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Consider a supercritical Crump—Mode—Jagers process (Zf )tz o counted
with a random characteristic ¢. Nerman’s celebrated law of large numbers
[Z. Wahrsch. Verw. Gebiete 57, 365-395, 1981] states that, under some mild
assumptions, e_o‘th converges almost surely as ¢ — oo to aWW. Here,
a > 0 is the Malthusian parameter, a is a constant and W is the limit of
Nerman’s martingale, which is positive on the survival event. In this gen-
eral situation, under additional (second moment) assumptions, we prove a
central limit theorem for (Zf )t>0- More precisely, we show that there ex-
ist a constant £ € INg and a function H (t), a finite random linear combi-
nation of functions of the form /e with o /2 < Re(M\) < a, such that
(Zf — ae®W — H(t))/VtFet converges in distribution to a normal ran-
dom variable with random variance. This result unifies and extends various
central limit theorem-type results for specific branching processes.
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1. Introduction. A general (Crump-Mode-Jagers) branching process starts at time 0
with a single individual, the ancestor, who is alive in the random time interval [0, () for a
random variable (, the life span, taking values in [0, 00]. The ancestor produces offspring
born at the points of a reproduction point process & on [0,00). No particular assumption
about the dependence structure between ¢ and ( is made. For each individual u that is ever
born there is an independent copy (&, (,) of the pair (£, ¢) that determines the birth times of
the individual’s offspring relative to «’s time of birth and its life span.

The general branching process encompasses e.g. the Bienaymé-Galton-Watson process,
the Yule process, the continuous-time Markov branching process, the Sevastyanov process,
and the Bellman-Harris process. We refer to [25] for a more detailed account of the history
of the general branching process and its predecessors.

The general branching process counted with a random characteristic at time ¢ is the sum
over all individuals ever born where the contribution of each individual to the sum is deter-
mined by some random characteristic that may take into account all aspects of the individual’s
life such as its age at time ¢, its life span, etc. This formulation makes it possible to treat at
one go various quantities of interest derived from the general branching process such as the
number of births up to time ¢, the number of individuals alive at time ¢, the number of individ-
uals alive at time ¢ which are younger than a given threshold a > 0, etc. A formal description
of the model will be given in Section 2.

General branching processes serve as models of biological populations such as humans,
cells or plants [17, 25, 34, 41], as models for tumor growth [15, 34], but also for neutron chain
reactions [3] or fragmentation [31] (after a change of time) to name but a few. The general
branching process is also an important tool within related fields of applied probability or
theoretical computer science. In fact, its applications in these fields are numerous and any
attempt to give a complete survey here is hopeless. We confine ourselves to mentioning its
successful application in the study of asymptotic properties of random graph growth models
driven by preferential attachment dynamics [6, 9, 37, 45] and particularly random tree growth
models [14, 22, 23, 32, 35, 42]. It is also used as an approximation for epidemic models
[10, 47] and as a model of the initial phase of epidemics such as SARS, Ebola and SARS-
CoV-2 [8, 11, 12], during which the disease spreads exponentially fast but the impact of
population structure and preventive measures is still small [47].

The laws of large numbers of the supercritical general branching process counted with a
random characteristic are due to Nerman [38, 39] in the single-type, non-lattice case, that is,
when the reproduction point process is not concentrated on any lattice. There were earlier
results for special cases, but here we refrain from sketching the history and instead refer to
the introduction of [39]. The lattice version of Nerman’s law of large numbers was proved by
Gatzouras [16].

In view of the relevance of the general branching process in applications and the fact that
the laws of large numbers date back as far as 1981, it is remarkable, and rather surprising,
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that there is no comprehensive central limit theorem for the general process counted with a
random characteristic in the literature. However, there are results for related models indicat-
ing the intricate nature of the fluctuations that can occur. For the multi-type continuous-time
Markov branching process with finite type space where individuals give birth only at the
time of their death Athreya [4, 5] proved a central limit theorem and Janson [29] proved a
functional central limit theorem. Asmussen and Hering [3, Section VIIL.3] provide results
for the asymptotic fluctuations of multi-type Markov branching processes with rather general
type space. In principle, these results contain the single-type case of the general branching
process since such a process can be seen as a Markov process in which the type of an indi-
vidual at time ¢ is its entire life history up to time ¢. However, this type space is large, and
the assumptions of [3] are typically not satisfied except in special cases such as the case of
the Galton-Watson process. Recently, Janson studied the asymptotic fluctuations of single-
type supercritical general branching processes in the lattice case [30]. For the non-lattice
case, there is a second-order result by Janson and Neininger [31] for Kolmogorov’s conser-
vative fragmentation model that may be translated into the language of general branching
processes. It gives a central limit theorem for the number of individuals born up to time ¢,
but it requires that the offspring variable N := £([0,00)) be bounded and the additional as-
sumption that [ e~* ¢(dz) = 1 almost surely, a rather restrictive assumption in the context of
general branching processes. Another related work is the paper by Charmoy, Croydon, and
Hambly [13], where the authors investigate the fluctuations of the eigenvalue counting func-
tion related to certain random fractals. This problem can be addressed using limit theorems
for specific Crump-Mode-Jagers processes. The random characteristics in this model are no
longer assumed to be independent, which takes it beyond the scope of the present paper. It is
worth noting that limit theorems for general branching processes were previously explored by
Jagers and Nerman [27]. However, the conditions in this paper can be challenging to verify,
even for relatively simple characteristics. Another related result is the central limit theorem
for Nerman’s martingale [24].

In the present paper, we close the gap in the literature and present a central limit theorem
for the general branching process counted with a random characteristic. Our main result,
Theorem 2.15, contains and extends all results for single-type processes summarized above.
A non-exhaustive list of applications given in Section 3 contains Galton-Watson processes,
Nerman’s martingale and its complex-valued counterparts, epidemic models, Crump-Mode-
Jagers processes with homogeneous Poisson offspring process and general lifetimes, and
conservative fragmentation models.

Organization of the paper. The paper is organized as follows. In Section 2 we formally
introduce the general branching process counted with a random characteristic. We further
state and discuss the assumptions we are working with. In Section 2.3, we state the main
result, Theorem 2.15, and its corollaries. We then apply our general results to some specific
models in Section 3. Section 4 contains some preliminaries for the proofs. Nerman’s martin-
gale and further related martingales play a crucial role in our theory. All these martingales
are introduced and discussed in Section 5. Section 6 is devoted to proving our main result,
Theorem 2.15. Our central limit theorem is based on an asymptotic expansion of the mean of
a general branching process counted with a random characteristic. Such asymptotic expan-
sions are derived in Section 7. We close the paper with Section 8, in which possible future
research directions are outlined.

2. Setup, preliminaries and main results. We continue with a formal description of
the general branching process.



2.1. The general branching process counted with a random characteristic. 'We intro-
duce the general (Crump-Mode-Jagers) branching process following Jagers [25, 26]. The
process starts with a single individual, the ancestor, born at time 0. The ancestor produces
offspring born at the points of a reproduction point process £ = Z;VZI dx, on [0,00) where
N =£(]0,00)) takes values in INg U {oo} with INg := {0,1,2,...} and X; :=inf{t > 0:
€([0,t]) > j}. Here and throughout the paper, the infimum of the empty set is defined to be
0o. The ancestor has a random lifetime (, which may be dependent on &. Formally, ¢ is a
random variable assuming values in [0, co].

Individuals are indexed by v € 7 = UnG]NO IN™ according to their genealogy. Here, IN =
{1,2,...} and IN? := {@} is the singleton set containing only the empty tuple &. We use
the usual Ulam-Harris notation. We abbreviate a tuple u = (u1,...,u,) € N" by u; ... u,
and refer to n as the length or generation of u; we write |u| = n. In this context, any u =
uy ... upy € Z is called (potential) individual. Its ancestral line is encoded by

—=U —>UU2 —> ...~ UL...Up =U

where w7 is the uﬁh child of the ancestor, ©jus the ugh child of uy, etc. fv=wv;...v,,, €L,
then v is short for uy ... u,v1 ... v,,. For u € 7 and ¢ € IN, the individuals us will be called
children of u. Conversely, u will be called parent of ui. More generally, w will be called
descendant of u (short: u < w) iff uv = w for some v € Z. Conversely, u will be called an
ancestor/progenitor of w. We write v < w if u < w and u # w. Often, we shall refer to IN"
as the (potential) nth generation (n € INp). With these notations, we have

lu|=n iff weN" iff wisann'" generation (potential) individual.

For w =uy ...u, € N" and k € INy, let u|; denote the ancestor of u in the Eth generation.
Formally, | is the restriction of the vector u to its first k¥ components:

1o} if k=0,
(2.1) u|k: Uy ... ug iflSkS‘UL
u if k> |ul.

For typographical reasons, we may sometimes write v|k instead of v|g. For v € 7 let uZ
denote the subtree of Z emanating from w, that is,
ul :={w:vel}={wel: wl=u}.

For each u € 7 there is an independent copy (&, ) of the pair (£, () that determines the
birth times of u’s offspring relative to its time of birth, and the duration of its life. Quantities
derived from (&,,(,) are indexed by w. For instance, IV, is the number of offspring of u
and X, , is the difference between the birth-time of the kM child of u and w itself, etc. The
birth-times S(u) for u € Z are defined recursively. We set S(@) := 0 and, for n € Ny,

S(uj) :=S(u)+ X, ; foruecN"andjeN.
The family tree of all individuals ever born is denoted by 7 := {u € Z: S(u) < co}. We call
S=[{#TNN") 21}
nelN

the survival set and its complement S = U,en{#(7 N IN™) = 0} the extinction set. The
time of death of individual u is S(u) + (,. An individual u is alive at time ¢ > 0 if it is born,
but not yet dead at time ¢, i.e., if

S(u) <t < S(u)+ Cu-
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We now construct the canonical space for the general branching process. For v € Z, let
(Qy, Ay, P,) be a copy of a given probability space (2, Az, Py), the life space of the
ancestor. An element w € €2, is a possible life career for individual u and any property of
interest of v like its mass at some age or its life span is viewed as a measurable function
on the life space. In particular, £ and ¢, the reproduction point process and the life span, are
measurable functions defined on (g, Ay ).

From the life space, we construct the population space:

(Q7 F, IP) = (XUEI Qua ®u€I Au? ®u€I Pu)

For u € Z, we write m, for the projection 7, : X, 7y — £, and 0, for the shift
Ou((wy)vez) = (Wuw)vez. To formally lift an entity y defined on the life space, i.e. a function
x on £, to the population space, we define y, := x o m,. In particular, &, = £ o m,, and
Cy = C omy. In slight abuse of notation, if y is defined on the life space, when working on the
population space, we write x instead of x o mg. For instance, we sometimes write IP(¢ < ¢)
for P, (¢ <t) =P({z <t). A technical remark is in order. Sometimes random variables in-
dependent of F appear. This means that when required, we work on a suitable extension of
the space (2, F,P).

We are interested in the general branching process counted with a random characteristic.
A random characteristic ¢ is a random process on (g, Ay, Py) taking values in the Sko-
rokhod space of right-continuous functions f : R — R¢ with existing left limits at every point
in R. Such functions are called cadlag for short. The characteristic ¢ may also be viewed as
a stochastic process ¢ : Qg x R — RY, (w,t) — ¢(w,t) with right-continuous paths and
existing left limits. Notice that unlike in some important references [16, 39], we allow, and
actually need at some places, that p(¢) # 0 for some ¢ < 0. It is known that such a process is
product-measurable. Define ¢,, = ¢ o m,. By product measurability, ¢, (t — S(u)) is a ran-
dom variable. Note that, for given u € Z, ,, is independent of S(u). However, ¢, and S(v)
can be dependent, when u is an ancestor of v. The general branching process counted with
characteristic ¢ is Z¢ = (Z/)icr where Z/ is defined by

(2.2) ZF =) pult—S(u), teR.
u€el

Here, we use the convention ¢(—o0) := 0 and so the above sum involves only terms associ-
ated with individuals that are eventually born. In the special case ¢ = 1o ),

(2.3) 2,0 = Z Lot = S(u) = Z Lis(uy<t<S)+c.)s

uel uel

ie., ZtIL ¢ is the number of individuals alive at time ¢. Similarly,

(2.4) N((t,t+a]) = 2% = Z Lip,o)(t+a—S(u)) = Z Lir<s(uy<i+al
u€el uel

is the number of individuals born strictly after time ¢ and up to and including time ¢ + a,
a > 0. The setup covers a wide range of possible applications. Some special cases and specific
examples are covered in Section 3.

Notice that Z% is not well-defined a priori. Conditions for the finiteness of the general
branching process are given in [25, Section 6.2]. For instance, the existence of a Malthusian
parameter, a condition formally stated as (A1) below and assumed throughout this paper,
implies that the number of individuals born up to and including time ¢ is finite for all £ > 0
almost surely, see [25, Theorem 6.2.3]. In particular, if (A1) holds, then Zf is well-defined
whenever the characteristic  vanishes on the negative half-line since in this case, the sum on
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the right-hand side of (2.2) has only finitely many non-vanishing summands almost surely.
As, in general, we allow the characteristic ¢ to be real-valued and do not require that it
vanishes on the negative half-line, we need a finiteness result that goes beyond [25, Theorem
6.2.3]. Jagers and Nerman [28] work under their assumption (6.1), which corresponds to our
condition (A4) for || below. However, in our proofs, we shall require the well-definedness
of Z}** for a specific centered characteristic x, defined in Section 5, with | x| not satisfying
(A4). Instead, we work under (A4) and (AS5) to ensure the general branching process counted
with a random characteristic to be well-defined. The corresponding result is Proposition 2.2
below.

2.2. Assumptions. We write u(-) for the intensity measure E[(+)] of the point process
&(+), and L for its Laplace transform, i.e.,

(25) Lyp(z) = /e” p(de) =E [iez&}
j=1

for all z € C for which the above integral converges absolutely.

