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ABSTRACT. For a right-continuous nondecreasing and unbounded function V of at most exponen-
tial growth, which vanishes on the negative half-line, we investigate the asymptotic behavior of the
Lebesgue-Stieltjes convolution powers V ∗( j)(t) as both j and t tend to infinity. We obtain a com-
prehensive asymptotic formula for V ∗( j)(t), which is valid across different regimes of simultaneous
growth of j and t. Our main technical tool is an exponential change of measure, which is a standard
technique in the large deviations theory. Various applications of our result are given.

1. INTRODUCTION

Let V : R → [0,∞) be a right-continuous and nondecreasing function vanishing on (−∞,0).
The function V can be thought of as the distribution function of a measure µ on the nonnegative
half-line, that is,

µ([0, t]) =V (t), t ≥ 0.

Let µ∗( j) (respectively, V ∗( j)) denote the jth convolution power in the Lebesgue–Stieltjes sense of
measure µ (respectively, of function V ), so that

µ
∗( j)([0, t]) =V ∗( j)(t) =

∫
[0, t]

V ∗( j−1)(t − y)dV (y), t ≥ 0, j ≥ 2.

Let (t j) j∈N be a sequence of positive numbers which diverges to +∞ as j → ∞. In this note we are
interested in the asymptotic behavior of V ∗( j)(t j) as j → ∞. If

lim
x→∞

V (x) ∈ (0,∞), (1.1)

then, by simple rescaling, we may assume that the limit is equal to 1 and µ is a probability measure.
A basic result of probability theory, called the weak law of large numbers, then tells us that, for
every ε > 0,

lim
j→∞

V ∗( j)((m− ε) j) = 0, lim
j→∞

V ∗( j)((m+ ε) j) = 1, (1.2)
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where m :=
∫
[0,∞) xdV (x) is assumed finite. Under the additional assumption s2 :=

∫
[0,∞) x2dV (x)−

m2 ∈ (0,∞), the celebrated central limit theorem provides a refinement of (1.2):

lim
j→∞

V ∗( j)(m j+ xs
√

j) =
1√
2π

∫ x

−∞

e−y2/2dy, x ∈ R. (1.3)

If s2 = ∞ or even m = ∞, so-called ‘stable’ versions of (1.3) are still available under conditions
of regular variation. This involves replacing t j = t j(x) = m j + xs

√
j on the left-hand side with

another appropriate sequence defined by the rate at which V (t) tends to 1. Further results on the
asymptotic behavior of V ∗( j)(t j), for other classes of sequences (t j) j∈N, follow from the classic
large- and moderate-deviations theory. With these at hand, the picture of asymptotic regimes of
V ∗( j)(t j) under assumption (1.1) becomes is more or less complete. For this circle of questions we
refer to the book [15].

A related problem has been addressed in the articles [7, 11, 17, 19]. These are concerned with the
asymptotic behavior of W ∗( j)(t j) as j → ∞. Here, W : Z→ C is a function of a finite support, and
W ∗(k) is the k-fold Lebesgue convolution of W with itself defined by W ∗(1) :=W and W ∗(k)(t) :=
∑s∈ZW ∗(k−1)(t−s)W (s) for k ≥ 2 and t ∈C. In this setting the connections with probability theory
vanish. One particularly interesting aspect of these works is the appearance in the asymptotic
behavior of W ∗( j)(t j) of the functions Hm with

∫
R eizxHm(x)dx = exp(−zm) for z ∈ R and even

m ≥ 2 and = exp(izm) for z ∈R and odd m ≥ 3. If the function W is nonnegative, as in our setting,
then the asymptotic shape is driven by the Gaussian density H2, similarly to (1.3), whereas if the
function W is complex-valued or real-valued and takes values of both signs, then Hm may arise
with any m ≥ 2. In [5, 16, 18] the asymptotic behavior of W ∗( j)(t j) as j → ∞ was investigated for
some particular subclasses of functions W : Zd → C satisfying ∑x∈Zd |W (x)|< ∞. The arguments
of all the papers mentioned in this paragraph are heavily based on Fourier analysis.

Returning to our setting of real-valued nondecreasing functions V , assume now that the limit
in (1.1) is equal to +∞, meaning that the measure µ is infinite. As far as we know, under this
assumption, the problem of our interest has not been investigated so far, and the present paper aims
at (partly) closing this gap. Although our results differ significantly from those obtained in the
aforementioned articles, they share some similarities with the classic theory of large deviations for
probability measures, see, for instance, Theorem 1 in [1] or Theorem 1 in [14]. A more detailed
comparison with the existing theory, in particular with results in the aforementioned references,
will be given in Section 6.

2. THE SETTING

Throughout the paper we assume that

lim
x→∞

V (x) = +∞, (2.1)
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and that the sequence (t j) j∈N grows at least linearly. Also we shall normally write t for t j. The
standing assumption in what follows is

V̂ (s) :=
∫
[0,∞)

e−sxdV (x)< ∞ for some s > 0, (2.2)

which means that V̂ (s′) is also finite for all s′ ≥ s. Depending on V the function V̂ may be finite
for all s > 0 or s ≥ s1 or s > s1 for some s1 > 0. Denote by D the domain of V̂ , that is,

D := {s > 0 : V̂ (s)< ∞}.

It is a standard fact that if V̂ (s) is defined for s > s0, then it possesses an analytic continuation to
the domain {s ∈ C : Res > s0}, see [22]. Thus, the function

s 7→ λ (s) := logV̂ (s) = log
∫
[0,∞)

e−sxdV (x)

is well-defined in a sufficiently small complex domain containing IntD , the interior of D . Here
log is the principal branch of the complex logarithm.

The function λ is infinitely differentiable on IntD . In particular, −λ ′ is a continuous function
on IntD . Assumption (2.1) excludes the situation in which V (x) = a11[a2,∞)(x) for x ≥ 0 and some
positive a1 and a2. The function λ is then strictly convex on IntD which entails that the function
−λ ′ is strictly decreasing on IntD . Thus, for every s ∈ (s−,s+), where

s− := inf
s∈IntD

(−λ
′(s)) and s+ := sup

s∈IntD
(−λ

′(s)),

the equation −λ ′(x) = s has a unique solution. According to Lemma 7.1 in the Appendix

s− = inf{x > 0 : V (x)> 0}.

In most applications s+ = +∞, and the equation −λ ′(x) = s then has a unique solution for all
s > s−. Nevertheless, the situation where s+ < ∞ is also possible, see Example 2.7 below.

Throughout the paper we assume that1

t/ j ∈ (s−,s+) for all large enough j ∈ N, (2.3)

and let κ( j) = κ( j, t) be uniquely defined by the equation

−λ
′(κ( j)) = t/ j. (2.4)

Here are some examples of a function V and the corresponding quantities λ and κ . Later on
some of these will be explored further.

Example 2.1. Let V (x) = bxα for x ≥ 0 and some positive b and α . Then λ (s) = log(bΓ(α +1))−
α logs, −λ ′(s) = α/s for s > 0, s− = 0 and s+ = ∞. Hence, κ( j) = α j/t for j ∈ N.

Example 2.2. Let V (x) = ax+ b for x ≥ 0 and some positive a and b. Then λ (s) = log(b+ a/s)
and −λ ′(s) = a/(bs2 +as) for s > 0. Hence, κ( j, t) = ((a2 +4ab j/t)1/2 −a)/(2b) for j ∈ N.

1Note that V ∗( j)(t) = 0 for t < s− j.
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Example 2.3. Let V (x) = (log(x+ 1))α for x ≥ 0 and some α > 0. Then D = IntD = (0,∞).
By the Karamata Tauberian theorem, see Theorem 1.7.1 in [2], V̂ (s) ∼ logα(1/s) and λ (s) ∼
α log log(1/s), as s → 0+. Moreover, by the monotone density theorem (a version of Theorem
1.7.2 in [2]),

−λ
′(s)∼ α

s log(1/s)
, s → 0+ .

Hence, κ( j)∼ α/((t/ j) log(t/ j)) as j → ∞ and t/ j → ∞.

Example 2.4. Let dV (x) = 2−1x−1/2 exp(x1/2)1(0,∞)(x)dx. Then, as s → 0+, λ (s) ∼ 1/(4s) and
−λ ′(s)∼ 1/(4s2). Hence, κ( j, t)∼ ( j/t)1/2/2 as j → ∞ and t/ j → ∞.

