))

=0 as.,

where f(t) = logt under (11) and (12) and f(¢) = loglogt under the other assumptions of
Theorem 4.7. This is equivalent to showing that, for all ¢ > 0 and large enough ng € N,
> nsno 1A, (e) < 00 a.s., where

|5(Sn) = K;(n)] - 5}
Var K;(n) f(Var K;(n)))1/?

Ay = Ap(e) == {(

(the value of ng is chosen large enough to ensure that ng > 3 and f(Var K;(n)) > 0 for all

n > ng). For any 0 > 0 and integer n > 3, consider the event
[Sn =7

(2nloglogn)/2 —

By, = By(6) := { <1+ 5}

Write
14, =1a,nB, t La,nBe < la,np, + 1 as.,
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where, as usual, B¢ is the complement of B,,. According to the LIL for the standard random walk
(Sn)nen, Donsg 1pe < 00 a.s. Put dy, := (140)y/2nloglogn for n > 3. We are left with proving
that >, -, 14,nB, < 0o a.s. To this end, it is enough to check that > P(A, N By) < oo
Observe that

Kj(n + dn) — Kj(n)
Z P(An N By) < Z P{ (Var Kj(n) f(Var K;(n) )1/2 5}

n>ng n>ng

n>ng

)
K;(n)— —dy) '
* Z { VarK (n)f(VarK]( n)))t/2 >€} = 1(e) + J(e).

We shall only show that I(g) < oo, the proof for J(¢) being analogous. For j € N and t > 0,
put b;(t) := EK;(t) and a;(t) := Var K;(t). Since, for each t > 0,

Ze pkt(j ,pk<2pk—1

k>1 k>1

the series ) | k>1€ —Pit (Z(’]t) Ty Pk converges uniformly in ¢ > 0. This fact enables us to differentiate

the series termwise:

j-1 EK
(b)) = Z ( —pktz Pkt ) Ze_pkt((z;ki)l)!pk _J t] (t)'

k>1 k>1

By the mean value theorem for differentiable functions, for n > 3 and some 6,, € [n,n + d,],
bj(n +dyn) —bj(n) = dnb;-(ﬁn).

Under the present assumptions, the function ¢t — EK ]* (t), hence also b}, is regularly varying at
o0, see (67), (70) and (71). Since limp,00(0/n) = 1 we conclude that b (6;,) ~ b)(n) as n — oo
by the uniform convergence theorem for regularly varying functions (Theorem 1.5.2 in [4]) and

thereupon
JEK (n)
bj(n+dy) — bj(n) NdnT’ n — 0. (98)

Under the assumptions of Theorem 4.1, we infer

dn JEK (n) {(n) )1/2(10glogn>1/2
(aj(n)f(a;(n)))t/*  n ft(n)) n

having utilized (66) and (67). Under the assumptions of Theorem 4.3, according to (69) and
(70),

~c0nst< — 0, n— o

d, JEK(n) d, JEK(n)

(aj(n)fla;(m))'/2 n (a;(n)logloga;(n))'/?  n
~ const n@ N 2(L)HY?2 = 0, n—oo (99)

because o € (0,1). Under the assumptions of Theorem 4.4, relation (99) still holds whenever
j > 2. Indeed, formula (62) then ensures that lim, ., L(n) = 0. For j = 1, we obtain by virtue
of (71) that, as n — oo,

d. JEK (n) d. JEK (n)

= ~ const (L(n))'/?
(aj(n) f(a;(n)'/2 n (a;(n) logloga; (n))'/> n 6 (L))" = 0
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because limy_,o L(t) = 0 (see the paragraph preceding Lemma 7.3).
Thus, we have proved that, under the present assumptions,

byt da) = bi(n)
w35 (aj(n) a5 ()17

Now we explain that the inequalities I(¢) < oo for all € > 0 are secured by the inequalities

d —b; dn) +b;
Z IP’{ j(n+dn) — K;(n) ](nl_/z ) + bj(n) >£} < 00
(@ () ()
for all € > 0. Indeed, there exists a positive integer M such that ]l{ bj(ntdn)—b; } = (0 for
(aj(n)f(a, <n>))1/2

n > M + 1. Hence, for all £ > 0,

o = Kj(n+dy) —K;(n) _,_ bi(n+da) —bi(n)
1) = 3 M e > 2 e et~ )

n+d ) — Kj(n) bj(n+d,) —b;(n)
> { Flas MV~ 2 (ay(n) Flag (n)) 2 <<

<Z {b(n+dn)b(n>>}

n>ng

n>ng

n>ng (aj(n)f(aj (n)))l/Q
”+d ) — K;(n) bi(n + dp) — bj(n)
+Z { Flas)? ~ " (aj<n>f<aj<n>>>1/z} < M+ Ke).