Throughout this paper we distinguish between the lattice and the non-lattice case. Here,
we say that £ is lattice if 11(]0,00) \ hINg) = 0 for some h > 0, and we say that & is non-lattice,
otherwise. In the lattice case, without loss of generality, we assume that the lattice span is 1,
1([0,00) \ INg) =0 and p([0,00) \ hINp) > 0 for all h > 1. We set G := Z in the lattice case
and G := R in the non-lattice case. We use the symbol £ to denote the counting measure on
Z, in the lattice case and the Lebesgue measure in the non-lattice case, respectively.

For a function f : G — C we define the bilateral Laplace transform L f of f at z € C by

£f(z)= /G e~ f () €(dx)

whenever the integral converges absolutely.
The following assumption is essential in the law of large numbers [16, 39] and, therefore,
also for the central limit theorem studied here.

(A1) There exists a Malthusian parameter o > 0, i.e., an « > 0 satisfying

(2.6) Lu(a) = /e_o‘x p(dz)=1 and
N

(2.7) E [ZXje_o‘Xf] =—(Lp)'(a) =: B € (0,00).
j=1

Notice that (A1) implies the supercriticality of the general branching process, that is, E[/V] =
1([0,00)) € (1, 00], which, in turn, ensures that the underlying branching process survives
with positive probability meaning that IP(S) > 0. We stress that the case P(/NV = 00) > 0 is
allowed. For the rest of the paper, we assume that (A1) is satisfied.

In our main results, we further assume that the Laplace transform L is finite on an open
half-space Re(z) > ¢ for some 9 < §:

(A2) There exists 9 € (0, §) such that

(2.8) Lu(0) =T [Z e_ﬁxf} < 0.
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For the central limit theorem, we need a second moment assumption for the point process &.
Before we state it, we set k* to be the maximum of all multiplicities of the roots of Lu(z) =1
on the critical line Re(z) = & or k* := 3 if there is no such root.
(A3) The random variable
N 1
(2.9) /(1—}—3:’“*_;)@_ 1—|—X 2 e—ng
7j=1

has finite second moment.

REMARK 2.1. Notice that Condition (A6) in [30], namely, the existence of a ¥ < % such

that
()]

j=1
implies both our conditions (A2) and (A3). Janson’s condition (A6) may be easier to check
in cases where it holds.

The existence of the Malthusian parameter allows us to define a nonnegative martingale,
called Nerman’s martingale, namely,

(2.10) Wy=Wi(a)=> e M >0
ueCy

where

(2.11) Coi={ujeT:Su)<t<S(uj)}

is the coming generation at time ¢. For the proof of the martingale property under (A1) see
[39, Proposition 2.4]. We denote the almost sure limit of Nerman’s martingale by W. Martin-
gale theory implies that E[W] = 1 iff (W});>0 is uniformly integrable. Sufficient conditions
for the latter can be found in [39, Corollary 3.3], [40, Theorem 2.1] and [16, Theorems 2.1
and 3.3]. In the given situation, (W});>¢ is uniformly integrable iff

(Zlog Z) E[Zlog, Z1] < >

holds where

(2.12) Zn=Y_ e neN,.
lul=n

The process (Zy,)nen, is also a nonnegative martingale, called Biggins’ martingale, and it
has the same almost sure limit W as Nerman’s martingale (W;);>¢ [16, Theorem 3.3]. Since
(A3) immediately implies (Zlog Z), we infer that validity of (A1) and (A3) implies that
both martingales, (W;);>0 and (Z,)nen,, converge almost surely and in L' to the same
limit W > 0. Hence, in our theorems, (Z log Z) will not be imposed explicitly, but will hold
automatically whenever (A1) and (A3) are assumed to hold.

We continue with assumptions concerning the random characteristic (. These assumptions
are not made throughout the paper, but in certain results only. It will be explicitly stated, when
this is the case.

Throughout the paper, if ¢ is a nonnegative or integrable characteristic (meaning that
E[|¢(t)]] is finite for every t € R), then we write IE[p] for the (measurable) function that
maps t — E[p](t) := E[p(t)]. This notation has the advantage that if X is a random variable,
then we can write IE[](X), which is again a random variable. Similarly, we write Var|p] for
the variance function E[(, — E[¢])?], so Var[p](t) = Var[p(t)]. We start with an assumption
regarding the mean of the characteristic.
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(Ad) o(t) € L forevery t € R and t — E[¢](t)e~ is directly Riemann integrable.

If (A1) is fulfilled, and if ¢ is a real-valued characteristic such that || satisfies (A4), then, in
the non-lattice case, the law of large numbers by Nerman (see [28, Theorem 6.1]) states that

(2.13) e Z¢ - BTILE[p](a)W =71 / e Ble](z)ds - W ast— oo

in probability. If, additionally, (Zlog Z) holds, then the convergence in (2.13) holds in L'.
To see this, first recall that (Z log Z) implies IE[WW] = 1 and hence e~ *'E[Z/] converges by
the two-sided version of the key renewal theorem [2, Satz 2.5.3] to 5~} [ e E[p](z) dz,
which is the expectation of the random variable on the right-hand side of (2.13). If ¢ is
nonnegative, then the convergence of the first moment in combination with convergence in
probability gives the convergence in L' by Proposition 4.12 in [33]. The case of general ¢
can be reduced to the case of nonnegative ¢ using the decomposition ¢ = ¢ — @_ of ¢ into
its positive part minus its negative part.

What is more, (A3) implies £x(5) < oo and hence the holomorphy of £y on the half-
space Re(z) > §, which implies that all higher derivatives of £ in the point z = « exist. This
in turn implies (5.4) in [39] (for instance with g(¢) =1 A t~2 there). Hence, Conditions 5.1
of [39], 3.2 of [16] and (3.2) and (3.4) of [36] are satisfied. This ensures that the convergence
in (2.13) holds in the almost sure sense and in L! provided that

*  vanishes on (—00,0) and satisfies Condition 5.2 of [39] in the non-lattice case;
* ¢ vanishes on (—00,0) and satisfies Condition 3.1 in [16] in the lattice case or
* o satisfies Eq. (3.3) in [36] in the case that it does not vanish on the negative half-line.

The next two assumptions are conditions on the second moments of the characteristic .
(AS) ¢(t) € L? for every t € R and t — Var[p](t)e ! is directly Riemann integrable.
(A6) For any ¢ € R there is an € > 0 such that the family

(J¢(2)?)jp—t|<c is uniformly integrable.

Notice that if ¢ is deterministic real-valued, then (A6) holds since ¢ is cadlag, in particular,
locally bounded.

In the lattice case, if t € Z, then t — S(u) € Z for all individuals u with S(u) < oo.
Then Z; depends only on the values ¢, (z) for x € Z (u € 7). In particular, the values
of ¢ on R\ Z are irrelevant for our purposes. Therefore, in the lattice case, we make the
assumption that ¢ has paths that are constant on intervals of the form [n,n + 1), n € Z.
With this assumption, condition (A6) is meaningful also in the lattice case, but reduces to the
condition that ¢(x) € L? for all z € Z, a condition contained in (A5).

We continue with a proposition giving sufficient conditions for the general branching pro-
cess counted with characteristic ¢ to be well-defined. Before this, we introduce the notion of
an admissible ordering of Z. We call a sequence u1,us2,... € Z an admissible ordering of 7
if

* Z,,:={uq,...,u,} is a subtree of the Ulam-Harris tree Z of cardinality n,

* I=UpenZn-

Admissible orderings exist. Indeed, we can construct (u,),en recursively. First, let u; = @.

If we have constructed u; for i = 1,...,2* where k € IN, then, for any 2* < i < 281 we

set u; := u;_orj with the smallest j € IN such that u; _oxj & {v1,...,us}, see Figure 1.
Recall that a series ), .y, in a Banach space (X, || - ||) is said to converge uncondi-

tionally if, for any ¢ > 0, there is a finite 7 C IN such that ||} ;.|| < e for any finite
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Fig 1: The subtree Z;4 for the particular admissible ordering of Z given above.

J CIN'\ I. An equivalent definition is that the series converges for any rearrangement. For
this and other characterizations we refer the reader to [21].

PROPOSITION 2.2.  Suppose that (Al) holds and that p is a random characteristic satis-
fying (A4) and (AS). Then, for every t € R,

27:= 3 pult - S(w))

uel

converges unconditionally in L' and almost surely over every admissible ordering of I.

The proof of the proposition will be given in Section 4.2.

REMARK 2.3. Notice that Z{ = Z/ = and thus from the proposition, we infer that
Zf converges unconditionally in L' and almost surely for every ¢ € R if (A1) holds and, for
every t € R, ol (_ 4 satisfies (A4) and (AS).

REMARK 2.4. Notice that by Proposition 2.2, the process Z¥ is defined almost surely
for any fixed t € R. In other words, it is defined only up to a modification.

REMARK 2.5. Notice that if the random characteristics ¢ and ) satisfy condition (A6),
then so does any linear combination of them. Further, by the dominated convergence theo-
rem, both the expectation function and the variance function of any linear combination of ¢
and v are cadlag. This particularly implies that these functions are locally bounded and a.e.
continuous. Consequently, if, in addition to (A6), also (A5) holds for ¢ and 1), then (AS5) also
holds for any linear combination of ¢ and . Indeed, for 31, 52 € R,

Var[B1p(t) + Botp(t)]e " < 23% Var|p(t)]e™* + 233 Var[y(t)]e ™, teR.

By [43, Remark 3.10.5 on p. 237], the function in focus is directly Riemann integrable as a
locally Riemann integrable function dominated by a directly Riemann integrable function.

The next proposition gives sufficient conditions for (A4), (A5) and (A6). To formu-
late it, we introduce the following notation. If f : R — R is a function, we set f*(¢) :=
SUp|,_q¢ <1 | f(2)|. This notation extends immediately (pathwise) to random cadlag functions
such as random characteristics (.

PROPOSITION 2.6.  Suppose that (Al) holds.
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(@) If f : R — Ris cadlag and [ f*(x)dz < oo, then f is directly Riemann integrable. Con-
versely, if f: IR — R is directly Riemann integrable, then so is f*. ((Al) is not needed.)
(b) If a random characteristic @ satisfies

(2.14) /E[tp*](x)e_w dz < o0,

then (A4) holds for .
(¢) If a random characteristic o satisfies

(2.15) /E[(@*)Q] (x)e”*dz < oo,
then ¢ also satisfies (A5) and (A6).

By A we denote the set of solutions to the equation
(2.16) LuA)=1
such that Re()\) > § and by A we denote the set of roots on the critical line Re(\) = §.
In the lattice case, Ly is 2mi-periodic, and we define A to be the set of A with Re()\) > §
satisfying (2.16) and Im(\) € (—m, 7]. Analogously, in this case, A denotes the set of roots
A with Re(\) = § satisfying Im(A) € (—m, 7]. Finally, in both the non-lattice and the lattice
case, we set A> := A U OA. Notice that o € A and that every other element A € A>, \ # «
satisfies Re()) € [§,«) and Im(\) # 0. Further, A = 6 + in € A> implies that the complex
conjugate A = 6 — in € A> except if = 7 in the lattice case.

Although one may consider cases where A> contains infinitely many elements, in all rel-
evant examples A> is finite. Therefore, and for simplicity, we assume throughout the paper
the following:

(A7) The set of roots A> is finite.

We stress that if p has a density with respect to the Lebesgue measure and (A2) holds, then
also (A7) holds. This is justified in the proof of Lemma 7.3 in combination with Remark 7.5.

2.3. Main results. For eachroot A € C of the function Ly — 1, we denote its multiplicity
by k(\) € IN. Then, for any j =0,...,k(\) — 1, we can define

(2.17) W) = (=17 3 S(upe™™® teR,

u€Cy
where C; is the coming generation at time ¢ formally defined in (2.11). The Malthusian pa-
rameter o > 0 is a root of multiplicity 1 and gives rise to one martingale, namely, Nerman’s
martingale (W;)ier = (Wi(a))er defined in (2.10), which is of great importance in the
law of large numbers for the general branching process. On the other hand, the martingales
corresponding to A € A are relevant in the central limit theorem.

THEOREM 2.7.  Suppose that (Al) through (A3) hold. Then, for any A € A and j =

0,...,k(A) — 1, the process (Wt(j)()\))tzo is a martingale and there is a random variable
WU (X) € L? such that

Wt(j)()\) —WU(N) as andin L? ast — .

There are more technicalities to deal with before the main result (Theorem 2.15 below)
can be stated in its most general form. Therefore, we shall first present illustrative special
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cases through Theorems 2.8, 2.9 and 2.10 (the proofs indeed reveal that they are corollaries
of our main result, Theorem 2.15). We start with the non-lattice case. To this end, we need
one more piece of notation. For a function f : R — R we define the total variation function
Vf by

(2.18) Vf(z) ::sup{Z|f(xj) — flzjo1)|:—oo<zp<...<zp <z, ME ]N}
j=1

for z € R. In some theorems related to the non-lattice case we require the following addi-
tional assumption on the characteristic ¢:

(2.19) / (VE[@])(z)(e™"" + e ") dz < 00

for some ¥ < 5. We use the symbol ¥ both in (A2) and in (2.19) to denote some parameter
< § at which the corresponding condition is satisfied. If we make both assumptions at the
same time, there is no harm in assuming that the ¥’s coincide, which is why we do not
distinguish them by our notation.

THEOREM 2.8. Suppose that (Al) through (A3) hold and that the intensity measure [ has
a density with respect to the Lebesgue measure. Further, suppose that there are no roots of
the equation L1(z) =1 in the strip ¥ < Re(z) < a. Then, for any characteristic @ satisfying
(AS5), (A6) and (2.19), there exists o > 0 such that, for a, = B! [ E[p(z)]e**dz and a
standard normal random variable N independent of W,

e (2 — ane™W) &J\/%N ast — .

The constant o can be explicitly computed, see the formula (2.25) given in Theorem 2.15
below.