Example 2.5. Let V (x) = eax − 1 for x ≥ 0 and some a > 0. Then λ (s) = loga− log(s− a) and
−λ ′(s) = 1/(s−a) for s > a. Hence, κ( j, t) = a+ j/t for j ∈ N. Interestingly, there is an explicit
formula for the convolutions of V

V ∗( j)(x) =
a j

( j−1)!

∫ x

0
y j−1eaydy =

1
( j−1)!

∫ ax

0
y j−1eydy, t ≥ 0, j ∈ N (2.5)

which follows by induction. Here is an even simpler formula

(V0 ∗V ∗( j))(x) =
(ax) jeax

j!
, x ≥ 0, j ∈ N0 := N∪{0},

where V0(x) = eax for x ≥ 0.

Example 2.6. Let V (x) = eax for x ≥ 0 and some a > 0. Then λ (s) = logs − log(s − a) and
−λ ′(s) = a/(s(s−a)) for s > a. Hence, κ( j, t) = (a+(a2 +4a j/t)1/2)/2 for j ∈ N.

Example 2.7. Let dV (x) = (x+ 1)−2−αex
1(0,∞)(x)dx for some α > 0. Then D = [1,∞), V̂ (1) =

1/(1+α) and −V̂ ′(1) =
∫

∞

0 x(x+1)−2−αdx = 1/(α(1+α)). Thus, −λ ′(1) = 1/α meaning that
s+ = 1/α and κ( j) is undefined for αt > j.

3. MAIN RESULTS

We call V arithmetic, if it is piecewise-constant with jumps at points belonging to the lat-
tice (ω1 + ω2n)n∈N for some ω1 ≥ 0 and ω2 > 0, and nonarithmetic, otherwise. Put a( j) :=
( jλ ′′(κ( j)))1/2 for j ∈ N.

Theorem 3.1. Suppose that j → ∞ and t = t j → ∞ in such a way that (2.3) holds true.
(a) Assume that lim j→∞ κ( j)a( j) = ∞ and lim j→∞ e−γ jκ( j)a( j) = 0 for all γ > 0. Put

Tj :=
|λ ′(κ( j))|3

λ ′′(κ( j))
+

|V̂ ′′′(κ( j))|
λ ′′(κ( j))V̂ (κ( j))

.

Suppose further that

Tj = o(a( j)), j → ∞ (3.1)
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and, for every fixed γ > 0,

limsup
j→∞

sup
|z|≥γ

∣∣∣V̂ (κ( j)− iz/Tj)

V̂ (κ( j))

∣∣∣< 1. (3.2)

Then

V ∗( j)(t) ∼ 1
(2π)1/2

(V̂ (κ( j))) jetκ( j)

κ( j)a( j)
, j → ∞. (3.3)

(b) Assume that lim j→∞ κ( j) = θ ∈ (0,∞), lim j→∞ λ ′′(κ( j)) = σ2 ∈ (0,∞) and that V is nonar-
ithmetic. Then

V ∗( j)(t) ∼ 1
(2πσ2)1/2θ

(V̂ (κ( j))) jetκ( j)

j1/2 , j → ∞. (3.4)

Remark 3.2. Note the under the assumptions of part (b) condition (3.1) holds automatically.

Remark 3.3. The function s 7→ −λ (s) is strictly concave on (s0,∞) and therefore possesses the
Legendre transform u 7→ λ ∗(u) := infs>s0(us+λ (s)), which is finite at least for u ∈ (s−,s+). The
definition of κ( j) in (2.4) entails

(V̂ (κ( j))) jetκ( j) = exp{ j ((t/ j)κ( j)+λ (κ( j)))}= e jλ ∗(t/ j),

thereby leading to an alternative form of (3.3)

V ∗( j)(t) ∼ 1
(2π)1/2

exp( jλ ∗(t/ j))
κ( j)a( j)

, j → ∞.

Taking into account that lim j→∞ e−γ jκ( j)a( j) = 0, for all γ > 0, this yields a neat formula

logV ∗( j)(t) ∼ jλ ∗(t/ j), j → ∞, (3.5)

that holds true in both parts (a) and (b) of Theorem 3.1.

Denote by p(m,s2) the density of a normal random variable with mean m∈R and variance s2 > 0
given by

p(m,s2;y) =
1

(2πs2)1/2 e−
(y−m)2

2s2 , y ∈ R.

As usual, for k ∈ N, λ (k) denotes the kth derivative of λ .

Corollary 3.4. Assume that V is nonarithmetic and that t = α j + y for some fixed α > s− and
some y = y( j). Let r ∈ N be fixed and θ a unique solution to −λ ′(θ) = α and σ2 := λ ′′(θ).
If y( j) = o( j(r+1)/(r+2)) as j → ∞, then

V ∗( j)(t) ∼ 1
θ

eθ t(V̂ (θ)) j 1
(2πσ2 j)1/2 e∑

r
ℓ=1 bℓ

yℓ+1

jℓ , j → ∞. (3.6)

as j → ∞, where b1 =−(2σ2)−1, b2 =−λ (3)(θ)/(6σ2) and b3,b4, . . . are some2 real constants.

2The constant bk is a rational function of λ (2)(θ), . . . ,λ (k+1)(θ). Details can be found in the proof of Corollary 3.4.
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If y( j)∼ c j(r+1)/(r+2) as j → ∞ for some c > 0, then

V ∗( j)(t) ∼ θ
−1ebr+1cr+2 1

(2πσ2 j)1/2 eθ t(V̂ (θ)) je∑
r
ℓ=1 bℓ

yℓ+1

jℓ , j → ∞. (3.7)

In particular, if y( j) = o( j2/3) as j → ∞, then

V ∗( j)(t) ∼ 1
θ

eθ tV̂ j(θ)p(0,σ2 j;y), j → ∞;

if y( j)∼ c j2/3 as j → ∞ for some c > 0, then

V ∗( j)(t) ∼ θ
−1e−c3λ (3)(θ)/(6σ6)eθ t(V̂ (θ)) j p(0,σ2 j;y), j → ∞.

Thus, in the setting of Corollary 3.4 the asymptotic behavior of V ∗( j)(t) exhibits infinitely many
phase transitions, which are indexed by r ∈ N and depend on whether y( j) = o( j(r+1)/(r+2)) or
y( j)∼ const · j(r+1)/(r+2) as j → ∞.

An interesting problem is to find a sequence (t j) j∈N such that V ∗( j)(t j) converges to a finite
positive constant. This is accomplished in the following corollary which can also be regarded as a
version of (1.3).

Corollary 3.5. Assume that there exists θ ∗ ∈ D such that λ (θ ∗) = θ ∗λ ′(θ ∗) and V is nonarith-
metic. Fix y ∈ R and let t = t( j,y) be a function satisfying

−λ
′
(

θ
∗− log j− y+ ε( j)

2 jθ ∗λ ′′(θ ∗)

)
=

t
j
, j → ∞ (3.8)

for some ε( j) = o(1), j → ∞. Then, with σ2 := λ ′′(θ ∗),

lim
j→∞

V ∗( j)(t) =
1

(2πσ2)1/2θ ∗ e−y/2. (3.9)

4. APPLICATIONS

Recall our standing assumption that V (x) = 0 for x < 0.
Example 2.1 (continuation). Recall that in this example V (x) = bxα for x ≥ 0 and some b,α > 0,
V̂ (s) = bΓ(α +1)s−α , −λ ′(s) = α

s and κ( j) = α j/t. Further, λ ′′(s) = α

s2 , which implies that

λ
′′(κ( j)) =

t2

α j2 , a( j) =
t√
α j

, κ( j)a( j) =
√

α j.

Condition (3.1) holds in view of
Tj = c1 · t/ j

for a constant c1 > 0. Condition (3.2) reads

sup
|z|>γ

|1− iz|−α = (1+ γ
2)−α/2 < 1 for every fixed γ > 0

and also holds true. Note that no assumptions have been imposed on t = t j. This ensures that (3.3)
holds true for any sequence (t j) j∈N.
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If t j ∼ c · j for some c > 0, the same asymptotic also follows from part (b) of Theorem 3.1. After
simple manipulations we obtain

V ∗( j)(t) ∼ 1
(2πα j)1/2

(
bΓ(α +1)eαtα

αα jα

) j

, j → ∞.