To prove that K () < oo, note that

X;(n) = Kj(n+dn) — Kj(n) —bj(n+dy) + bj(n)

= ( s () <j e (ntdn) >3} ~E Ly (n) < m (o) 25} ) :
k>1

An application of (22) yields, for 6 € R,

ox QX]*(’I’L) 0%Var X]*(n) o (a3 (m) (lae;(n)))l/Q
- p(<aj<n>f<aj<n>>>1/2) B <2aj<n>f<aj<n>> f )
6°(bj (n + dn) = bj(1) o 2
<o (St o) 000

Here, we have used Var X7 (n) < b;(n + d,,) — bj(n) for n > 3.
Under the assumptions of Theorem 4.1, pick 6 := (log n)1+c/ 2 with ¢ := /2 in the setting
of (12) and ¢ := A/2 in the setting of (14). By Markov’s inequality and (100),

¢ (lo n)1+c/2
£) < Z o—c(logn)+e/? exp ((log n)** (bj(n+dn) — bj(n))e(a,j('ln)gf(aj(n)))l/2>'
< Za,(n) (a5 ()
n>ng
Recalling (66), (67) and (98), for any A € (0,1/2),
1 24c(y,. ) — b 24-c 1/2
Qo) (00 +do) ~by() (o)™ (loglogn)? _ s

2a;(n) f(a;(n)) nl/2f(0(n))
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oo n)lte/2
Under (12) exp (W

under (14) it converges to 1. Hence, there exists a positive integer N such that

) diverges to co as n — oo more slowly than any power, whereas

K(e) < N+e Z em=llosm)*e%
n>N

Under the assumptions of Theorems 4.3 or 4.4, pick any 3 € (0,a/4) and put 6 := n®/4=5.
Appealing to Markov’s inequality and (100) once again we conclude that
_ no/4=
K(g) S Z e_ana/4—ﬁ oxc (na/2 Qﬂ(b] (n + dn) - bj (n)) e(aj(n)f(aj(”)))l/2 ) )
2aj(n) f(aj(n))

n>ng

Recalling (69), (70), (71) and (98) we obtain

n®/2=28(b;(n + d,,) — bj(n)) n(@=1/2=28(1og log n)1/2

a;(n) f(a;(n)) ~ const ) — 0, n— o0,
and
ne/4=8
(aj(n)f(aj(n)))l/Z ~ n_a/4_ﬂ(L*(n)f(n))_l/2 — 0, n— oo,

where L* = L if @ = 1 and j =1and L* = L otherwise. Hence, there exists a positive integer
N7 such that s
K(e) < Ny +e Z e " < 0.

n>Ny
STEP 3. LILs (13), (15) and (16) particularly imply that

lim sup K(n) — EK;(n)
n—00 (2V8I Kj (n)f(Var Kj (n)))1/2

<C as.,

where the constant C' depends on a setting and is equal to the right-hand side of (13), (15)
or (16), respectively. This taken together with the conclusions of Steps 1 and 2 enables us to
conclude that

) K;i(n) —EK;(n)
1 ¢ . <C as.
TP @Var K (n) f (Var K ()12 = & &°
It is shown in Lemma 5.13 that, for any § > 0 and the deterministic sequence (7,) defined
in (6),

lim sup K;(mn) — EK;(70) >1-6 as
n—oo  C(2Var K;(1,) f(Var Kj(7,)))1/2 ~ o

The same proof may be used to check that the latter limit relation holds true with |7, ]| replacing
7. Combining the resulting inequality with the conclusions of Steps 1 and 2 we obtain

Kj(n) —EK;(n) Kj(lmn]) = B (L))

li > i
e C(2Var K (n) f(Var K; ()72 = " nboas” C@Var K ([7a)) f (Var K (7)) 172
>1—-9 as.
Since the left-hand side does not depend on §, we infer
lim sup K (n) — EKj(n) >(C a.s.
n—oo  (2Var K;(n) f(Var K;(n)))1/?
]
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