THEOREM 2.9. Suppose that (Al) through (A3) hold and that the intensity measure i
has a density with respect to the Lebesgue measure. Then (A7) holds and there are by,
[=0,...,k(N\) =1, A € A> satisfying IrM = E such that for any characteristic o satisfying
(A5), (A6) and (2.19) there exists o > 0 such that, for a standard normal random variable N
independent of W, the following assertions hold.

() If there are no roots of Lyu(z) = 1 on the critical line Re(z) = §, then
k(A\)—1 l I
(2= Y X ()0 [-a Blpt)ea)
AEA 1=0 i=o

%U\/%N
ast— oo.

(ii) Otherwise, let k € N be the maximal multiplicity k(\) of a root A € OA. Then
) k(\)—1 l I ' '
e 2t Fs (Zf — Z e Z b, Z (]) WO (A) /(t—m)l_]E[gp(m)]e_’\x dx)

AEA 1=0 j=0
504/ %N’

ast— oo.
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The lattice analogue of Theorem 2.9 is given next.

THEOREM 2.10.  Suppose that (Al) through (A3) hold and that the intensity measure ji
is lattice with span 1. Then there are by;, | =0,...,k(X) — 1, A € A> satisfying bs; =0bx;
such that for any characteristic p satisfying

D IE[p(m)]|(e™" 4+ e ") < oo,
nez

for some ¥ < § and
Z Var[p](n)e™ " < oo

there exists o > 0 such that, for a standard normal random variable N independent of W,
the following assertions hold.

(i) If there are no roots of Ly(z) = 1 on the critical line Re(z) = §, then

k(A)—1 !
iz - S X (W0 e m e )
AEA =0 7=0 J nez
d w
=0 ?N

ast— oo, t € IN.
(ii) Otherwise, let k € N be the maximal multiplicity k(\) of the roots A € OA. Then

k(\)—1 !
cH (oY D> () w0 Ee-nt Tl ™)
]:

AEA =0 neZ
504/ %/\/’

ast— oo, t € N.

REMARK 2.11. In Theorems 2.9 and 2.10, we do not exclude the case o0 = 0. There, a
more precise limit theorem can be derived with the help of Theorem 2.15. In particular, the
expression in parentheses in (i) is just a deterministic function of the order O(e?) for some
0 < % (cf. Theorem 2.15(i)). In case (ii), we need to additionally subtract a linear combination
of e t!, where \ runs over the roots on the critical line and [ < k() with k()\) denoting the
order of the root, and to use a different normalization in order to get a nontrivial limit.

REMARK 2.12. The constants by, { =0,...,k(A) — 1, A € A> can be computed using
Proposition 7.9.

REMARK 2.13. Note that the fluctuations in Theorem 2.10 and 2.9 are very similar to
fluctuations obtain by Janson [29] in the multi-type case where the birth times constitutes a
homogeneous Poisson point process. This indicates that there may be a general theorem de-
scribing the fluctuations of multitype CMJ process, which covers the aforementioned models
(cf. Open Problem 1 in Section 8).
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In order to obtain the asymptotic expansion of Z;” as presented in Theorems 2.8, 2.9 and
2.10, we first need an expansion for the mean m; := E[Zf ], t € G. It turns out that, under
suitable assumptions, the following holds:

(2.20) mf =10 (t) Y e Z ax '+ r(t) teG
AEA>

for some constants a ; € C and a function 7 satisfying |r(t)| < Ce®/2 /(1 +1?) forall t € G
and some finite constant C' > 0.

We shall provide three different sets of sufficient conditions for (2.20) to hold. The first
case is when the characteristic  is chosen in such a way that Z; is a rescaled martingale
(see Section 5). In this case, (2.20) holds trivially. The second case is when G = Z. Then
expansion (2.20) is obtained in Lemma 7.1 via generating functions. The third case is the
non-lattice case where under the additional (technical) assumption (7.7), expansion (2.20) is
derived in Lemma 7.6. There might be more examples of Z; that are not covered by any of
the three sufficient conditions, even though the corresponding expansion of [ Z/] is of form
(2.20). For this reason, we formulate our main result, Theorem 2.15, for processes Zf for
which E[Z/] satisfies (2.20). What is more, in some examples, it is in fact more convenient
to directly check that (2.20) holds rather than checking the assumptions of Theorem 2.9 or
2.10, see e. g. Sections 3.1 and 3.2.

From (2.20) we can obtain an asymptotic expansion of Z; where the principal terms are
of the form a constant times e\#/ W) (\) for A\ € Aand j =0,...,k(\) — 1. More precisely,
the principal terms are given by the expression

k(\)

(2.21) Ha(t) =) eM Z Za,\l< >t]Wl D(N).

A€A =0 3=0

If, additionally, there are roots A € OA, then the next terms in the expansion are given by the
following deterministic sum

(2.22) Hop(t):= > e Z axit',  teR.

AEOA

(Of course, if A> = 0A U {a}, the terms from Hpyx(t) are the subleading terms.) We set
H(t) := Hx(t) + Haa(t), t € R. Further, forany A € 9A and [ =0,...,k(\) — 1, we define
arandom variable 1?2y ; by

k(\)—1

. N
(2.23) R)\J = Z ax;j <g> Z(_Xk>j_l€_>\Xk.

j=l k=1

Assumption (A3) guarantees that Ry; € L? forall A\ € A and [ =0,...,k()) — 1. We may

thus define
= Z Var[R)\J]
AEOA:

k(M) >l
where Var[R) ;] = E[|Ry;|*] — |E[Rx,]|*>. In general, throughout the paper, if Y is a
complex-valued random variable with finite mean, we set Var[Y] := E[|Y — E[Y]|?].
As a final preparation for our main result, we recall the fact that if a sequence of random
variables (Y;,)nen, defined on (€2, F,P) converges in distribution to some random variable
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Y, this convergence is said to be stable if for all continuity points y of the distribution function
of Y and all E' € F, the limit lim,,,, P({Y;, <y} N E) exists. In this case, we write Y,, =%
Y. An alternative characterization is the following. There is a copy Y* of Y defined on
some extension of the probability space (€2, F, P) such that, for every F-measurable random
variable X, it holds that

(Y, X) % (Y*, X) as n — oo,

see [1, Condition (B’)]. Without loss of generality we may and will assume that ¥ = Y™
whenever we write Y,, =% Y. The second definition is more convenient as it allows to manip-
ulate the sequence Y;, (e.g. by multiplying with another random variable) without loosing the
convergence in distribution. In Remark 2.17 below we prove (2.26) using such an argument.

REMARK 2.14.  Although it is not stated explicitly but it follows from the proofs that the
convergences in Theorems 2.8, 2.9 and 2.10 are in fact stable.

For a measurable function f and a measure v (possibly random) on the Borel o-field,
we write f * v = v x f for the Lebesgue-Stieltjes convolution of f and v, i.e., f *x v(t) =
v f(t) = [ f(t — ) v(dz) whenever the integral exists. In particular,

N
f*f(t):/f<t—x>£<dz>=zf<t—xj>, tER.
j=1

THEOREM 2.15. Suppose that & satisfies (Al) through (A3) and (A7) and that the real-
valued characteristic o satisfies (A4) through (A6). Further, assume that mf satisfies (2.20)
with supyee (1 +t2)e” 2! |r(t)| < oo, and let n := max{l € Nq : p; > 0} with n = —1 if the
set is empty, in that case we set p_1 := 0. Then there exists a finite constant o > 0 such that,
with

a?:=o%+ —Zn”ilt%“, t>0,
it holds
() ifo? = p2 =0, then, t — H(t) +r(t) is a cadlag modification of the process Z%,
(i) if o® >0 or p2 >0, then
(2.24) a;te” (2 — H(t)) = /%N

as t — oo, t € G where N is a standard normal random variable independent of F and

B is as defined in (2.7).

If n = —1 the constant o can be explicitly computed, namely,
(2.25) o2 = /Var [o(z) + h¥ x &(x)] e £(da)
where

k(A)—1
h?(t) :=mf — Ze)‘t Z at'.
1=0

AEA

In the situation of Theorem 2.15, the following remarks are in order.
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REMARK 2.16. Observe that, in the non-lattice case, if A € A>, then so is Aand k() =

k(\). Moreover, as m; is real for any ¢ € R, we have

k(N —
- e = Y
AEAs  1=0 AeAs =
k(-1 -
= Z Z ﬁtle)‘t—i-r(t):mf, teR,
AeAs 1=0
whence
k(\)—
0=mf —m] = Z ax; — ax )t Mt o(ex’) ast— oo, tER.
1=0

Next, we can choose i > 0 such that the e**, X\ € A~ are distinct. Recalling that Re(\) > g
for A € A>, Lemma A.1 gives that ay; — @y ; = 0, that is, ax; = ay,. In particular, r(t) is
real for any ¢ € R.

A similar reasoning in the lattice case gives @) ; = ax, forall A € A with [Im(A)| <7 and
ay; € RifIm(\) = .

REMARK 2.17. Observe that for N(t) := Z;l > " the number of individuals born up to
and including time ¢, by (2.13) we have

e N(t) / TY(dr) W %‘W a.s.ast— oo, t €@,

where ¢, = (1 — e~®)~! in the lattice case, c, = o~ ! in the non-lattice case. The stable
convergence in (2.24) yields

(2.26) a;! ]\?(at) (Zf —H(t)) >N ast— oo conditionally given S.

Indeed, with G(t) :=a; 'e™ 2" (27 — H(t)),
(2.26) is equivalent to

P(S)™ - Elg(y/ %5 G0 1s| = Elg(V)]

as t — oo, for any continuous, nonnegative function g bounded by 1. With F(t) :=

Weat

B N 1s + 1s., which is well-defined since N (¢) > 0 on S, the above convergence can

be rewritten as
(2.27) P(S)~ -E[g(ﬁ%)ﬂg} S E[gN)] ast — oco.

For any fixed ¢ > 0, there is some § > 0 such that P(SN{W <}) =P(0< W <) <e
and consequently

(3 el (v ] =

as well as

’E[g(/\/‘)]lg] - E[g(%)]lg} ‘ <e.
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On the other hand, (2.24) yields

(G(t), W, 1g) (\/%N, W,1s) ast— oo.
Since F'(t) — 1 almost surely, Slutsky’s theorem implies

(G W15, F(1) 5 (\/ N W 15.1) ast o0,

Taking advantage of the fact that the function (u, v, z,y) — g(v/B \/qf’w)(\aﬂ A1) is bounded

and continuous, we conclude
Fit)G
<l 1] - e
as t — 0o, and consequently

lim sup E[g(ﬂ%)]lg} — E[g(/\f)]lg}) < 2e.

t—o00

Letting now ¢ to 0 and using the independence of N and 1 s we get (2.27) and thereby (2.26).

REMARK 2.18. (i) Notice that formula (2.25) is not well-defined in the case n > 0 as
then the integral diverges. However, in this case, the exact value of ¢ is irrelevant and can be
setto o :=0.

(ii) In the non-lattice case the variance o2 given by (2.25) can be calculated using the bilateral
Laplace transform L£h% of h¥. Indeed, by Plancherel’s theorem,

o2 = / Varp(z) + h# + £(x)]e" da
—E| [ ((¢la)Elel(o) + (1 x (- ) ))3%) e
= 5B | [ £ 0-ELA0 ) ) + £ + 12100 ) ) o
= 5B | [ |Lto-Bia (s +in) + L6~ 1)) 5+ in) )

_ 1 / Var[Lo(z) + LE(2)Lh¥(2)] |dz],
2w
Re(2)=%

where the variance of a complex random variable is defined in terms of absolute squares. An
analogous formula holds in the lattice case, see [30]. We refrain from giving further details.

(iii) Suppose now that ¢ vanishes on (—o0,0). Then so do m{ and the remainder function
r from the expansion (2.20). Additionally, assume that r(t) = O (e =) for some & > 0,
which holds in typical cases (see Section 7). In the non-lattice case of Theorem 2.15, if all
the roots in A are simple and there are no roots on the critical line {Re(z) = 5}, the bilateral

Laplace transform Lh¥ of h¥ coincides on a neighborhood of {Re(z) = §} with the function

L(Elg])(2)
T Luz)

To see this, notice that (t) = my — >, a%oe’\tll[o,oo) (t) and let hy.(t) := h¥®(t) —r(t). The
bilateral Laplace transform Lr is well-defined on {Re(z) > § — ¢}. Moreover, for Re(z) >
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_ aro _ L(E[p])(2) a0
Lr(z) =Lm?(2) _/é;xz—)\ 11— Lu(z) _AEG;\Z_X

The right-hand side, being holomorphic on {Re(z) > § — ¢} (all the singularities are re-
movable), coincides with L£r on that domain. On the other hand, decreasing ¢ if needed
we can and do assume that A C {Re(z) > § + ¢}. In particular, Lh,(z) is well-defined on
{Re(z) < § +e}andequal to Yo\ 2. As aresult, on the set {§ —e <Re(z) < § +¢}

we have Lhe() = Lr(z) + Lhy (z) = EEENE).

REMARK 2.19. Suppose that £ satisfies (A1) through (A3) and that the real-valued char-
acteristics ©1,...,pq satisfy (A4) through (A6). Further, assume that each mfj satisfies

(2.20) (with coefficients aj)\ ; and remainder 7; depending on j). Then Theorem 2.15 gives

joint convergence in distribution of the vector (Z/",..., Z7"). Indeed, by the Cramér-Wold
device, convergence in distribution of the vector is equivalent to convergence of all linear
combinations of the form

d 5~
Y oGz =z
=1
A routine verification shows that the characteristic Z?Zl cjp; satisfies the assumptions of
Theorem 2.15.
As a particular case of Remark 2.19 with ¢;(-) = ¢(- — s;) for —oo < 51 < ... < 59 <00
and a given random characteristic ¢, we get the following result for the finite-dimensional

distributions:

COROLLARY 2.20. In the situation of Theorem 2.15 suppose that c® # 0 or p, # 0.
Then for d:= (2n+1) V0,

FEeE(EE  — Ht - ) o % (Co)scn

where (Gs)ser is a centered Gaussian process with the covariance function
E[G,G,] = /Cov [o(x —s) = h? x&(x — s), p(x — u) — h¥ x &(z — u)]e”* £(dz)

forany s,u e Rifd=0, i.e, n=—1 and

k(A)—1 . N
1 J j—n _—\(Xj+s
BGCl=y 3 Cov | > ons(?) >y e,
k(A)>n+1 = B
k(N)—1 . N
> (1) Sl
j=n k=1

ifd=2n+1withn > 0.