Example 2.2 (continuation with a = b = 1, Laguerre polynomials). Recall that in this case V (t) =
t +1 for t ≥ 0. Put f (t) = t and g(t) = 1 for t ≥ 0 and note that f ∗( j)(t) = t j/( j!) and g∗( j)(t) = 1
for all j ∈ N and t ≥ 0. This entails

V ∗( j)(t) = ( f +g)∗( j)(t) =
j

∑
i=0

(
j
i

)
( f ∗(i) ∗g∗( j−i))(t) =

j

∑
i=0

(
j
i

)
t i

i!
= L j(−t) t ≥ 0,

where L j is the standard Laguerre polynomial. Clearly,

V̂ (s) = s−1 +1, λ (s) = log(s+1)− log(s), λ
′(s) =

1
s+1

− 1
s
, s− = 0, s+ =+∞,

λ
′′(s) =

1
s2 −

1
(1+ s)2 , λ

′′′(s) =
2

(1+ s)3 −
2
s3 , κ( j) =

1
2

((
1+

4 j
t

)1/2
−1
)
.

We now distinguish three cases according to the limit behavior of the ratio j/t.
CASE I: j = o(t) and j →+∞. We are in the setting of Theorem 3.1(a), since in this case

κ( j) =
j
t
− j2

t2 +O
(

j3

t3

)
, j → ∞,

and, moreover,

a( j) ∼ t j−1/2, κ( j)a( j) ∼
√

j, Tj ∼ 7t/ j, j → ∞. (4.1)

The only condition which remains to be checked is (3.2). Upon squaring it takes the form

limsup
j→∞

sup
|z|≥γ

1+ z2

(κ( j)+1)2T 2
j

1+ z2

κ2( j)T 2
j

< 1 for every γ > 0.

For 0 < b < a, the function z 7→ (1+ z2/a)/(1+ z2/b) is decreasing on (0,∞). Thus,

limsup
j→∞

sup
|z|≥γ

1+ z2

(κ( j)+1)2T 2
j

1+ z2

κ2( j)T 2
j

= limsup
j→∞

1+ γ2

(κ( j)+1)2T 2
j

1+ γ2

κ2( j)T 2
j

=
1

1+ γ2/49
< 1.

In view of tκ( j) = j/(1+κ( j)), formula (3.3) reads

L j(−t) =V ∗( j)(t) ∼ 1
(2π j)1/2 (G(κ( j))) j, j → ∞,

where

G(z) := exp
{

1
1+ z

+ log
(

1+
1
z

)}
=

(
1+

1
z

)
exp
(

1
1+ z

)
, z > 0.
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CASE II: t ∼ c · j for some c > 0. In this case lim j→∞ κ( j) = φ(c) := 2−1((1+4c−1)1/2 −1)> 0.
Since also

λ
′′(κ( j)) → λ

′′(φ(c)) =
1

(φ(c))2 −
1

(1+φ(c))2 =
1+2φ(c)

(φ(c))2(1+φ(c))2

=
1+2φ(c)

c−2 = c2(1+4c−1)1/2, j → ∞

and V is nonarithmetic, part (b) of Theorem 3.1 yields

L j(−t) =V ∗( j)(t) ∼ (c2 +4c)−1/4

φ(c)
1√
2πt

(G(κ( j))) j, j → ∞.

CASE III: t = o( j). In this case κ( j)∼ ( j/t)1/2 as j → ∞. In particular, κ( j) diverges to infinity.
Also,

λ
′′(κ( j)) ∼ 2(t/ j)3/2, a( j) ∼ (2t3/2 j−1/2)1/2,

κ( j)a( j) ∼ 21/2(t j)1/4, Tj ∼ 3(t/ j)1/2, j → ∞,

and (3.1) holds true. Unfortunately, (3.2) does not hold in this regime which means that Theo-
rem 3.1 is not applicable. Nevertheless, a formal substitution of the above ingredients into (3.3)
yields

L j(−t) =V ∗( j)(t) ∼ 1
2(π2t j)1/4 (G(κ( j)) j, j → ∞, (4.2)

which under the additional assumption t = o( j1/3) as j → ∞ simplifies to

L j(−t) =V ∗( j)(t) ∼ 1
2(π2t j)1/4 exp

(
− t/2+2(t j)1/2), t → ∞. (4.3)

Formula (4.3) is indeed correct. Actually, it is a particular case of Perron’s formula for the Laguerre
polynomials, see formula (8.22.3) on p. 199 in [21].

Example 2.2 (general functions of linear growth). Consider a more general situation V (x) = a ·x+
ε(x), where a > 0 and x 7→ ε(x) is a function of finite total variation on [0,∞). Suppose that3, for
some p ∈ {3,4,5, . . .},

∫
[0,∞) yp|dε(y)|< ∞ and put

βk :=
∫
[0,∞)

ykdε(y), k = 0,1, . . . , p−1.

3By definition,
∫
[0,∞) yp|dε(y)|=

∫
[0,∞) ypdΞ[0,y](ε), where Ξ[0,y](ε) is the total variation of ε on [0,y].
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Therefore, as s → 0+, by Taylor’s expansion,

V̂ (s) = a/s+
p−1

∑
k=0

βk(−s)k

k!
+O(sp), −V̂ ′(s) = a/s2 +

p−2

∑
k=0

βk+1(−s)k

k!
+O(sp−1),

V̂ ′′(s) = 2a/s3 +
p−3

∑
k=0

βk+2(−s)k

k!
+O(sp−2), −V̂ ′′′(s) = 6a/s4 +

p−4

∑
k=0

βk+3(−s)k

k!
+O(sp−3)

(4.4)

and

λ (s) =− logs+ loga+
p

∑
k=1

δksk +O(sp+1), s → 0+,

where δk’s are the values of certain multivariate polynomials at points βℓ/a, ℓ= 0, . . . , p−1, which
can be calculated explicitly. For instance, δ1 = β0/a, δ2 = −β1/a− β 2

0 /(2a2), δ3 = β2/(2a)+
β0β1/a2 +β 3

0 /(3a3). Since the derivatives of λ are the known rational functions of the derivatives
of V̂ , we conclude from (4.4) that

λ
′(s) =−1/s+

p

∑
k=1

kδksk−1 +O(sp), λ
′′(s)∼ 1/s2, λ

′′′(s) ∼ −2/s3, s → 0+ .

Denote by ℓ a solution to −λ ′(ℓ(s)) = 1/s for s > 0. In particular, κ( j) = ℓ( j/t). By asymptotic
inversion, we infer

ℓ(s) = s+
p+1

∑
k=2

ιk−1sk +O(sp+2), s → 0+ (4.5)

for some real coefficients ι1, . . . , ιp. For instance, ι1 =−δ1, ι2 = δ 2
1 −2δ2, ι3 =−δ 3

1 +6δ1δ2−3δ3.
Assume that j →+∞ and t/ j →+∞. A specialization of (4.5) yields

κ( j) = j/t +
p+1

∑
k=2

ιk−1( j/t)k +O(( j/t)p+2). (4.6)

By virtue of

a( j) ∼ t j−1/2, κ( j)a( j) ∼ j1/2, Tj ∼ 7t/ j, j → ∞,

relation (3.1) holds true. Next, we check that (3.2) holds without any extra assumptions. Using
that

∫
[0,∞) |dε(y)|< ∞ and writing

V̂ (κ( j)− iz/Tj) =
a

κ( j)− iz/Tj
+
∫
[0,∞)

e−x(κ( j)−iz/Tj)dε(x),

we infer

sup
|z|≥γ

|V̂ (κ( j)− iz/Tj)| ≤ sup
|z|≥γ

a
|κ( j)− iz/Tj|

+
∫
[0,∞)

e−xκ( j)|dε(x)|= a
((κ( j))2 + z2/T 2

j )
1/2 +O(1).

9



Thus, (3.2) follows upon noticing that

limsup
j→∞

sup
|z|≥γ

|V̂ (κ( j)− iz/Tj)|
V̂ (κ( j))

= limsup
j→∞

j
at

sup
|z|≥γ

|V̂ (κ( j)− iz/Tj)|

≤ lim
j→∞

j
t((κ( j))2 + γ2/T 2

j )
1/2 =

1
(1+ γ2/49)1/2 < 1.