We close this section with a figure displaying the way to the proofs of our main results.
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Fig 2: Diagram representing the dependence of the results.

3. Applications.

3.1. The Galton-Watson process. Consider a supercritical Galton-Watson branching pro-
cess, i.e., £ = Z]kvzl 01 = N§; where N is a random variable taking values in INg with
m :=E[N] € (1,00) and IE[N?] < co. Then € is lattice with span 1. Further,

N
Lu\) =T [Z e_A] =me, NeC.
k=1

The equation Lu(z) =1 is equivalent to e* = m and has only one solution in the strip
Im(z) € (—m,n|. In particular, (A1) holds, i.e., there is a Malthusian parameter a > 0,

namely, o = logm, and A> = {«a}. In this case the parameter § defined by (2.7) is equal
to 1. Then

N 2
E[(ZM) } —e YE[N? <o forall € R.
k=1

By Remark 2.1, this implies that (A2) and (A3) hold.

Consider the characteristic ¢(t) := 1y 1)(t). Then for any n € INo, Z¢ is the number of
individuals in the n'" generation and the corresponding Nerman’s martingale (2.10) is the
size of n'® generation normalized by its expectation m”, i.e., W, = eonZy. Clearly, ¢
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satisfies (A4), (AS) and (A6). Therefore, we may apply the lattice version of Theorem 2.15
with p_; = 0, which yields

m”: (m" Wy, — agm"W) = e*%”(Zfl’ aae®"W) % oVWN asn— oo
where A is standard normal and independent of . To calculate a,, := aq,0, We use (2.20):
m" =E[Z%] = agm™, i.e., aq = 1. Further, o > 0 is given by (2.25), i.e.,

o —ZVar n)+hx&(n ZVar h*f
nez nez
where
h(n) = mf; — ane™" = m”]l{nzo} —mt= —m”]l{n<0}.

Now, since h *&(n) = Nh(n — 1) we infer

ol = Z Var[N]m?" ?m ™" = Var[N] )

m2—m

Consequently,

Var[N]W\ 3

m%(Wn—W)—d)< >2N as n — oo.

m2—m
We have thus just rediscovered Heyde’s classical central limit theorem for the martingale in
the Galton-Watson process [20].

We can also deal with the total number of individuals in the generations 0, ..., n. Indeed,
this number is Z; for f(t) :==1p,x)(t), t € R, which satisfies (A4), (A5) and (A6). Invoking
once again Theorem 2.15 with p_; = 0 we obtain

e 2" (2] — aqe™" W) % oVWN  asn— co.

This time a, can be computed with the help of (2.20) as follows. We have the asymptotic
expansion

n
— m—1 m—1 m—1’

for n > 0 and 0 otherwise. Consequently, a,, = ™5 and thereupon

n+1
m*?(Z};— 1W>£>U\/WN as n — oo.
m—
This time o > 0 is given by 6% =3, _, Var[N]|h(n — 1)|*m™" with
h(n)=m! — m 160‘"

Therefore,
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3.2. Nerman’s martingales. Suppose that ¢ is non-lattice and satisfies (Al) through
(A3), and let A = 6 + in be a root to Ly(z) = 1 with 0 < Re(\) = 0 < §. Further, suppose
that

(3.1) E{(ie“kﬂ < 0.

k=1

For simplicity let Z;(\) := Zk L e % We can view the complex variable Z;()\) as a
random variable taking values in R2. We denote by ¥* the corresponding covariance matrix.
The aforementioned condition guarantees that ¥ is well-defined.

Let (W;()))s>0 be defined by (2.17) for j = 0. But, since Re()\) < §, we cannot apply
Theorem 2.7, though one can still wonder what the long-term behavior of the process is. To
analyze this, we shall apply a special case of our main result, Theorem 2.15. Let

N
t) = eM Z ]l[o’Xj)(t)e_)‘Xj, teR.

Then
N
[B(t)] < " Mg 0y (1) D e,
j=1
and, by (3.1), we conclude that the functions
N p
ts e @i (t)]E[ > et } withp=1,2
j=1

are directly Riemann integrable. By [43, Remark 3.10.5], characteristics ¢, Re(¢) and Im(¢)
fulfill (A4), (AS) and (A6). Remark 5.3 below (applied to ¢ = ¢ 1) gives that

ZP =MW (N)

and B[Z)] = X1y o) ().
By Theorem 6.6, we deduce

6_%t(ZtRe( Im(d) /W N

(Re(e®$1T3(1)), (e~ 91W,(1))) 4 /WA

where N is a 2-dimensional centered Gaussian vector with covariance matrix X, which can
be explicitly computed. Indeed, we have

or equivalently

Y11 ::/Var [Re oa(x —i—ZRe (eMz=X ]1[0 y(x Xj)}e_o‘xﬁ(da:)

o0

/Var [Re( /\:”Zl()\))]e_‘mdx
0

= /e%x ( cos?(nz) X}, — 2sin(nz) cos(nz) XYy + sin2(nw)25‘2> e “dx
0
_ S 207+ (e —20)* A 2n n 29 20
a—204n2+ (a—20)2 42 £ (a—20)2  a—204n2 4 (a—20)2
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Similarly,
Yoy = /Var [Im(eMZl()\))] e “dz
0

_ 33 2P+ (a—20)° Ly 2n n 21 21°
a—204n2 + (o — 20)? a2+ (a—20)2 T a—204n% + (o — 20)2’

and
Sy — / Cov [Re(e Zy(A)), Tm (¥ Z1 (V)] e da
0

_ (21— Z)n 5 a—20
4n? + (o — 26)? 2an2 + (o —20)2°

3.3. Epidemic models. In this section, we consider the epidemic model discussed in [12].
In this model, the role of the ancestor is that of the first person in a community infected by
an infectious disease. Birth events become infection events etc.

Suppose that £ is a Poisson point process on [0,00) with intensity measure Rog(z)dz
where

a.a—1
bz b

g(x):]l(om)(x)me , reR

is the density of the Gamma distribution with parameters a,b > 0 and Ry > 1 is the basic
reproduction mean. (No additional difficulties would occur if Ry was replaced by a positive
random variable N with mean Ry and finite variance.) The function g is the infection rate
scaled to become a probability density. It models the time delay between the infection of a
person and a random person infected by that person. Characteristics of interest are I(t) =
Rog(t) and f(t) = 1 )(t) with Z[ being the incidence at time ¢ and th the number of
infections up to time ¢. In the given situation, the Laplace transform £ can be calculated
explicitly in terms of a,b and Ry, namely,

LM(A):/OOO e—Mu(dI):RO(HI’A)a, Re()\) > —b.

Hence the equation £yu(\) = 1 takes the form
b a
i) -
b+
Write b%\ = rel? with 7 > 0 and |¢| < m/2. Then Ry(re'¥)® = 1 is equivalent to
e_i‘w = ’I“aRo.
This implies r = Ral/a and p € (2n/a)Z N (—m/2,7/2). Solving for A yields

(3.2) A=b(Ry/ e — 1)

with ¢ € (2r/a)Z N (—7/2,7/2), cf. Figure 3. The Malthusian parameter is obtained by
setting ¢ =0, i.e.,

a=b(RY" - 1).
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The real part of a root A as in (3.2) is given by
(3.3) Re(\) = b(Ré/a cosp —1).

A second root exists only if a > 4 (otherwise (27/a)Z N (—n/2,7/2) = {0}), in which case
the root A # « with largest real part is A = b(R(l]/ Yei2m/a _ 1) with

Re(A) = b(Ry/* cos(22) — 1).

Further

b

Re(\) = b(RY/“cos(Z) —1) > & = 5(33/‘1 ~1)

o'
@ 2
if and only if a > 6 and Ry > Ro(a) := (2cos(2X) — 1)~ Notice that Ro(a) — oo for
a6 and Ry(a) — 1 for a — oo. If Ry < Ry(a), Theorem 2.8 applies and yields Gaussian

fluctuations of Z/ and th . That is, for Z; / we have
e %t(Zf aaeo‘tW o\ 5 WA ast— oo,

with B := Rpab®(b+ o)~ ! and a,, := (af)~!. Left with calculating o we obtain with the
help of Remark 2.18

o2 = 217rRe(z)/_a Var [Cf(z) +£§(z)%} |dz|
_ % / ‘z(l _Zﬂ(z)) ‘QVar[Ef(z)] 1dz]
Re(z)
- % / ‘z(l —1£,u(z)) ’25“(0‘) [dz]
Re(2)

_1/°° Y
Tor ) @+ a)g)

: — 2 4b* b 2 2t
with g(t) := 1+R0<m> 2Rg<m) cos (aarctan (2b+a>>‘

If Ry > Rp(a), the more general Theorem 2.15 applies and gives additional periodic fluc-
tuations of greater magnitude than the Gaussian fluctuations. We refrain from providing fur-

ther details.

3.4. Supercritical binary homogeneous Crump-Mode-Jagers processes. In this section,

we assume that
£:=> pg(P)or
J=1
where (P;);>1 are the arrival times of a homogeneous Poisson process with intensity b > 0,

independent of the [0, co]-valued random variable . We are interested in Z;l 9 the number
of individuals alive at time ¢, see (2.3). Thus, the corresponding characteristic ¢ is given by

B(t) := 1o,y (t) for t > 0.
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/'7/\ : ,'7/\

(Sl
nQ

Fig 3: Solutions to Lu(A) =1 in the cases a = 18, b =1, Ry = 10 (left figure) and a = 18,
b=1, Ry = 12. In the left figure, the root A # o with largest real part has Re()\) < §, in the
right figure Re(\) > §.

We put L (z) := E[e~*¢] for Re(z) > 0 and start by noting that

j>1

Lu(z) = E{an(Pj)e”f} = [ / Lo, (x)e”bdx] = 7e”b]P(C > z)dz
0

b(l1-L
= M, Re(z) > 0.
z
The Malthusian parameter « is the unique real number that satisfies
o
1-L =—
¢(a) =1,
and the parameter (3 is given by

L(1 - bElCe ).

«

§=~(14+bLH(0))

Now we shall show that « is the only solution to Lu(z) = 1 with Re(z) > 0. Indeed, for
positive 6 and n

—Im(Lp(f +in)) = /000 sin(nz)e "*bP(¢ > x)dx

7(21+1)/n
= bz / sin(nz) <e*OIIP(C > ) — e 0ETT/MP (¢ >0+ 7'['/77))(211’ >0
120 2xl/n

which, together with Lu(X) = Lu()), shows that A> N {z : Re(z) > 0} = {a}. Since
L(E[¢])(a) = b~ Lu(a)) = b~ L, an application of Theorem 2.8 yields

_a 1o, aW d
e 2t<Zt[ 9 —e t%)—ﬂn/%/\/.

Next, we express the variance o2 in terms of the parameters b, a and 3. By Remark 2.18

2 _ % / Var {&ﬁ(z) + ﬁﬁ(z)m} dz].

Re(z)=

g

@
2
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For Re(z) >0

var [ £o(2) + Eg(z)ﬁl(lE[ZﬁB((zZ))} - E[Var [Eqb(z) + ££(z)()(1?2(i)(z))‘fﬂ
Lu(z)

+Var [B|£6(:) + L8G) = p s

g”::HH

with

Lu(z)
m ]

—B[Var [£6()\d]] [ty | /O%—mea haa][p 2,

where we have used properties of the Poisson process, and

L—e? b(l—e)  Lu(2) B 1
P b(l—ﬁu(z))} E e

Assuming now that Re(z) = § we arrive at

I= E[Var [cg(z)

H:Var[ ‘ Varle %],

p(z)
_’bl—ﬁu( ))’

E [/OC e—me(ﬂ%dx} - E[/OC e—wbdx} —1,

2
][_‘7‘ Le(a) —[Le(2)]).
(1—Lu(z)) (C() ’C()‘)

Observing that 7 =« — z and L(2) = Lyu(o — z) whenever Re(z) = <, we further infer

DR 4 o) - e =1 - £ea)P +1- 5 — £

because

and

=1—Le(2)+1-Le(2)— ¢
=3 (2(Lp(z) = 1) + (a = 2)(Lp(a - 2) - 1)),

which in turn gives

1 2L
[+ 1= z(l—ﬁ,u(z))‘ (’ = } +Lc(a) = I£c(= )|)
_ 2(Lp(z) = 1) + (@ — 2)(Lpla—2) — 1)
b2(La(z) — (o — 2) (Lpa—2) — 1)
B 1 1
" bla—2)(Lpla—2)— 1) ba(Lu(z) — 1)

- zQ)RE’(z(z#(i) — 1))'
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We can now compute the variance as follows

S TiR 2 4R
1 1 1 1
2 g )
~ lim R ) = _1
7 T RS br e( / z(ﬁu(z)—1)| Z|> b Rosoo m( / 2(Lu(z) —1) Z>
3 TiR 2 iR
2 4iR
— L / L la) o / D g
Thraee \ ) FHCa() -1 27) T Rhebn ) (578
2R

1 . Lp(2) 1
=1 1 ————dz | — -.
br m(Rglgo / 2(Lu(z) —1) ‘ b
To calculate the limit, we use the residue theorem. For R > «,
z ) ) S+HR
/ iR L1(% + Re'?)do B / Lu(z)dz
(§ + Rel%)(Lpu(§ + Rel?) — 1)

x a:
z 21R

Lp()de a0 Lp(z)
L) -1 R - 1)

It suffices to show that the integrand of the first integral decays to zero uniformly in 0 as R
goes to infinity. In view of the inequality |Lu(z)| < 2b|z|~! and its consequence |Lu(z) —
1| > 1 — 2b|z|~! (both hold true for Re(z) > 0) we conclude that

RLu(% + Re?) - R 2b B
(5 + Rel?)(Lu(§ + Rel?) —1)| — |5 + Rel| |%+R619]—2b_
3

OR™)

as R — oo uniformly in 6 € [—7, T]. Finally,

and thereupon

-2t L0 _ aW . (2—aB)W
FHCARET bﬁ) ap

An application of a similar argument as in Remark 2.17 enables us to conclude that the
convergence mentioned above holds true conditionally given S. The distribution of W condi-
tionally given S is exponential with parameter «/b. Therefore, we have just reproved Henry’s
central limit theorem [19].

3.5. The conservative fragmentation model. In this section we consider the conservative
fragmentation model as discussed in [31]. Let b > 2 be integer and (V7, V5, ..., V}) a vector
of nonnegative random variables such that Z;’-Zl V; =1 a.s. For the sake of simplicity, we
assume that V1, ..., V} have Lebesgue densities except possible atoms at 0. (Our theory would
allow to cover more general cases, too.) Starting with an object of mass x > 1, we break it
into pieces with masses (Vix, Vo, ..., Vyx). Continue recursively with each piece of mass
> 1, using new and independent copies of the random vector (V1, V3, ..., V}) each time. Once
a fragment has mass < 1, it is not further crumbled. The process terminates a. s. after a finite
number of steps, leaving a finite set of fragments of masses < 1.

Denote by n(z) the random number of fragmentation events, i.e., the number of pieces of
mass > 1 that appear during the process. Further, let n.(x) be the final number of fragments,
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i.e., the number of pieces of mass < 1 that appear. A limit theorem for n(x) has been proved
in [31], where it was shown that the asymptotic behavior of n(z) as = goes to infinity depends
on the position of the roots of the function z — ) i>1 E[VJZ]

Letting £ := 23:1 Tyv,>010-10g ;> We conclude that the corresponding Malthusian pa-
rameter is 1, i.e., « = 1 and the limit of Nerman’s martingale satisfies W =1 a.s. Further
B = 22:1 E[V;|log V] € (0,00). Note also that n(x) = N(log x) corresponds to the num-
ber of individuals born up to and including time log x and similarly, we can represent n.(x)

as a general branching process, namely, n.(z) = ng - with

) :Z]]‘{‘/}>0}1[07_10g‘/})(t) fort € R.

Hence, our main result provides (precise) limit theorems for both n and n.. For instance, in
the case when all root from A are simple, we infer from Theorem 2.9 (the constants by ( in
the theorem can easily be seen to equal by g = —1/(Lu) (X), A € A by Proposition 7.9)

212 (n(aj) + Z )\(ZVT())\)()\)IE/\) -4 %/\/ if OA is empty and
AEA

$71/2(10gx)7k+1/2( +Z>\£u oL ) - (;]j_—ll)ﬁN if OA is non-empty,

where £ is the largest multiplicity of a root on the critical line Re(z) = §, and pj_; is as in
Theorem 2.15.

4. Preliminaries for the proofs of the main results. In this section we gather facts
from the literature, introduce some notation used throughout the paper and perform some
basic calculations.

4.1. Change of measure and the connection to renewal theory. The existence of the
Malthusian parameter (i.e., (2.6)) enables us to use a change-of-measure argument as follows.
We define a random walk (.S, )nen, With Sy = 0 on some probability space with underlying
probability measure P and increment distribution given by

(4.1) P(S, € B) = [Ze aS(u) (u))] :/e—am(dx), BeB(R).
lul=1 B

With this definition, the many-to-one formula (see, e.g., [46, Theorem 1.1]) holds:

@2) Elf(S1res S =B 3 e SO f(S(uh)von.,Sw)]

|u|l=n

for all Borel measurable f : R™ — R such that the expectation on the left- or right-hand side
of (4.2) is well-defined, possibly infinite. In particular, under (2.7)

(4.3) E[S1] =5 € (0,00).

In other words, the increments of the random walk (.S, )nen, have positive, finite mean. As
a consequence, the associated renewal measure

U()=> P(Sn€)

nelNg
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is uniformly locally finite in the sense that
(4.4) U([t,t + h]) <U([0,h]) <oo  forallt,h > 0.
Indeed, if 7 := inf{n € Ny : S, > t}, then

Zﬂtﬁrh Z]l[tt—i-h] T+n <Z]10h] Srin = Sr).

n>0 n>0 n>0

Now take expectations and use the strong Markov property at 7 to infer (4.4).
By the many-to-one formula, (A2) implies that the increments of the associated random
walk (Sy,)nen, have a finite exponential moment of order o« — ¢ > /2 since

(4.5) Elel®™ %] = [Ze—“] = Lp(V) < oo.

4.2. The expectation of the general branching process. There is a connection between
the renewal measure U and the expectation m{ = IE[Z/] of the general branching process
counted with characteristic ¢ provided that ¢ satisfies suitable assumptions. For instance, if
¢ is nonnegative and t — E[p(t)]e™! is a directly Riemann integrable function, then we
infer from the many-to-one formula

ot BlZf)eo! jgjmz[jgj 50t = (a5

|ul=

—ZE[ 3 e SOE(t - S(u ))e—au—sw))}

ul=n

- Z E [E[‘P](t — Sn)e_a(t_sn)}
n=0

(4.6) = / E[p](t — z)e =2 U(dz).
By the direct Riemann integrability of ¢ — E[¢(¢)]e” " and (4.4), the function ¢ — mfe
is bounded and, moreover,

1
@ %%e7m—5/' 2)e* tda) = 5 (LE[e]) (o)

by the key renewal theorem, see [7, Theorem 4.2] in the non-lattice case and [2, Theorem
2.5.3] in the lattice (and non-lattice) case. Recall that, in the lattice case, LIE[p] denotes the
‘discrete’ bilateral Laplace transform of E[y], G = Z and { is the counting measure on Z,
whereas in the non-lattice case, LIE[¢] is the ‘continuous’ bilateral Laplace transform, G = R
and / is the Lebesgue measure on R.

We need a lemma in preparation for the proof of Proposition 2.2.

LEMMA 4.1. Suppose that (Al) holds and that x is a centered characteristic, i.e.,
E[x(t)] =0forall t € R. Fix t € R and suppose that

(4.8) ]E[ZVar[X] (t—S(u))| < oo.

u€el
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Let (up)nen be an admissible ordering of I (see the paragraph before Proposition 2.2 for
the definition). Define

n
= ZXUj (t— S(u]))
j=1
for n € Nq. Then (M, (t))nen, is a centered martingale and bounded in L?. In particular,
(4.9) ZX = xult = S(u
u€l

converges unconditionally in L? and it is also the almost sure limit of M, (t) as n — oc.
Further, for any (deterministic) sequence (L, )nen, with Z,, T Z,

qut— )) = 2 in L? as n — .
u€el,

Moreover,

(4.10) Var[2)] = B[(2X)}] = E[2X] < o0

Finally, (A5) is sufficient for (4.8) to hold for every t € R.

PROOF. LetG,, = O'(ﬂ'Uj : j < n), where it should be recalled that 7, is the projection onto
the life space of individual u, in particular, (&, Cy, X4 is T, -measurable. Then (M, (t))nen,
is adapted with respect to (G, )nen, as, for any u € Z,,, both S(u) and x,, are G,,-measurable.
Moreover, (4.8) implies that for any u € Z, E[|x,,(t — S(u))|] < oco. Hence M,,(t) is inte-
grable for any n € INy. The martingale property then follows since S(uy,+1) is G, -measurable
whereas ., ., is independent of G,, and since E[x]|(z) = E[x(z)] =0 forall z € R, so

Elxu, . (t = S(unt1))|Gn] = Elx]|(t — S(uns1)) =0 almost surely.

Next, we observe that, since the increments of LQ—martingales are uncorrelated,

B{M, (1) =E[;x ) =E[§Em<t— S(u,)]
(4.11) gE[ZE[X J(t—S ] [ZVM ))].

uel

By (4.8), the martingale (M,,(t))nen, is bounded in L? and thus converges in L? and almost
surely. We denote the limit by Z and view it as the limit of the series on the right-hand
side of (4.9). This is justified by the following argument. For any subset J C Z, finite or
infinite, since for any v € J there is a unique j € IN with v = u; and again since martingale

increments are uncorrelated, we have
2
E[ > xult = S(u ] :E{ZVar[X](t— S(u))].

ueJ

ueJ
From this and the Cauchy criterion, on the one hand, we infer the unconditional convergence
in L? of the series in (4.9), thereby justifying to write Z)X for the limit. On the other hand, we
conclude the convergence of Mz, (t) to ZX. Since convergence in L? implies convergence in
L', Z)Xis centered. Using this and again the convergence in L?, we deduce

Var{2)] = E[(2})?] = lim E[Mq()?]

- J B 3 = s | = 3 site =500

u€l, ue’l
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i.e., (4.10) holds. Finally, (AS) implies (4.8) since, for any ¢ € R, by (4.6) and the subsequent
arguments,

E [ZVar[X] (t— S(u))} =E [ZE[XQ] (t— S(u))}

ucl u€l
= eo‘t/]E[XQ](t —z)e =P yY(dz) < Ce

where as before U is the renewal measure of the associated random walk (S;,)nen, and C' > 0
is some finite constant. ]

We are now ready to prove Proposition 2.2.

PROOF OF PROPOSITION 2.2. By (A4), E[p](¢) is finite for every ¢ € R and we may
write

pult = S(u) = Blp)(t — S(u)) + (pult — S(u) — Elp)(t — S(u))
for every u € Z. It is therefore enough to check that both series

@12) Y Ele(t—Sw) and > (pu(t—S(w) —Eg](t - S(u)))

u€l uel
converge almost surely over admissible orderings and unconditionally in L'. For the first
series, note that by (A4) the function f(t) := [E[¢](¢)|e*! is directly Riemann integrable as
well and by (4.2), we have

B Y Blel(e - S(u)| =€ T e Blelte- 8,1 =e- £ 4000,
u€l n>0

which is finite by (4.4) and the direct Riemann integrability of f. Hence, the series converges
unconditionally in L' and absolutely almost surely. The same argument as above gives

E [ZVar[go](t - S(u))} < o0,
ucl
i.e., x(t) :=p(t) — E[p](t) is a centered characteristic satisfying (4.8). We may thus apply
Lemma 4.1 to conclude that the second series in (4.12) converges almost surely over admis-
sible orderings of Z and unconditionally in L?. O

We close this subsection with the proof of Proposition 2.6.

PROOF OF PROPOSITION 2.6. (a) Since f is cadlag, it is locally bounded and continuous
Lebesgue-almost everywhere. By (a slightly extended version of) [43, Remark 3.10.4 on
p. 236], this together with

sup |f(z)| < /f*(a:) dz < oo
nez T€M,n+1]
ensures the direct Riemann integrability of f.

Conversely, if f is directly Riemann integrable, then it is locally bounded and continuous
Lebesgue-almost everywhere. Local boundedness of f entails that of f*. Since f* is contin-
uous on {z € R : f is continuous at x — 1 and = + 1}, this implies that also f* is continuous
Lebesgue-almost everywhere. Furthermore, for every « € R, we have

> osup ff@)=> sup |f@)]<3> sup |f(z)|<o0

nez n<zx<n+1 neZn—1§x<n+2 neZ n<lr<n+1
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since f is directly Riemann integrable. Thus, again by [43, Remark 3.10.4 on p. 236], f* is
directly Riemann integrable.

We prove (b) and (c) at one go. To this end, let p =1 in the situation of (b) and p =2 in
the situation (c). Define ¢(t) := ¢(t)P for t € R. Then we infer

(4.13) /E[gﬁ*](m)eaw dz < o0,

from (2.14) or (2.15), respectively, where we have used that (¢?)* = (¢*)? in the situation of
(c). From (4.13) we deduce that E[¢*](z) < oo for Lebesgue-almost all € R and hence

(4.14) E[ sup ]qb(t)@ <oo forallz €.

t—=|<3
In the case of (c), this implies the validity of (A6). In both cases, (4.14) together with the
dominated convergence theorem imply that [E[¢] has cadlag paths and thus also f defined
by f(t) := E[¢(t)]e” . Further, [ f*(x)dz < oo by (2.14) and (2.15), respectively, since
(E[¢](t)e™t)* < e“Elg]*(t)e~* < e*E[p*](t)e L. Part (b) now follows from (a). In the
situation of (c), we deduce from (a) that ¢ — E[¢?](t)e~ ! is directly Riemann integrable.
Also, IE[p] has cadlag paths by (4.14) and the dominated convergence theorem. Therefore,
Var[p](t) = E[¢?](t) — E[p(t)]? is cadlag and, in particular, locally bounded and continuous
Lebesgue-almost everywhere. Since

—Qax

sup Var[cp(x)]e_o‘xgz sup  Blp(z)?]e™*® < oo

nez T€[n,n+1] nez T€nn+1]
the direct Riemann integrability of Var[p](t)e~* follows from [43, Remark 3.10.4], i.e.,

(A5) holds.
0

4.3. Matrix notation. For any s € R and v € C we define the following lower triangular
k x k matrix

1 0 0 0

S 1 0 0

4.15) exp(fy, s, k) = e x 52 2s 1 0
gk—1 (k11)8k72 (k;1)8k73 1

The (i,4)" entry of the matrix is 7* (;:ll)si*j, i,j=1,...,k, where (;j) =0forj>i
should be recalled. Matrices of this form will be very useful since they simplify the notation
and allow us to deal with polynomial terms with relative ease. Indeed, for any s, € R and
~ e C,

exp(% S, k) ’ €Xp(’)/, t, k) = exp(77 s+t k)

This can be seen from elementary but tedious calculations. Alternatively, notice that
exp(7,s, k) =exp(sJy )
where the matrix .J, ; is defined by

v

1.0
Sk 1=
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This leads to

d
(4.16) d—exp(%x,k) =Jyrexp(y,z,k).