Thus, part (a) of Theorem 3.1 is applicable. Using (4.5) in combination with (λ (ℓ(s))+ℓ(s)/s)′ =
−ℓ(s)/s2 we conclude that

λ (ℓ(s))+ ℓ(s)/s =− logs+C−
p

∑
k=1

(ιk/k)sk +O(sp+1), s → 0+,

for some C ∈ R. Using lims→0+(λ (s)+ logs) = loga, we conclude that C = 1+ loga, whence

(V̂ (κ( j))) jetκ( j) = e j(λ (ℓ( j/t))+ℓ( j/t)/( j/t)) =
t j

j j a je j exp

(
−

p

∑
k=1

(ιk/k) jk+1/tk +O( jp+2/t p+1)

)
.

Using Stirling’s approximation we obtain from (3.3)

V ∗( j)(t) ∼ t ja j

j!
exp

(
−

p

∑
k=1

(ιk/k) jk+1/tk +O( jp+2/t p+1)

)
, j → ∞, (4.7)

which is meaningful provided that j = o(t(p+1)/(p+2)). A particular case of this formula for p = 1
was derived by a completely different technique in [3].

Let ξ1, ξ2, . . . be independent copies of an almost surely (a.s.) positive random variable ξ . The
function U defined by U(t) := 1+∑n≥1P{ξ1 + . . .+ξn ≤ t} for t ≥ 0 is called renewal function.
The original motivation behind the present work has been our desire to understand the asymptotic
of U∗( j)(t) for various asymptotic regimes of divergent j and t. Now we explain that (4.7) does the
job under some additional assumptions imposed on the distribution of ξ . Assume that E[ξ p+2]<

∞ for some p ∈ N and that some convolution power of the distribution of ξ has an absolutely
continuous component. Put m := E[ξ ]. By Remark 3.1.7 (ii) in [10], the function x 7→U(x)−x/m
has a finite total variation and, furthermore,

∫
[0,∞) yp|d(U(y)− y/m)|< ∞. Since∫

[0,∞)
e−syd(U(y)− y/m) =

1
1−E[e−sξ ]

− 1
ms

, s > 0,

an application of Lebesgue’s dominated convergence theorem yields

βk =
∫
[0,∞)

ykd(U(y)− y/m) = (−1)k lim
s→0+

( 1
1−E[e−sξ ]

− 1
ms

)(k)
, k = 0,1, . . . , p−1.

In particular,

β0 = E[ξ 2]/(2m2), β1 = E[ξ 3]/(6m2)− (E[ξ 2])2/(4m3),

β2 = E[ξ 4]/(12m2)−E[ξ 3]E[ξ 2]/(3m3)+(E[ξ 2])3/(4m4).

10



Thus, assuming, for instance, that p = 3 we obtain from (4.7)

U∗( j)(t) ∼ t j

m j j!
exp
(
b1 j2/t +b2 j3/t2 +b3 j4/t3), j → ∞

whenever j = o(t4/5). Here, b1 = E[ξ 2]/(2m), b2 =−E[ξ 3]/(6m),

b3 =
1

24

(E[ξ 4]

m
+

2E[ξ 2]E[ξ 3]

m2 − (E[ξ 2])3

m3

)
.

The expression for b3 makes it clear that, unlike b1 and b2, b j with j ≥ 3 is not a function of
E[ξ j+1] alone.

Example 2.5 (continuation). Recall that V (t) = eat − 1 and there is an explicit formula (2.5) for
V ∗( j)(t). Further

λ
′′(κ( j)) = t2/ j2, a( j) = t j−1/2, κ( j)a( j) = at j−1/2 + j1/2, Tj = 7t/ j.

Note that κ( j)a( j) always diverges as j → ∞ but in order to ensure subexponential divergence we
need to assume that

t = o(eγ j), j → ∞ for every γ > 0. (4.8)

Condition (3.1) holds true whereas condition (3.2) follows from the formula

V̂ (κ( j)− iz/Tj)

V̂ (κ( j))
=

1
1− iz/7

.

Thus, Theorem 3.1(a) yields

V ∗( j)(t) =
1

( j−1)!

∫ at

0
y j−1eydy ∼ 1√

2π

(
aet

j

) j

eat
(

at√
j
+
√

j
)−1

∼ (at) j−1

( j−1)!
eat at

at + j
, j → ∞,

where the last equivalence is a consequence of Stirling’s approximation. This asymptotic formula
holds under the sole assumption (4.8).

Our results have a neat interpretation in the theory of branching processes. Let P be a random
point process on [0,∞), that is, a random element defined on some underlying probability space,
which takes values in the space of locally finite point measures on [0,∞). Now we define a branch-
ing random walk generated by P . A population is initiated by one individual, the ancestor located
at the origin. The ancestor generates offspring, constituting the first generation, whose birth loca-
tions are given by the point process P . The first generation gives rise to the second generation,
where the differences in birth locations between individuals and their respective mothers are dis-
tributed in accordance with copies of P , which are independent for distinct mothers. The second
generation produces the third one, and so on. Each individual in these successive generations
operates independently of others.

11



By definition, the intensity measure of P is a deterministic measure given by

µ(A) := E[P(A)] for Borel A ⊆ [0,∞).

Thus, µ(A) is the average number of individuals of the first generation with birth locations belong-
ing to A. Denote by N j(t) the number of individuals of the generation j with birth locations in
[0, t]. Using induction in j, it can be checked that E[N j(t)] = µ∗( j)([0, t]). Our results provide a
robust tool for the asymptotic analysis of these averages in generations j, with j and t tending to
infinity.

For the time being, put V (x) = µ([0,x]) for x ≥ 0. Assume that there exists θ ∗ > 0 such that
λ (θ ∗) = θ ∗λ ′(θ ∗). A specialization of Proposition 3.2 in [12] yields for θ ∈ IntD , θ < θ ∗

lim
j→∞

sup
y∈R

∣∣∣ j1/2e−θ(−λ ′(θ) j+y)(V̂ (θ))− jN j(−λ
′(θ) j+ y)− W (θ)

θ

1
(2πλ ′′(θ))1/2 e−

y2

2λ ′′(θ) j

∣∣∣= 0 a.s.,

where W (θ) is a random variable with E[W (θ)] = 1 (the a.s. limit of the uniformly integrable
Biggins martingale). In particular, if y = O( j1/2) we infer

N j(−λ
′(θ) j+ y) ∼ W (θ)

θ
eθ(−λ ′(θ) j+y)(V̂ (θ)) j p(0,λ ′′(θ) j;y), j → ∞ a.s.

Formula (3.6) demonstrates that this a.s. convergence is accompanied by the convergence in mean.
Finally, we note that we are not aware of any results on the a.s. convergence of N j(t) with diverging
j = o(t).

5. PROOFS

Denote by X j, t a random variable with the distribution

P{X j, t ∈ ds}= e−κ( j)sV ∗( j)(ds)
(V̂ (κ( j))) j

, s ≥ 0, j ∈ N (5.1)

and note that

E[e−uX j, t ] =
(V̂ (κ( j)+u)) j

(V̂ (κ( j))) j
= e j(λ (κ( j)+u)−λ (κ( j))), u ≥ 0, j ∈ N. (5.2)

The original choice of κ( j) was motivated by this change of measure and more importantly by
the fact that E[X j,t ] = t which can be readily seen by differentiating (5.2). Also, observe that
Var [X j,t ] = (a( j))2. Put X̄ j,t = t −X j,t for j ∈ N.

Integrating over s ∈ [0, t] in (5.1) we obtain

V ∗( j)(t) = (V̂ (κ( j))) jetκ( j)E[e−κ( j)X̄ j,t1{X̄ j,t≥0}], j ∈ N.

Thus, Theorem 3.1 is equivalent to the following proposition.
12



Proposition 5.1. (i) Under the assumptions of part (a) of Theorem 3.1

lim
j→∞

κ( j)a( j)E[e−κ( j)X̄ j,t1{X̄ j,t≥0}] = p(0,1;0) = (2π)−1/2.