T
With || - || denoting the operator norm and || - ||ys denoting the Hilbert-Schmidt norm, the
following (crude) bound holds for every é > 0:

4.17) |l exp(7, s, k)|| < || exp(y, s, k)|[Hs < C'(1 4 |s])FLeRe(Ms < CeRer)s+dls|

for some constant C’ > 0 depending on & only and another constant C' > 0 depending on k
and § > 0. For a vector =, we write ' for its transpose. Further, we write ey, s, ... for the
canonical base vectors in Euclidean space. Here, for ease of notation, we are slightly sloppy
as we do not specify the dimension of that space (formally, all Euclidean spaces may be
embedded into an appropriate infinite-dimensional space such as ¢2). Then, for instance,

1
s
2

exp(y,s,k)-eg =€ S

gh—1
Throughout the paper, for Re(\) > ¢, n € Ny and k € IN, we denote by Z, (), k) the
following random matrix

(4.18) Zn(AK):= ) exp(X,—S(u), k).

|ul=n

We set Z,(\) := Z,(\, 1) for Re(A) > 9. In particular, 1(0) =IE[Z1(0)] and (A2) becomes

5. Nerman’s martingales as general branching processes. Nerman’s martingale and
its complex counterparts are crucial for the paper as they constitute the building blocks for the
asymptotic expansion of Z¥. In the present section, we demonstrate how these martingales
can be represented in terms of Crump-Mode-Jagers processes and which characteristics come
into play.

Suppose that (A1) holds and that Ly () < oo for some 0 < 9 < . (Notice that the last
condition is implied by (A2).) Further, let A € C with Re(\) > 9 be a root of multiplicity
k= k(X) € IN of the mapping z — Lu(z) — 1, i.e.,

N
(5.1) Lu(N) :E[Ze—m] —1,
j=1
N
(5.2) LD\ = (—1)lE|:ZX§e_AXj} =0 forl=1,....k(\)—1,
j=1
(5.3) LuFAN () £ 0.
Conditions (5.1) and (5.2) are equivalent to
N
(5.4) E[Zi(\ k)] =E [Zexp()\, -Xj, k:)] = I
j=1

where [, is the k£ x k identity matrix.
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Define the random matrix
Yuim Zua(Wk) = I = [ exp(h, . 0)6u(do) i

Notice that I5[Y,] is the k£ x k zero matrix by (5.4). Moreover, if Re(\) > § and (A3) is
satisfied then, by the penultimate inequality in (4.17), we have E[|Y, ] < C) < oo for
some constant C' j, that depends only on A and k.

Now for A € C such that Re(\) > ¢ and (5.1) through (5.3) holds we define matrix-valued
characteristics ¢, and x s, which play a crucial role in the proof of the main theorem. For

t € R, we set

N

(5.5) o)=Y T x,)(t)exp(At — X;, k),
j=1

and for any interval I = [a,b) N R with —o00 <a <b < o0
(5.6) X1 (t) = =1(t)exp(A, 1, k)Yy  and  xx(t) 3= X (—o0,0) (1)-

By definition, characteristics take values in R for some d € IN, but here we use an obvious
extension to C by splitting into real and imaginary part. Note also that both ¢, and x s
are o(§)-measurable and, in particular, the tuples (&y, o u, Xau), w € T are i.i.d., where
X u = ]l(foo,O) (t) exp(/\, t, k)Yu,t € R.

LEMMA 5.1.  Suppose that (Al) through (A3) hold. Let A € A, let k denote the multi-
plicity of \, and fix z,y € R,

(a) The characteristic ngf) Ay satisfies (A4), (A5) and (A6).
(b) Let Re(\) > §, and I = [a,b) N R be an interval with —oo < a < b < co. Then the
characteristic ©7y A 1Y satisfies (A4), (A5) and (A6).

PROOF. Clearly, both characteristics " ¢,y and 2T x\y have cadlag paths. Without loss
of generality, we may assume that |z|, |y| < 1. In view of Proposition 2.6 it suffices to verify
the integrability conditions (2.14) and (2.15). Let us first assume that Re(A) > §. Then we
take v € (§,Re(A)) and from (4.17) we infer the existence of a constant C' that depends only
on \,~ and k such that, for s <0 and |t — s| < 1, we have

‘xT exp()\,s,k:)y‘ < |lexp(A, s —t, k) |lus |l exp(\, ¢, k) |lns < Ce™™.
We can thus write for t € R

(zTory)*(t) = sup |z da(s)y]
[s—t|<1

N
< sup > T x;)(s)]aTexp(A, s — X, k)y|

|s—t|<1 5=

N
< C'Z ]1[71,Xj+1)(t)@7(tij)-
=1

Hence, we have

/ E [(a:Tquy)*(t)} e~otdt < C 71@[

N
]]'[*1,Xj+1) (t)eV(tixj) efat dt
=1
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<CE [Ze_VXﬂ] /6(7_0‘)75 dt < oo

Jj=1 -1

by (A2). Further,

JE[(@m oy @) Jeta

o0

§C2/E[ Z ]1[1,Xi+1)(t>€7(tx")]1[1,Xj+1)(t)€7(txj)]€atdt

o Li<ig<n

(X5nX;)+1
SC’QE[ Z / et gy eVX’ieVXj]
1<ij<N /1

2y—a 2 r
e 3 e(2’ya)(Xi/\Xj)6’yXie’ij:|

27—«
7 Li<ig<n

27— 2 T
<Rl Y e(v—;)(xi+xj)e—wxie—wxj]

I A PP
27—@02 r N 2
6 (23
L ( e*EXf) ] <00
2v —« L ;

by (A3). Now assume that Re(\) = §. Then for s <0 and [t — s| < 1, we have, again by
(4.17),

’xT exp(\, s, k)y| <C(1+ |t])Flest
for some C depending on A and k (not necessarily the exact constant C' from (4.17), but a

larger, finite one). This, in turn, gives, for arbitrary ¢ € R,

(z"day)*(t) = S 2T (s)y]

N

< sup Z 11[O,Xj)(s)‘x-l— exp()\, S — X]7 k)y‘

ls—t|<1

N
< CZ ]1[717Xj+1) (t)(l + |t — )(j|)kile%(t*){j)7
j=1

and, consequently,

/E[(aﬁTqﬁ,\y)*(t)]e“tdt < \%E [i(z +Xj)’f§e3Xf} 763tdt <00

Jj=1 S
by (A3) and
/E[((JUT@\Z/)*(t))Q] e_at dt
<C? / IE)[ Z T x40+t X))k les (X

Y 1<ij<N
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Lo x40 () (1 + [t - Xj\)k—le‘;:(t—x,-)] J-at g

XinX;+1

[ > / t(2+ X))k te 2 X (24 X;)F ZXJ]
1<i,j<N  ~

SCPE| ) (XinX;+2)2+X)M e 5N 2+ X))k zX}
1<i,j<N

N
N 2
< 2%—1021@[(2(1 + Xiykmiem 5% ) ] <
j=1
again by (A3), which finish the proof of (a). Regarding part (b), notice that (A4) holds trivially
as 7 is centered. Further, observe that

(xTX,\,Iy)*(t) = Ssup ]l[ab AR(s }«’13 exp(A, 8,k)(Z1(A, k) — Ik)?/‘

ls—t|<

< 1oy @llexpOn k)1 21 ) — I

N
= 02]1(7007b+1) (t)e’yt <1 -+ Z €;Xj>
7=1

where, as before, v € (§,Re(A)). Thus

N ) b+1
/ E[((=Txam) (1) et dt < C4]E[(1 + Ze*ij) } / et dt < oo
j=1 e
by (A3), which completes the proof of (b). ]

As a consequence of the above lemma we conclude that, under the assumptions (Al) —
(A3), forany t € R Zf’* for A € A> and Z}* for A € A are well-defined. The first one is so
as an unconditional limit in L' by Proposition 2.2 and the second as an unconditional limit
in L? by (the first part of) Lemma 4.1 (by Lemma 5.1, the characteristic A1 satisfies (A5);
according to the last part of Lemma 4.1, (A5) entails (4.8), the principal assumption of the
first part of Lemma 4.1). In particular,

2 = Zexp (A, =S(u), k)Y,
uel
converges unconditionally in L? and almost surely along admissible orderings of Z.
5.1. Nerman’s martingales with complex parameters. For u € T we define G,, := o (&, :
v < u) and, for t € R,
FV i=c({An{S(u)<t}:ucZand AcG,}).
LEMMA 5.2. Suppose that (Al) holds and that Lu(9) < oo for some 0 < ¥ < o Let

A € C with Re(\) > 9 be a root of z — Lu(z) — 1 with multiplicity k. If the characteristic
oy satisfies (A4), (AS5) and (A6), then the following process

Wi\ k) :==exp(\, —t,k) - 22>, teR
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is a (matrix-valued) martingale with respect to the filtration (ftW)tzo- Moreover, for any
t e R, it holds

(5.7) Wi\ k) = Il o) (8) + 20700 = > " exp(A, —S(u), k) a.s.
u€Cy

where by definition (see (2.11)) C; = {uj € T : S(u) <t < S(uj)}. In particular,
mf* =1jp,00)(t) exp(N,t, k), tER.

REMARK 5.3. It is worth mentioning that for 1 <! < k and the matrix-valued character-
istic ¢ ; obtained by taking the upper left [ x [ submatrix, i.e.,

oa(t) Z]l[ox )exp(A,t — Xj,1),

if ¢ satisfies (A4), (A5) and (A6), then the proof below carries over and gives that Wy (A, 1)
is a matrix-valued martingale and

A=) exp(A,—S(u),1) as.
’LLECt
In particular, if the above conditions hold with [ = 1, then we obtain that
Wi\ 1) =) e MW
u€C,

is a martingale.

PROOF OF LEMMA 5.2. (A1), (A4) and (AS5) entail that, by Proposition 2.2, Z is well-
defined as an unconditional limit in L' and that W; (), k) is integrable for any € R.
We boldly write

expOn—tB)ZE = 33 T (¢ = S(0))expO—S(u). )

uel j=1

N,
= > st s>ty P\, —S(uj), k)

uel j=1
N,
= Z Z (Lsw<ty = Lisqugy<ey) exp(A, =S (ug), k)

ue”l j=1

—ZZ]I{S(U <ty exp(A, —S(uj), k Z Lis <t}exp()\ —S(u), k)

ueZ j=1 Ju|>1
(5.8) = Iiljgeo)(t) + Y Lisquy<ey exp(A, —S(u), k) (Z1(A, k) 0 0 — I),
uel

where the rearrangements of the infinite series in the last two lines are justified by the fact
that there are only finitely many non-zero terms almost surely. Next, note that for any ¢ € R,

(5.9) [Zn{sw)q}uexpx _S(u H(ZHexp)\ Xk H—i—1>]<oo.

uel
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Indeed, by (4.17), the expectation in (5.9) can be bounded by a finite, deterministic constant
times

B {Z Liswsne "> (Zu(0) 00 + 1)] < (Lu(9)+1)E {Z ﬂ{S(u)<t}e_ﬁS(u)} < o0,
u€l wel

where we have used the independence between S(u) and &,. The finiteness of the last expec-
tation follows from the many-to-one lemma (Formula (4.2)), namely,

B [Z ]1{3(@3}6—195(“)} =E [Z L, <pyel@™® } < e@=DY([0,1]) < oo
uel n>0

Further, (W;(\, k))¢>0 is adapted to the filtration (F}V);>¢. In order to show the martingale
property note that, for 0 < s <,

Wi\ k) = WeA k) = Liycswy<ty exp(X, —S(u), k) (Z1 (A, k) 0 0, — I1),

u€l
and by (5.9) it suffices to show that for any v € 7
(5.10) E[L{s<sq)<ey exp(X, —S(u), k) (Z1(A, k) 0 0, — I) | FIV] =0 a.s.

Let u,v € Z and note that the fact S(u) > s, S(v) < s implies u A v. In particular, for such
u and v, &, is independent of G,, and hence for any A € G,

BE[1{s<s@)<ty exp(X, =S (u), k) (Z1 (N k) 0 0y — Ir) L angsw)<sy] =0,

where IE[Z (), k)] = I}, was used. The argument carries over if we take a finite intersection of
sets of the type AN {S(v) < s}, A € G, for different v € Z. The 7-A-theorem (or monotone
class theorem) gives (5.10) and thus proves that (W (A, k))¢>0 is a martingale.

It remains to prove (5.7). The first identity of this equation is (5.8). Further, from the
calculation leading towards (5.8), we have

N’(l
Wi\ k) =D 0 Tswy<ny Lisus)> exp(A, —S(ug), k)
ueZl j=1

N,
= Zz]lct (uj) eXp()‘v _S(u])7 k) = Z exp(A, _S(u)v k)

O
The random matrix Wy (A, k) has the following form
w0 0 0 0
oy wm) 0 0
61y Wik = WP 2w w0 o |,

WD) T2 0 (S WEI 0 L WO

where Wt(j)()\) = uec, (=S (u)) e W asin (2.17).
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5.2. Convergence of Nerman’s martingales. The following lemma implies Theorem 2.7.

LEMMA 5.4. Suppose that (Al) through (A3) hold and let X be a solution to (2.16) with
multiplicity k and Re()\) > §. Then the process Wi(\, k) is an L?-bounded martingale with
limit given by

W(AE) =T+ Y _exp(X, —S(u), b)Yy = I + Z10,
uel
where the series aboye converges unconditionally in L2 In particular, for every 0 < j < k—1,
the martingale ( r(])()\))tzo converges a. s. and in L?.