(ii) Under the assumptions of part (b) of Theorem 3.1

lim
j→∞

θ j1/2E[e−κ( j)X̄ j,t1{X̄ j,t≥0}] = p(0,σ2;0) = (2πσ
2)−1/2.

To explain the appearance of the normal densities in Proposition 5.1, and as preparation for its
proof, we introduce, for each j ∈N, a nonnegative random variable X ′

j,t with the Laplace transform

E[e−uX ′
j,t ] =

V̂ (κ( j)+u)
V̂ (κ( j))

, u ≥ 0. (5.3)

Formula (5.2) shows that X̄ j,t is the sum of j independent copies of t/ j−X ′
j,t and it is straightfor-

ward to verify that X̄ j,t/a( j) converges in distribution to a standard normal law, see (5.8) below.
However, this central limit theorem alone is insufficient for deriving the asymptotics in Proposi-
tion 5.1, and more subtle properties of X̄ j,t are required. Our proof of Proposition 5.1 hinges on
Proposition 5.2 below, which is essentially a central local limit theorem for a specific triangular
array of random variables, where the jth row consists of j independent copies of t/ j−X ′

j,t .

Proposition 5.2. (i) Under the assumptions of part (a) of Theorem 3.1,

lim
j→∞

sup
x∈R

∣∣∣ a( j)
δ ( j)

P{X̄ j, t ∈ [xa( j),xa( j)+δ ( j))}− p(0,1;x)
∣∣∣= 0

for any sequence (δ ( j)) j∈N of positive numbers satisfying

lim
j→∞

δ ( j)
a( j)

= 0 and lim
j→∞

eγ jδ ( j)
a( j)

= ∞

for every fixed γ > 0.
(ii) Under the assumptions of part (b) of Theorem 3.1, locally uniformly in δ > 0,

lim
j→∞

sup
x∈R

∣∣∣P{X̄ j, t ∈ [xa( j),(x+δ )a( j))}−δ p(0,1;x)
∣∣∣= 0. (5.4)

Our proof of Proposition 5.2 is a non-trivial adaptation of the standard proofs of local limit
theorems for sums of independent random variables with a fixed distribution, see [14, 20], to the
triangular array setting. Surprisingly, not much seems to be known about local limit theorems in
this setting. The only general result we are aware of is [13], which, however, does not serve our
purposes.
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5.1. Proof of Proposition 5.2. If the assumptions of part (i) prevail, we argue along the lines of
the proof of a local limit theorem for standard random walks (Corollary 1 in [20]).

For j ∈ N and δ > 0, put

v j,δ := δ
−1P{X̄ j, t ∈ [x,x+δ )}, x ∈ R.

The so defined function is a version of the density of a random variable X̄ j, t −Uδ , where the
variables X̄ j, t and Uδ are independent, and Uδ has a uniform distribution on (0,δ ). In particular,

ψδ (z) := E[e−izUδ ] =
1− e−iδ z

iδ z
, z ∈ R.

Thus, ∫
R

eizxv j,δ (xa( j))dx =
1

a( j)

∫
R

eizx/a( j)v j,δ (x)dx =
1

a( j)
EeizX̄ j, t/a( j)

ψδ (z/a( j)). (5.5)

The function ϕ defined by ϕ(z) := (1−|z|)1(−1,1)(z) for z ∈ R is the characteristic function of
an absolutely continuous probability distribution with density g given by

g(x) :=
1− cosx

πx2 , x ∈ R,

see Chapter XV.2 in [9]. For each b > 0, put gb(x) := bg(bx), x ∈ R and ϕb(z) := ϕ(z/b), z ∈ R.
Then ϕb is the characteristic function of a distribution with density gb. Using this in combination
with (5.5) we infer, for j ∈ N and b > 0,∫

R
eizx

∫
R

v j,δ ((x− y)a( j))gb(y)dydx =
1

a( j)
E[eizX̄ j, t/a( j)]ψδ (z/a( j))ϕb(z), z ∈ R.

By the Fourier inversion,∫
R

v j,δ ((x− y)a( j))gb(y)dy =
1

2πa( j)

∫ b

−b
e−izxE[eizX̄ j, t/a( j)]ψδ (z/a( j))ϕb(z)dz, x ∈ R.

Equivalently, for x ∈ R,

a( j)
δ

∫
R
P{X̄ j, t ∈ [(x− y)a( j),(x− y)a( j)+δ )}gb(y)dy

=
1

2π

∫ b

−b
e−izxE[eizX̄ j, t/a( j)]ψδ (z/a( j))ϕb(z)dz. (5.6)

We shall prove that, with b = b( j) = ec j for some c > 0 to be specified below and δ = δ ( j),
where (δ ( j)) j∈N is any sequence of positive numbers satisfying δ ( j) = o(a( j)) as j → ∞,

lim
j→∞

sup
x∈R

∣∣∣ a( j)
δ ( j)

∫
R
P{X̄ j, t ∈ [(x− y)a( j),(x− y)a( j)+δ ( j))}gb( j)(y)dy− p(0,1;x)

∣∣∣= 0. (5.7)

As we have already mentioned, X̄ j,t is the sum of j independent copies of the random variable
t/ j−X ′

j,t , where X ′
j,t has Laplace transform (5.3). According to Lemma 1 on p. 109 in [15],∣∣E[eizX̄ j, t/a( j)]− e−z2/2∣∣≤ 16|z|3e−z2/3L j, |z| ≤ (4L j)

−1, (5.8)
14



where

L j :=
1

j1/2E

∣∣∣∣∣ X ′
j, t − t/ j

(λ ′′(κ( j)))1/2

∣∣∣∣∣
3
 .

Now we check that under the present assumptions

lim
j→∞

L j = 0. (5.9)

Indeed,

E

∣∣∣∣∣ X ′
j, t − t/ j

(λ ′′(κ( j)))1/2

∣∣∣∣∣
3
≤

4((t/ j)3 +E[(X ′
j, t)

3])

(λ ′′(κ( j)))3/2

= 4
(

|λ ′(κ( j))|
(λ ′′(κ( j)))1/2

)3

+
4|V̂ ′′′(κ( j))|

(λ ′′(κ( j)))3/2V̂ (κ( j))
=

4Tj√
λ ′′(κ( j))

,

and the right-hand side is o( j1/2) as j →+∞ in view of (3.1). This proves (5.9). As a consequence
of (5.9), X j, t satisfies the central limit theorem

X j, t − t
a( j)

d−→ N(0,1), j → ∞,

where N(0,1) is a random variable with the standard normal law.
Using p(0,1;x) = (2π)−1 ∫

R e−izxe−z2/2dz for x ∈ R we obtain from (5.6)

2π sup
x∈R

∣∣∣ a( j)
δ ( j)

∫
R
P{X̄ j, t ∈ [(x− y)a( j),(x− y)a( j)+δ ( j))}gb( j)dy− p(0,1;x)

∣∣∣
= sup

x∈R

∣∣∣∫ b( j)

−b( j)
e−izxE[eizX̄ j, t/a( j)]ψδ ( j)(z/a( j))ϕb( j)(z)dz−

∫
R

e−izxe−z2/2dz
∣∣∣

≤
∫ (4L j)

−1

−(4L j)−1

∣∣E[eizX̄ j, t/a( j)]ψδ ( j)(z/a( j))ϕb( j)(z)− e−z2/2∣∣dz

+
∫
(4L j)−1<|z|≤b( j)

|E[eizX̄ j, t/a( j)]|dz+
∫
|z|>(4L j)−1

e−z2/2dz

=: A( j)+B( j)+C( j).

To analyze A( j), write, for |z| ≤ (4L j)
−1,∣∣EeizX̄ j, t/a( j)

ψδ ( j)(z/a( j))ϕb( j)(z)− e−z2/2∣∣
≤
∣∣E[eizX̄ j, t/a( j)]− e−z2/2∣∣+ |ϕb( j)(z)−1|e−z2/2 +

∣∣ψδ ( j)(z/a( j))−1
∣∣e−z2/2

≤ 16|z|3e−z2/3L j + |z|e−z2/2/b( j)+ |z|e−z2/2
δ ( j)/(2a( j)).

We have used (5.8) to obtain the first term on the right-hand side. The third term is a consequence
of the inequality |1− e−ix − ix| ≤ x2/2 for x ∈ R, see Lemma 1 on p. 512 in [9]. Thus, recalling
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also (5.9),

A( j)≤ L j

∫
R
|z|3e−z2/3dz+

(
e−c j +δ ( j)/(2a( j))

)∫
R
|z|e−z2/2dz → 0, j → ∞.

Now we work with B( j). As we have shown, L j ≤ 4Tj/a( j). Thus,

B( j) =
∫
(4L j)−1<|u|≤b( j)

∣∣∣V̂ (κ( j)− iu/a( j))
V̂ (κ( j))

∣∣∣ j
du ≤ 2b( j) sup

|u|≥(4L ja( j))−1

∣∣∣V̂ (κ( j)− iu)
V̂ (κ( j))

∣∣∣ j

≤ 2b( j) sup
|u|≥(16Tj)−1

∣∣∣V̂ (κ( j)− iu)
V̂ (κ( j))

∣∣∣ j
.

By virtue of (3.2), for large j ∈ N,

sup
|u|≥1/16

∣∣∣V̂ (κ( j)− iu/Tj)

V̂ (κ( j))

∣∣∣≤ e−c1

for some c1 > 0. Hence, recalling that b( j) = ec j we obtain B( j)≤ 2e(c−c1) j → 0 as j → ∞ when-
ever c ∈ (0,c1). Since lim j→∞ L j = 0, we immediately conclude that lim j→∞C( j) = 0. Combining
fragments together we arrive at (5.7).

Let (ρ( j)) j∈N be a sequence of positive numbers tending to zero, to be specified below. Replac-
ing in (5.7) first δ ( j) with δ ( j)(1±2ρ( j)) and then x with x∓ρ( j)δ ( j)/a( j) yields

lim
j→∞

sup
x∈R

∣∣∣ a( j)
(1±2ρ( j))δ ( j)

∫
R
P{X̄ j, t ∈ [(x− y)a( j)∓ρ( j)δ ( j),(x− y)a( j)+(1±ρ( j))δ ( j))}

×gb( j)(y)dy− p(0,1;x∓ρ( j)δ ( j)/a( j))
∣∣∣= 0.

Thus, given ε > 0, for all x ∈ R and large enough j,

D j(x) :=
a( j)
δ ( j)

∫
R
P{X̄ j, t ∈ [(x− y)a( j)+ρ( j)δ ( j),(x− y)a( j)+(1−ρ( j))δ ( j))}gb( j)(y)dy

≥ (1−2ρ( j))p(0,1;x+ρ( j)δ ( j)/a( j))− ε.

Observe that, for any x ∈ R,

[x− y+ρ( j)δ ( j)/a( j),x− y+(1−ρ( j))δ ( j)/a( j))⊆ [x,x+δ ( j)/a( j))

whenever |y| ≤ ρ( j)δ ( j)/a( j). This entails

D j(x)≤
a( j)
δ ( j)

P{X̄ j, t ∈ [xa( j),xa( j)+δ ( j))}
∫
|y|≤ρ( j)δ ( j)/a( j)

gb( j)(y)dy

+
a( j)
δ ( j)

∫
|y|>ρ( j)δ ( j)/a( j)

gb( j)(y)dy. (5.10)
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Recall that so far the sequence (δ ( j)) j∈N has been an arbitrary sequence satisfying δ ( j) = o(a( j))
as j → ∞. We shall now also exploit the assumption that δ ( j)/a( j) decays subexponentially. Let
(ρ( j)) j∈N be defined by

a( j)
(ρ( j))2δ ( j)

= b( j) = ec j, j ∈ N. (5.11)

Such a choice and subexponential decay of δ ( j)/a( j) guarantees lim j→∞ ρ( j) = 0. With this
choice of ρ and using that gb( j)(y) = b( j)g(b( j)y) we conclude from (5.10) that

D j(x)≤
a( j)
δ ( j)

P{X̄ j, t ∈ [xa( j),xa( j)+δ ( j))}
∫
|y|≤1/ρ( j)

g(y)dy+
a( j)
δ ( j)

∫
|y|>1/ρ( j)

g(y)dy

and thereupon

a( j)
δ ( j)

P{X̄ j, t ∈ [xa( j),xa( j)+δ ( j))}

≥
(
(1−2ρ( j))p(0,1;x+ρ( j)δ ( j)/a( j))−ε − a( j)

δ ( j)

∫
|y|>1/ρ( j)

g(y)dy
)(∫

|y|≤1/ρ( j)
g(y)dy

)−1
.

(5.12)

Uniform continuity of p in combination with lim j→∞

(
ρ( j)δ ( j)/a( j)

)
= 0 entails

lim
j→∞

sup
x∈R

|p(0,1;x+ρ( j)δ ( j)/a( j))− p(0,1;x)|= 0.

Since ρ converges to 0 and g is the density of a probability distribution, lim j→∞

∫
|y|≤1/ρ( j) g(y)dy =

1. In view of
∫
|y|>1/ρ( j) g(y)dy ≤ 4π−1 ∫ ∞

1/ρ( j) y−2dy = 4π−1ρ( j) and the facts that ρ exhibits an
exponential decay, whereas a( j)/δ ( j) grows subexponentially, we conclude that

lim
j→∞

a( j)
δ ( j)

∫
|y|>1/ρ( j)

g(y)dy = 0.

Letting now in (5.12) j → ∞ and then ε → 0+ we obtain that, uniformly in x ∈ R,

liminf
j→∞

a( j)
δ ( j)

P{X̄ j, t ∈ [xa( j),xa( j)+δ ( j))} ≥ p(0,1;x).

The converse inequality for the upper limit follows analogously but simpler.
Relation (5.4) is essentially Stone’s local limit theorem (Corollary 1 in [20]). In view of this we

omit a proof. The only thing that needs to be mentioned is that nonarithmeticity of V is equivalent
to the inequality ∣∣∣∣V̂ (θ − iu)

V̂ (θ)

∣∣∣∣< 1, u ∈ R\{0}.

The proof of Proposition 5.2 is complete.

Remark 5.3. Recall that a probability measure with the characteristic function φ is called strongly
nonlattice, if

sup
|u|>γ

|φ(u)|< 1
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for every fixed γ > 0, see, for instance, equation (3) in [20]. Our assumption (3.2) is equivalent to

limsup
j→+∞

sup
|u|>γ

|E[eiu(X ′
j,t−t/ j)/Tj ]|< 1 (5.13)

for every fixed γ > 0, where the random variables X ′
j,t are as defined in (5.3). Thus, (3.2) can be

regarded as the assumption that the distributions of the normalized random variables (X ′
j,t −t/ j)/Tj

are asymptotically strongly nonlattice as j → ∞.

5.2. Proof of Proposition 5.1. Suppose that the assumptions of part (a) of Theorem 3.1 hold. Put
δ ( j) = θ/κ( j) for a fixed θ > 0 and all j ∈N. The so defined δ ( j) satisfies the assumption of part
(i) of Proposition 5.2. We use a decomposition

κ( j)a( j)E[e−κ( j)X̄ j, t1{X̄ j, t≥0}] = κ( j)a( j)
∫
[0,θa( j))

e−κ( j)ydP{X̄ j, t ≤ y}

+κ( j)a( j)
∫
[θa( j),∞)

e−κ( j)ydP{X̄ j, t ≤ y}=: K( j)+L( j).

In view of lim j→∞ κ( j)a( j) = ∞,

L( j)≤ κ( j)a( j)e−θκ( j)a( j) → 0, j → ∞.

We proceed by writing

K( j)≤ κ( j)a( j)
⌊κ( j)a( j)⌋−1

∑
i=0

∫
[iθ ,(i+1)θ)

e−ydP{X̄ j, t ≤ y/κ( j)}

≤ θ

⌊κ( j)a( j)⌋−1

∑
i=0

e−iθ
( a( j)

δ ( j)
P{X̄ j,t ∈ [iδ ( j),(i+1)δ ( j))}− p(0,1; iδ ( j)/a( j))

)
+θ

⌊κ( j)a( j)⌋−1

∑
i=0

e−iθ(p(0,1; iδ ( j)/a( j))− p(0,1;0)
)
+ p(0,1;0)θ

⌊a( j)κ( j)⌋−1

∑
i=0

e−iθ

=: K1( j,θ)+K2( j,θ)+K3( j,θ).