PROOF. Fix z,y € RF. It suffices to show the corresponding result for the martingale
2T Wy (X, k)y. By Lemma 5.1 the centered characteristics T X (—oo,1)¥s 2" X, (—00,—t)y and

Ty A [—t,1)y satisfy (AS) and (A6). In particular, by Lemma 4.1, the general branching pro-

cesses counted with these characteristics are well-defined as unconditional limits in L2, and,
fort >0,

> a T exp(h =S (u), k)Yay = Zj Y = gt g

ue’l

=) Tswsnr’ exp(h, —S(u), b)Yy + > Tiswyznz’ exp(h, —S(u), k) Yay.

uel ue’l
Taking into account that, for any s € R, ¢t > —1,

Var[z T X (—oo,—0)](5) < Var[zTxy (—oo.1)¥](5),
and applying the identity (4.10) (by splitting the characteristics into real and imaginary part)
t—o0

the dominated convergence theorem yields
2
| =o.
In particular, in view of (5.7), we infer that

xTWt()\, k)y = xTy + Z[L)‘TXA,(—oo‘ny . ZgTXA,(fw,,,)y

lim EHZ{X“-%-’W

converges in L? as t — oo. O

5.3. Limits of Nerman’s martingales as general branching processes. Suppose now that
the martingale (W;(\, k))¢>o is uniformly integrable. Then it converges in L' as t — oo to
some random matrix W (A, k) of the form

WO (x) 0 0 .0
wm(x) WO N) 0 .0
5.12) WOk =| WEN 2w wom) o0

By uniform integrability, E[W (A, k)] = I.
LEMMA 5.5. Suppose that (Al) through (A3) hold and let \ be a solution to (2.16) with
multiplicity k and Re(\) > §. Then, for t >0,
exp(\, —t, k) Z}> =W (N k) — Wi(\ k).
In particular, fort > 0,
(5.13) ZOT —exp(A t, E)W (A, k).
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PROOF. Note that for any s € R, ¢t > 0, we have
exp(A, —t, k) XA (8) = X (—o0,—t) (8 — 1)
In particular,
exp(\, —t, k) Z}* = Z{ 0,
which equals W (A, k) — W;(A, k) by Lemma 5.4. This together with Lemma 5.2 implies
ZPT0 = exp(\ 1, K)W (A k),
for any ¢ > 0. O

6. Proofs of the main results. In this section we provide a proof of our main Theo-
rem 2.15. We begin by outlining the main ideas and steps.
The basic step is to decompose a given general branching process Z;”

ZP = Hp(t) + Hop(t) + 289 + Z.

into Hy(t) and Hyx (1), see (2.21) and (2.22), the leading terms in the expansion, plus two
general branching processes Z7 ~%2% and ZX, the first one with mean roughly of the order
o(e2?) as t — 400 and the second one with centered characteristic, i.e., E[x(¢)] = 0 for all
teR.

General branching processes with centered characteristics are studied in Section 6.1. Theo-
rem 6.3 provides the fluctuations of Z;* for a centered characteristic y. There are two different
cases of interest. First, when x satisfies (A5) and second when fot Var[x(z)]e”* dz ~ ct?
for some 6 > 0 and ¢ > 0. In both cases, Z,¥, appropriately rescaled, is asymptotically nor-
mal. The main tools to prove this are the martingale central limit theorem and Nerman’s
strong law of large numbers for supercritical general branching processes. The second case
requires the additional auxiliary Lemma 6.1.

Characteristics such that the corresponding general branching process has mean function
roughly of the order o(e2") as t — 400 are treated in Section 6.3. Theorem 6.6 of this section
yields asymptotic normality for such processes.

Section 6.2 provides a connection between the cases studied in Sections 6.1 and 6.3.
Roughly speaking, Lemma 6.4 enables us to rewrite the process th for a deterministic char-
acteristic f in the form

th:ZtXf"i_mtf?

for an appropriately chosen centered characteristic  y. This enables us to reduce the case of
general branching processes with mean function roughly of the order o(e2") as t — +o0 to
the case of centered characteristics.

In Section 6.4, we put all the pieces together and prove the main Theorem 2.15.

We investigate the asymptotic behavior of the general branching process Z/ counted with
characteristic ¢ as t — oo in several steps. In the first step, we prove convergence of Nerman’s
martingales at complex parameters.

6.1. Centered characteristics. In this section we study the fluctuations of ZX as ¢ — oo
for centered characteristics, that is, for characteristics x satisfying E[y(¢)] =0 for all ¢ € R.
Theorem 6.3 below plays a key role in the proof of our main result Theorem 2.15. Before we
state it, we give a preparatory lemma.
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LEMMA 6.1.  Suppose that (Al) through (A3) hold. Let § > 0 and f : [0,00) — [0,00)
be a continuous function with f(zx) = O(z%) as x — oo such that =9 f(x) is uniformly
continuous on [1,00) and the limit

o B
©.1) i /M F(2) 0(dz) =: ¢ € (0, 00)

exists. Then, for ¢(t) := €™ f(t)1[g,00) (t), we have sup,s; e” 't~ 1E[Zf] < oo and

—at

e cW
Z‘p%— ast—oo,t€G a.s.

(6.2) t6+1 /3

PROOF. For any ¢ > 0, we have e !N ((¢ — 1,]) = e~*'Z,; " Taking expectations and
using (4.6) gives

BN ((t— 1,8)] = B = [ 10y (t - 0)e 0 Uida),

which converges to a finite constant as ¢ — 0o, t € G by the key renewal theorem and (Al).
Hence,

—at —at M

‘;9+11E[z¢]<0< V(10 t9+1Ze (F=m( 9E[N((n,n+1])]>

is bounded for ¢ > 1. It remains to show (6.2). To this end, first assume that |t =% f ()| < Cp <
oo for all ¢ > 0. In particular, f(0) = 0 if & > 0. First notice that for any fixed r > 0 and ¢t > r,
efat B CH
T > TS pa—S(u) < =L N([0,]) — 0
u€l:
S(u)<r

almost surely as t — oco. Hence, almost surely, the limiting behavior of e—att—9—1zf as
t — 00, t € @G, is the same as that of

(6.3) et N S — S(u)).

u€eL:
r<S(u)<t

Now first consider the lattice case and notice that by [36, Corollary 3.1(b)], for given € > 0,
with probability 1 we may choose (a random) r € IN so large that

w
1—e)e®* = < N({k 14¢e)er—
(1—¢e 5 ({k}) <(1+e) 5
forall k€ IN, k > r. Then, for t € IN with ¢ > r,
efattfefl Z ea(th(u))f(t - t9+1 Zf fakN({k})
TS%E(Z:)St
(1 cW
+¢) Z f(k) = (14¢e)— ast— o0

=T E

by (6.1). The corresponding lower bound can be obtained analogously. Now (6.2) follows by
letting ¢ — 0.
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Next, we turn to the non-lattice case and fix small €, > 0. By [36, Corollary 3.1(a)], with
probability 1, we may choose (a random) r € SIN, » > 1 so large that

1w e —1W
1-¢ eat677<N tt+0]) < (1+e)e™ -
(e W <N+ ) < (e i
forallt >r—§.Fort > r, define I := [k6, (k+1)8) fork =0,...,t5— 1 where t5 := | 5],

and It‘i_ :=[ts0,t — r). Notice that ¢t — t50 > r. Hence, almost surely,

—at
limsu =S p(1—S(u
mow 3 F(t-S(w)
r<S(u)<t
e—at ts
<11msup 9+1Z Z e3P LY f(t— S (u))
k=0 wu€eIl:
t—S(u)el}
e—oct ts 75
asup I} _
<11]If:ri>sup pr kzoe N(t Ik)ilelgf( x)
ad
e —-1W
6.4 <(1 1 1)
4 AT lmsupta“kzo s A

Write w(d) = SUP, y>1,|o—y|<s |0 f(x) — y~?f(y)| for the modulus of continuity of

279 f(2) on [1,00). By uniform continuity, w(8) — 0 as § — 0. We now estimate the lim sup
in (6.4):
ts

1
hmsup sy Zé sup f(z)
k=0 IEI

t—r+46 t—r+6

< limsup <t(9£1 / f(z)dz + t(’% / (z+0)? (20 f(x) + w(s)) — x%—Bf(x))dx)
0 0

t—o00

t—r+6 t—r+0

:c+hmmm<£ﬁ»/‘«x+5f )dx+t£?h/(x+&ﬂh>
0 0

t—o00

w(d)
et
Using this in (6.4) gives
fat
hin SUD g Z S (1 - S(u))
o ucl:
r<S(u)<t

e —1W w(0)
W (o 210
ad B 0+1
almost surely. Letting €,6 — 0 yields the upper bound of (6.2). The lower bound can be
obtained analogously.

For the general case, we split f = f1 + fo with

fa? foro<a<1,
f2($)_{f(x) forz >1

<(l1+¢)
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and f; := f — fs. Then fi, f> are continuous and the previous part of the proof applies to fs.
Further, the limit in (6.1) is the same if f is replaced by f». Define ;(t) := e f; ()10 o) (1)
for i =1, 2 so that ¢ = 1 + 2. We conclude

e~ cW
P2
t9+lz —>7 ast— o0, teG  a.s.
On the other hand, as ¢ is bounded and supported on [0, 1), we have e~ Z7" converges
a.s. to an a.s. finite limit by [39, Theorem 5.4] and [16, Theorem 3.2], which finishes the
proof. O

REMARK 6.2. Notice that in the proof of Lemma 6.1, we actually do not use the full
power of assumptions (A2) and (A3). Indeed, we only need the assumptions regarding & that
allow us to apply [36, Corollary 3.1]. What is more, we could replace the application of
[36, Corollary 3.1(a)] in the non-lattice case by an application of [39, Theorem 5.4] and the
application of [36, Corollary 3.1(b)] in the lattice case by an application of [16, Theorem 3.2]
to get the assertion of the lemma under the even weaker assumptions of [39, Theorem 5.4]
and [16, Theorem 3.2], respectively.

The following theorem gives the central limit theorem in the case of a centered charac-
teristic x. Recall that G = Z in the lattice case and G = R in the non-lattice case and that
F =o(my : u € T) where , is the projection onto the life space of individual « (in particular,
(&u, Cu, Xu) 18 o(m, )-measurable).

THEOREM 6.3. Suppose that (Al) through (A3) hold. Let x be a real-valued, centered
characteristic, and let N be a standard normal random variable independent of F.
(1) Suppose that (A5) holds for the characteristic x. Then
) W 1/2
(6.5) e 2t ZX e <5 /E[XQ](x)e_aa:Z(dx)) N ast—oo,teG.
G

(ii) Suppose that there are 6 > 0 and a function f not vanishing identically on G and satis-
fying the conditions of Lemma 6.1, E[x?(t)] = e f (¢ (0,00 (t) and

(6.6) E [X2 (t)]l{xz(t)>eeatt9+1}] = O(teeat) ast— 0o
for every € > 0. Then
1/2
(6.7) (eo‘t / E[XQ(x)]e_wﬁ(dac)> ZX = (%)1/2./\/ ast— oo, t € G.
[0,¢]

PROOF OF THEOREM 6.3. Consider an admissible ordering vy, vo, ... of Z and put Z,, :=

{vi,...,vn}and G, :=0o(my, : j =1,...,n). Now we set
3 fG AT f(dr) e in case (i),
T 3 fo e ((dz) e in case (ii)
forall t € G. If ||| 2(apge-=te(at)) fIE) ~*¢(dz) = 0 in case (i), then the asser-

tion is trivial. Hence, we exclude thls case and may thus assume that a; > 0 for all sufficiently
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large t € G. The latter is automatic in case (ii) in view of the assumption that f does not van-
ish identically on G and is uniformly continuous. For ¢ with a; > 0, we define

t)::a;l/Zqu(t—Su

u€el,

Then (M,,(t),Gn)nen, is a centered, martingale and bounded in L? by Lemma 4.1 We write
M (t) for its limit (almost sure and in L?). Let (¢,)nen be an increasing sequence in G that
diverges to infinity. Then there exists an increasing sequence (ky,)nen such that E[(M (¢,) —
My, (t,))?] <27 for every n € IN and, therefore, M (t,,) — My, (t,) converges to 0 almost
surely as n — oo. In view of Slutsky’s theorem [44, Theorem 8.6.1], in order to prove the
convergence in distribution of M (t,,) = M (t,,) — My, (tn,) + M, (t,) as n — oo, it suffices
to prove convergence in distribution of My, (t,) as n — oo. For the latter, we rely on the
martingale central limit theorem [18, Corollary 3.1 on p. 58]. To apply the cited theorem, it
suffices to verify that

(6.8) 1ZE[ S(vj)) ‘Qj 1] LB W asn— oo
kn,
(6.9) atfnl ZIE {ng (tn, — S(vj))]lﬂxvj (ba—S(0;))|>eal/?} gj,l} 50 asn— o0

Jj=1

for every € > 0. To prove (6.8) observe that

[ > B[R (6~ ()05 ﬂ = E[(M(ta) = M, ()] <277

j=kn+1

and hence (6.8) is equivalent to

(6.10) ;'S E [ng (tn — S(v))) ‘gj_l} = a; " ER) (b — S(u) B W,
j=1 uel
In case (i), (6.10) is equivalent to
et Bt~ S(u)) =25 5 2 [ B @) (),
uel

which follows from [28, Theorem 6.1] in the non-lattice case. The lattice case is analogous.
Lemma 6.1 gives (6.10) in case (ii).

Now we show (6.9). Let va(t, s) := E[x?(t)L{|y()>s}] for t € R and s > 0. In case (i), for
any € > 0,

kn
limsup e~ Z E[ng (tn, — S(Uj))]l{lxuj (tn—S(v;))|>eeatn/2} ‘ Gj-1)

< limsup e *» ng (tn — S(v;),ee2/2)

()

(
<liminflimsupe " Z;*
5700 p—oo

= liminf 12/ /UQ(:L‘, s)e”*4(dz) =0 a.s.