Note that
lim
j→∞

K3( j,θ) = p(0,1;0)
θ

1− e−θ
→ p(0,1;0), θ → 0+ .

Further, given ε > 0 and picking θ > 0 sufficiently small, we obtain, for large j ∈ N and i ∈
[0,⌊κ( j)a( j)⌋−1],

|p(0,1; iδ ( j)/a( j))− p(0,1;0)| ≤ ε.

This yields limsupθ→0+ limsup j→∞ |K2( j,θ)| ≤ ε . Therefore, limsupθ→0+ limsup j→∞ |K2( j,θ)|=
0, since K2( j,θ) does not depend on ε . Finally, by Proposition 5.2, given ε > 0, for large j ∈ N
and all i ∈ [0,⌊κ( j)a( j)⌋−1],∣∣∣ a( j)

δ ( j)
P{X̄ j, t ∈ [iδ ( j),(i+1)δ ( j))}− p(0,1; iδ ( j)/a( j))

∣∣∣≤ ε.

As a consequence, lim j→∞ K1( j,θ) = 0.
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We have proved that limsup j→∞(K( j)+L( j)) ≤ p(0,1;0) = (2π)−1/2. The converse inequal-
ity for the lower limit follows analogously. The proof of Proposition 5.1 is complete under the
assumptions of part (a) of Theorem 3.1.

Under the assumptions of part (b) of Theorem 3.1, lim j→∞ κ( j) = θ ∈ (0,∞) and κ( j)a( j)→ ∞

holds automatically. The proof goes by exactly the same reasoning as in case (a), and we omit
further details.

5.3. Proofs of Corollaries 3.4 and 3.5.

Proof of Corollary 3.4. Note that t/ j → α > s− as j → ∞ which entails lim j→∞ κ( j) = θ . Recall
the standard notation [xk] f (x) for the coefficient in front of xk in the Taylor expansion of f at zero.

For ℓ ∈N, put aℓ := [tℓ](−λ ′(θ − t)) = (−1)ℓ+1λ (ℓ+1)(θ)/ℓ!. We intend to define the constants
bℓ for ℓ ≥ 2, which appear in (3.6) and (3.7). To this end, we first recursively define auxiliary
constants cℓ as follows. Put c1 := 1/a1. Fix k ≥ 2 and assume that the values of c1, . . . ,ck−1 have
been determined. For i = 2, . . . ,k, put ri,k := [xk](c1x+ . . .+ ck−1xk−1)i. Then ck is defined by
a1ck +∑

k
i=2 airi,k = 0. For instance, since r2,2 = c2

1, we conclude by solving a1c2 +a2r2,2 = 0 that

c2 =−
a2c2

1
a1

=−a2

a3
1
=

λ (3)(θ)

2σ6 .

Fix r ∈ N. Our construction of the constants cℓ ensures that, for each k = 1, . . . ,r,

[xk]

 r

∑
i=1

ai

(
r

∑
ℓ=1

cℓxℓ
)i
=

r

∑
i=1

ai[xk]

(
r

∑
ℓ=1

cℓxℓ
)i

=
k

∑
i=1

ai[xk]

(
k

∑
ℓ=1

cℓxℓ
)i

= a1ck +
k

∑
i=2

ai[xk]

(
k−1

∑
ℓ=1

cℓxℓ
)i

= a1ck +
k

∑
i=2

airi,k =

1, k = 1,

0, k = 2, . . . ,r.

Hence, for r ∈ N, we obtain the relation

r

∑
ℓ=1

aℓ

(
r

∑
i=1

cixi

)ℓ

= x+O(xr+1), x → 0, (5.14)

which could have also served as the definition of the constants ck. Put

bk :=−ck +
k

∑
i=1

ai

i+1
ri+1,k+1, k ∈ N.

Since rk,k = ck
1, we infer b1 = −c1 + (a1/2)c2

1 = −c1/2 = −(2σ2)−1. Using r2,3 = 2c1c2, we
obtain b2 =−c2 +(a1/2)2c1c2 +(a2/3)c3

1 = (a2/3)c3
1 =−λ (3)(θ)/(6σ2).

Now we prove (3.6). According to part (b) of Theorem 3.1, it suffices to check that

(V̂ (κ( j))) jetκ( j) ∼ (V̂ (θ)) jeθ te∑
r
ℓ=1 bℓ

yℓ+1

jℓ , j → ∞.
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Put κ̃( j) = θ −κ( j). Using (2.4) and Taylor’s expansion we obtain

t/ j = α + y/ j =−λ
′(θ − κ̃( j)) =−λ

′(θ)+
r

∑
ℓ=1

aℓ(κ̃( j))ℓ+O((κ̃( j))r+1)

= α +
r

∑
ℓ=1

aℓ(κ̃( j))ℓ+O((κ̃( j))r+1).

Thus, ∑
r
ℓ=1 aℓ(κ̃( j))ℓ+O((κ̃( j))r+1) = y

j , and (5.14) implies that

κ̃( j) =
r

∑
ℓ=1

cℓ
(y

j

)ℓ
+O

((y
j

)r+1)
, j → ∞. (5.15)

It remains to show that

λ (θ − κ̃( j)) j+(θ − κ̃( j))t = θ t +λ (θ) j+
r

∑
ℓ=1

bℓ
yℓ+1

jℓ
+o(1), j → ∞. (5.16)

This follows by another application of Taylor’s expansion

λ (θ − κ̃( j)) j+(θ − κ̃( j))t

=

(
λ (θ)−λ

′(θ)κ̃( j)+
r

∑
ℓ=1

aℓ
ℓ+1

(κ̃( j))ℓ+1 +O
(
(κ̃( j))r+2)) j+θ t − κ̃( j)t

= θ t +λ (θ) j− yκ̃( j)+ j
r

∑
ℓ=1

aℓ
ℓ+1

(κ̃( j))ℓ+1 +O
(

yr+2

jr+1

)
(5.15)
= θ t +λ (θ) j+

r

∑
ℓ=1

bℓ
yℓ+1

jℓ
+o(1).

Here, O(y(r+2)/(r+1)) = o(1) is secured by the assumption y( j) = o( j(r+1)/(r+2)). This finishes the
proof of both (5.16) and (3.6).

The proof of (3.7) goes the same path and only requires an extra term in Taylor’s expansions. A
counterpart of (5.15) is

κ̃( j) =
r+1

∑
ℓ=1

cℓ
(y

j

)ℓ
+o
((y

j

)r+1
)
, j → ∞.
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With this at hand,

λ (θ − κ̃( j)) j+(θ − κ̃( j))t

=

(
λ (θ)−λ

′(θ)κ̃( j)+
r+1

∑
ℓ=1

aℓ
ℓ+1

(κ̃( j))ℓ+1 +O
(
(κ̃( j))r+3)) j+θ t − κ̃( j)t

= θ t +λ (θ) j+
r+1

∑
ℓ=1

bℓ
yℓ+1

jℓ
+o(1)

= θ t +λ (θ) j+
r

∑
ℓ=1

bℓ
yℓ+1

jℓ
+br+1cr+2 +o(1), j → ∞.

The proof of Corollary 3.4 is complete. □

Proof of Corollary 3.5. First of all, note that the function t( j,y) exists (at least for large enough j),
for (3.8) implies that, for large enough t > 0, t/ j ≥−λ ′(θ ∗) ∈ (s−,s+).

Formula (2.4) implies that

κ( j) = θ
∗− log j− y+ ε( j)

2 jθ ∗λ ′′(θ ∗)
=: θ

∗− κ̃( j).

In particular, lim j→∞ κ( j) = θ ∗. According to part (b) of Theorem 3.1, it suffices to check that
under the assumption of Corollary 3.5

lim
j→∞

(V̂ (κ( j))) jetκ( j)

j1/2 = lim
j→∞

e j(λ (κ( j))−κ( j)λ ′(κ( j)))

j1/2 = e−y/2. (5.17)

Using Taylor’s expansion yields

λ (κ( j))−κ( j)λ ′(κ( j)) = λ (θ ∗− κ̃( j))− (θ ∗− κ̃( j))λ ′(θ ∗− κ̃( j))

= λ (θ ∗)−λ
′(θ ∗)κ̃( j)− (θ ∗− κ̃( j))(λ ′(θ ∗)− κ̃( j)λ ′′(θ ∗))+O

(
(log j)2

j2

)
= θ

∗
σ

2
κ̃( j)+O

(
(log j)2

j2

)
, j → ∞.

This entails

−2−1 log j+ j(λ (κ j(t))−κ j(t)λ ′(κ j(t)))

=−2−1 log j+θ
∗
σ

2 jκ̃( j)+O
(
(log j)2

j

)
=−y/2+o(1), j → ∞

and thereupon (5.17). □
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6. BIBLIOGRAPHIC COMMENTS

In this brief closing section, we compare our results and methods with those existing in the liter-
ature. Observe that (3.4) formally coincides with (3.3), whenever κ( j)→ θ and λ ′′(κ( j))→ σ2.
Therefore, we focus on the latter formula. Relation (3.3) resembles a large deviation estimate for
standard random walks due to Petrov [14], see the bottom of p. 248 in [15]. However, there are
two significant differences. First, since V satisfies (2.1) we had to pass to probability measures,
which was achieved with the help of the standard method of exponential change of measure (for-
mula (5.1)). Second, even after applying the exponential tilting, the resulting ’random walk’ X j,t

turned out to be non-standard, for its step distribution depends on t, see (5.3). This has caused sig-
nificant technical challenges in the proofs of Propositions 5.1 and 5.2. Informally, this complexity
is reflected in the fact that, in our version of Petrov’s formula (p. 248 in [15]), both x and h depend
on n (in Petrov’s notation).

Another related large deviations result is Theorem 3.3 in [6] with relation (3.19) therein resem-
bling our formula (3.3). However, this result is not applicable (even after an exponential change
of measure) in the setting of part (a) of our Theorem 3.1 where t/ j (which corresponds to mn in
the notation of [6]) diverges to infinity. Proposition 5.1 which is our key technical result can be
regarded as a generalization of Lemma 3.2 in [6].

We conclude the discussion by noting Feller’s paper [8] on logarithmic large deviations for row-
wise sums in triangular arrays of independent random variables. In principle, the results from
that paper could have been applied to derive the logarithmic asymptotics in (3.5) under weaker
assumptions. Just in case, we stress that we are primarily interested in the precise rather than
logarithmic asymptotics.

7. APPENDIX

The following result is known if V is a distribution function, see, for example, Chapter 9.1.2
in [4]. We have not been able to locate in the literature its version for arbitrary nondecreasing
unbounded functions. Therefore, we give a proof.

Lemma 7.1. Let V : R → [0,∞) be a right-continuous and nondecreasing function vanishing on
(−∞,0). Put x0 := inf{x > 0 : V (x)> 0} and λ (s) = log

∫
[0,∞) e−sxdV (x) for s ∈ D . Then

s− = inf
s∈D

(−λ
′(s)) = lim

s→+∞
(−λ

′(s)) = x0.

Proof. The second equality follows from the monotonicity of −λ ′. For the proof of the last equality
we distinguish two cases: x0 = 0 and x0 > 0.
CASE x0 = 0. Fix ε > 0 and note that

∫
[0,ε/2] dV (x) =: K(ε)> 0. Since∫

(ε,∞) e−sxdV (x)∫
[0,∞) e−sxdV (x)

≤
e−sε/2 ∫

(0,∞) e−sx/2dV (x)∫
[0,ε/2] e−sxdV (x)

≤
e−sε/2 ∫

(0,∞) e−sx/2dV (x)

e−sε/2K(ε)
→ 0, s → ∞
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by the monotone convergence theorem, we conclude that,∫
[0,∞)

e−sxdV (x) ∼
∫
[0,ε]

e−sxdV (x), s → ∞.

Similarly, one can check that∫
[0,∞)

xe−sxdV (x) ∼
∫
[0,ε]

xe−sxdV (x), s → ∞

for every fixed ε > 0. Thus,

lim
s→+∞

(−λ
′(s)) = lim

s→+∞

∫
[0,∞) xe−sxdV (x)∫
[0,∞) e−sxdV (x)

= lim
s→+∞

∫
[0,ε] xe−sxdV (x)∫
[0,ε] e−sxdV (x)

≤ ε.

Since ε > 0 is arbitrary we conclude that lims→+∞(−λ ′(s)) = 0 = x0.
CASE x0 > 0. This situation can be reduced to the previous one by passing to the function V1(x) :=
V (x+ x0). Indeed,

λ (s) = log
∫
[0,∞)

e−sxdV (x) = log
∫
[x0,∞)

e−sxdV (x) = log
∫
[0,∞)

e−s(x+x0)dV1(x) =: −sx0 +λ1(s)

and thereupon
inf
s∈D

(−λ
′(s)) = x0 + inf

s∈D
(−λ

′
1(s)) = x0

according to the already considered case x0 = 0. □

Acknowledgment. We thank the two anonymous referees for useful comments which have led to
a few improvements. This work was mainly done during numerous visits of A. Iksanov and A. Ma-
rynych to Wroclaw in 2019-2023. They gratefully acknowledge financial support and hospitality.

REFERENCES

[1] BAHADUR, R. R. AND RANGA RAO, R. (1960). On deviations of the sample mean. Ann.
Math. Statist. 31, p. 1015–1027.

[2] BINGHAM, N. H., GOLDIE, C. M. AND TEUGELS, J. L. (1989). Regular variation, Cam-
bridge University Press.

[3] BOHUN, V., IKSANOV, A., MARYNYCH, A. AND RASHYTOV, B. (2022). Renewal theory
for iterated perturbed random walks on a general branching process tree: intermediate gener-
ations. J. Appl. Probab. 59, p. 421–446.

[4] BOROVKOV, A. A. (2013). Probability theory, Springer.
[5] BUI, H. Q. AND RANDLES, E. (2022). A generalized polar-coordinate integration formula

with applications to the study of convolution powers of complex-valued functions on Zd . J.
Fourier Anal. Appl. 28, article no. 19.

[6] CHAGANTY, N. R. AND SETHURAMAN, J. (1993). Strong large deviations and local limit
theorems. Ann. Probab., 21, p. 1671–1690.

[7] DIACONIS, P. AND SALOFF-COSTE, L. (2014). Convolution powers of complex functions
on Z. Math. Nachr. 287, p. 1106–1130.

23



[8] FELLER, W. (1969). Limit theorems for probabilities of large deviations. Z. Wahrschein-
lichkeitstheorie und Verw. Gebiete. 14, p. 1–20.

[9] FELLER, W. (1970). An introduction to probability theory and its applications, 2nd edition,
John Wiley & Sons.

[10] FRENK, J. B. G. (1987). On Banach algebras, renewal measures and regenerative processes
(CWI Tract 38). Centre for Mathematics and Computer Science, Amsterdam.

[11] GREVILLE, T. N. E. (1974). On a problem of E. L. de Forest in iterated smoothing. SIAM J.
Math. Anal. 5, p. 376–398.

[12] IKSANOV, A. AND MALLEIN, B. (2022). Late levels of nested occupancy scheme in random
environment. Stoch. Models. 38, p. 130–166.

[13] KORCHINSKY, I. AND KULIK, A. (2007). Local limit theorem for triangular array of random
variables. Theory Stoch. Proc. 13(29), p. 48–54.

[14] PETROV, V. V. (1965). On the probabilities of large deviations for sums of independent ran-
dom variables. Theory Probab. Appl. 10, p. 287–298.

[15] PETROV, V.V. (1975). Sums of independent random variables, Springer.
[16] RANDLES, E. (2023). Local limit theorems for complex functions on Zd . J. Math. Anal. Appl.

519, 126832.
[17] RANDLES, E. AND SALOFF-COSTE, L. (2015). On the convolution powers of complex func-

tions on Z. J. Fourier Anal. Appl. 15, p. 754–798.
[18] RANDLES, E. AND SALOFF-COSTE, L. (2017). Convolution powers of complex functions

on Zd . Rev. Mat. Iberoam. 33, p. 1045–1121.
[19] SCHOENBERG, I. J. (1953). On smoothing operations and their generating functions. Bull.

Amer. Math. Soc. 59, p. 199–230.
[20] STONE, C. (1965). A local limit theorem for nonlattice multi-dimensional distribution func-

tions. Ann. Math. Statist. 36, p. 546–551.
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