§—00
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by [28, Theorem 6.1] in the non-lattice case and the dominated convergence theorem. The
lattice case is analogous.

We turn to case (ii) and fix € > 0. We infer from (6.6) that for any ,6 > 0 thereisa 7" > 0
such that, forall t > T,

v (t,eet2 ) = ]E[X(t)2]1 J < el

0+1
{Ix@)[>eext/2t 2"

Therefore, with ||I5[x?] ||[0,T] '= SUDPgc(0,7] E[x?](z),

k
efatn n
limsup —— IE[XQV tn—S(vi))1 641 }gel}
n—00 th+1 ; vj( " ( ])) {|X'uj(tn_S(Ui))|>€€“t"/2tn2 } ’
e—octn 0+1
<limsup —+- Z vy (tn—S(u), e /%, )

. e—atn o 0+1
= hmsup 9+1< Z U2(tn_S(u)7€e t"/Qtnz ) + HE[X2]H[O,T] ' N((tn - T, tn]))

n—oo tn wer:
S(u)<t,—T

. e_atn a(t,—S(u
SthUPtgH<5 S et 1, — S(u))’ + [ELlo - N (2 —Tjtn])>

n—reo u€el:
S(u)<t,—T

< 5& a.s

~BO+1) o
by Lemma 6.1 with f(¢) =%, ¢t > 0 and the fact that e=**» N'((t,, — T, t,,]) converges a.s. by
[39, Theorem 5.4] in the non-lattice case and by [16, Theorem 3.2] in the lattice case. Since
0 > 0 was arbitrary, we conclude that the limit is zero and, therefore, (6.9) holds true in both
cases.

It remains to justify that the convergence is stable and that limiting random variable N is
independent of . Although, this is not stated explicitly in [18, Theorem 3.2], it follows from
the proof of the preceding Lemma 3.1 of [18], cf. Eq. (3.15) there, that is, for any F2 € F, we
have

E [eieM’“"(t")]lE} —E |:67W§ ]IE}

for every 6 € R. The latter is equivalent, by a standard approximation argument, to say that
for any F-measurable random variable Y

E [eiQMkn(t")einY} ~F [e—W%einY} —E {eiex/WNeinY}

for a standard normal variable A independent of (WW,Y"). This also implies the stable con-
vergence by [1, Proposition 1].
O

6.2. Deterministic characteristics. Let f be a deterministic characteristic, i.e., a cadlag

function f : R — R. We investigate the behavior of th as t — oo by means of an auxiliary
centered random characteristic x s defined by

(6.11) Xf(t):=f*Ex V(L) —f*M*V(t):mf*ﬁ(t) —mf*,u(t),
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where V() = > 02 1™ (-) = B[} ,c7 05w (-)] and * denotes Lebesgue-Stieltjes convolu-
tion. For instance, for every ¢t € R,

/ft—:c V(dz) [th— ]:m{
uel

if the integrals are well-defined. However, the latter is not guaranteed a priori. The following

lemma provides a sufficient condition along with an important connection between Zf and
ZXf
A

LEMMA 6.4. Assume that (Al) holds. Let f : R — R be a deterministic cadlag function
such that t — f(t)e~ is directly Riemann integrable.

(a) The characteristic x y given by (6.11) is well-defined and has almost surely cadlag paths.

(b) If (A3) holds and the function t — m{ e_%t(l + t2) is bounded, then the characteristic
X s satisfies (A5) and (A6).

(c) If (A3) holds and the function t — m{e_%t(l + t2) is bounded, then for any t € R,
Elx/()] = 0 and

(6.12) zl—m{=2X  as foralteR.
(d) If f is supported on [0,00), i.e., if f(t) =0 for all t <0, then (6.12) also holds.

PROOF. A function g : R — R is directly Riemann integrable if and only if g+ and g_, the
positive and negative part of g, respectively, are. Hence, if t — f(t)e~?! is directly Riemann
integrable, then so is t — | f(t)|e~ .

(a) In order to see that x s is well-defined, it suffices to check that | f| * p * V(¢) is finite
for all t € R. Indeed, as pu x V < 8 + pu+ V =V, putting g(¢) := | f(t)|e** we obtain

VEYRORRNY0 ZE[ZU’H— )]

|ul=

(6.13) e ZE[ Z e~ @S) S(u))] =egxU(t) < o0,

ul=n

where we have used the many-to-one formula (4.2) in the next-to-last step and the direct
Riemann integrability of g in combination with (4.4) in the last. To prove that x s has cadlag
paths almost surely, it suffices to show that f* % y * V is finite. This is justified by the fact
that f has cadlag paths together with the dominated convergence theorem. Since f*xux*xV <
f* %V, we have to check that the latter is finite. Further, e = f*(t) < e®g*(t). Therefore, by
a calculation analogous to (6.13), it is enough to show that ¢* * U is finite, which, in view
of (4.4), is true if ¢g* is directly Riemann integrable. This however follows from the converse
part of Proposition 2.6(a) since g is directly Riemann integrable.

(b) By Proposition 2.6(c), it suffices to show that
(6.14) /E[(X’})Q] (x)e”*dz < oo,
To this end, note that, since x5 = md « & —mf % u, we have, for any z € R,

E[|xj(2)?] <2B[ sup [mlx&@)F] +2sup |ml s p(t)2 <AB[ sup |m! £(t)?],
|t—=|<1 |t—=z|<1 |t—z|<1
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where we have used Jensen’s inequality. For |t — x| < 1, we obtain
I+ (- X;)?=1+(t—Xj+2—t)° <1+2(t—X;)* +2(z —t)* <3+ 2(t — X;)°
<3(1+4(t—X;)%)
for j=1,..., N, and, therefore, with C := 3¢ sup,c e 2'(1 + t2)]m{|,
N s (z—X3) e (z—=X;)
th—Xj
j=1

9 o
f 2 _ < C? -
im % €(8)] <C ) xR G N R

Thus, since

/ 1 1 de < / dz
- .
1—|—($—Xl) 1—|—($—X]’)2 - 1+(1§—X¢)2
we conclude
/EUX}(Q:)\Z]e_‘“ dz < 47rCQE[ Z e_ZX"'e_;XJ'] <00
1<ij<N
from assumption (A3).

(c) By part (a), | f|* p* V (t) is finite for all ¢ € R and, hence, E[x¢|(t) = E[f*{* V (t)] —
fruxV(t)=fxuxV(t)— f+pxV(t)=0 forall ¢t € R. Further, since f satisfies (A4)
by assumption and trivially also (A5), Proposition 2.2 implies that th converges in L' for
every t € R. The characteristic x s on the other hand satisfies (A5) by part (b) and trivially
also (A4) because it is centered. Thus, Proposition 2.2 yields that also the series defining Z,*/

converges unconditionally in L' for all ¢ € R.
In particular, for any n € IN, the infinite series

Y Xpult—S(w)

0<[ul<n

also converges unconditionally in L! and so is well-defined and converges to Z,* as n — 0o
in L'. Moreover, due to the fact that f is deterministic, ¢ is {-measurable. For u € Z, we
have x,(t) = f* & * V(t) — f* p* V(). Using this and V' = g + p * V, we infer

Y7 Xpat=Sw) = D (fr&uxV(t—S(u) = fru*V(t—Sw))

0<ul<n 0<ul<n
= Z fxV(t—S)— Z fruxV(t—S(u))
1<|u|<n+1 0<|u|<n
= > ft—S)—fruxV()+ > fV(t—S(u)
1<|ul<n [ul=n+1
= > fE=S@)—fxV(O)+ Y fHV(E—S).
0<|u|<n |ul=n+1

In the last line, f+V (t) = m{ . The manipulations in the above chain of equalities are justified
by the fact that

]E[ > |f*V(t—S(u))y] < 0.

0<|u|<n+1
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The finiteness of the above expectation follows from

B| 1+ vie - st)l| <B| X1« vie- s)| =] X i stw)

lu|=k |u|=k |u|>k

<E| U1~ 80| =l < .

uel

The dominated convergence theorem yields

S feV(E—Sw) =0 and Y f(t—S(u) — 2

|u|=n+1 0<|ul<n
as n — oo in L.

(d) The last calculation carries over if f(¢) =0 for all ¢ < 0. Indeed, the latter condition
implies x s(t) = 0 for all ¢ < 0 and hence with probability one, all sums have only finitely
many non-vanishing terms (since only finitely many individuals are born before any fixed
time almost surely by [25, Theorem 6.2.3]). ]

Lemma 6.4 has the following corollary.

COROLLARY 6.5. Ifthe assumptions of Lemma 6.4(b) are satisfied, then, for everyt € R,
Var[th] = mi@ < 00.
PROOF. By Lemma 6.4, we have Z{ = Z)/ + m] where Z)* is centered and
e~ Var[x](t) = e""E[x7](1)

is directly Riemann integrable. Using Var[th ] = Var[Z}' + m{ ] = Var[Z}¥] = E[(Z)})?]
we infer with the help of (4.10) that

E[(2))2] =E[2}] forall{eR.
O

6.3. Slowly growing mean process with signed characteristics. We now treat the case
where m{ grows relatively slowly as |t| — oo. Later, we shall reduce the general case to this
one.

THEOREM 6.6. Suppose that (Al) through (A3) hold, the random characteristic ¢ satis-

fies (A4), (AS) and that the function t — e~ 2%(1 + t2)Ymf is bounded. If G = R, assume in
addition that (A6) holds. Then, with N a standard normal random variable independent of

F,
e 21 2P = Uw\/%./\/’,
with
a?o = /Var[cp(:c) + &xm¥(x)]e” * U(dx).

Moreover; a?p = 0 if and only if the mean m¥ is a version of the process Z%.
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PROOF. Clearly, mPl¥l = m# where IE[¢] denotes the function ¢ — E[p(t)]. In view of
Lemma 6.4, we can write

Zeo Z“D E[w]+z le] _ Z“O E[s@]_’_zxw +mf = Zsﬂ E[@]+xE1e) +mf

(6.15) = gptmoEBletmtl] | e s,

at/2 tzso E[p]+XE]

By assumption, e~ **/?mf — 0 as t — oo. Hence, it suffices to show that e~ >
converges in distribution to the claimed distribution. Since the characteristic

(6.16) t = o(t) = Elp()] + xgpy) (1)

is centered, it is reasonable to apply Theorem 6.3(i). To this end, we need to check that (AS5)
holds for the characteristic in (6.16), i.e., that the function

t e Varlp(t) — Bl (t)] + Xy (t)]
(6.17) = e Var[p(t) + XE[¢] (t)] is directly Riemann integrable.

From Lemma 6.4 we conclude that XE[p] (t) satisfies (A5) and (A6). This is also true for ¢.
Hence, (6.17) holds by Remark 2.5.

Finally, if o, = 0, then ¢(z) +m¥ *£(x) is equal to its expectation a. s. for £-almost every
z € G, ie., p(x)+m? *&(x) — (Elp](x) + m? x u(x)) =0 a.s. for L-almost every = € G.
On the other hand, Lemma 6.4(a) implies that x [, = m? *{ —m?  y1 has cadlag paths a. s.
and by Remark 2.5 the same holds true for the characteristic I£[p], which in turn implies that,
except on a P-null set, o(z) + m? * {(x) — (E[p](x) + m¥ * u(x)) = 0 for every z € G.
Consequently, by (6.15), for every fixed ¢ € G,

P Z¢+mw*g ]E[<p+m“’*§]+m =m{ a.s.,

i.e., for every fixed t € G, Z/ is a.s. deterministic. O
6.4. Proof of Theorem 2.15. In the proof of Theorem 2.15, we use the following fact.

LEMMA 6.7. Let n1,...,0m be distinct real numbers. In the lattice case, we addition-
ally assume that n; € (—m, 7). Consider a collection of centered, square-integrable random
variables (Yj|)1<j<m,0<i<n. Then for

X(t) == 1o 00\ (2 ethZtl ity

=0 j=1
it holds that

1 o 1 .
(6.18) il /[o,t] Var [x(z)]e”** ¢(dz) — o1 ]Z:;Var[Y]’n] ast—o00,teG

and, for any € > (),
(619) E[|X(t>|21{|X(t)|2>at2n+leat}:| = O(t2n€at) ast— oo, teG.
In other words, x(t) fulfills the assumption of Theorem 6.3(ii) with 6 = 2n.

PROOF. Expanding the variance gives
Var [Z Z ey l] =" Z Varl[Y,
=0 j=1

(6.20) 4 332" Z el =ne)z Cov]Yjm, Vien] + O(xQn_l)
J#k
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as  — oo. Further notice that, for n € R, with || < 27 in the lattice case,
1 : = ifn=0
6.21) T / 22 f(dg) — § AT T
t [0,1] 0, if n #0.

This follows from the fundamental theorem of calculus in the non-lattice case and integration
by parts if 77 # 0, whereas in the lattice case, it follows from Faulhaber’s formula if 7 = 0 and
from summation by parts if  # 0. Relation (6.18) now follows from (6.20) and (6.21).

In order to prove that (6.19) holds, for ¢ > 0 we set x;(t) := ezt Yiso tlei”-fthJ. Since for
any complex numbers cy, ..., ¢, and y > 0

ler + -+ Cm|21{\c1+~~-+cm|>y} < m2(|01|2]1{|c1\>y/m} +oeet |Cm‘2]l{lcm\>y/m})’
it suffices to prove (6.19) for ; instead of x. By Markov’s inequality, we have

(n+1)% &

l
P(|x; ()] > et e) < o Y B[V 50 ast— oo
=0

as the sum is of the order 2" as t — co. Consequently,
E[|x; (01" gy, 1) >erznticory]
S 2t2neat]E[’Y‘vj’n|2]1{‘Xj(t)|2>€t2n+leat}:| + O(th_leat) = o(tQ”eat)

as t — oo. This proves (6.19). [
We now turn to the proof of Theorem 2.15.

PROOF OF THEOREM 2.15. Suppose that ¢ is a random characteristic satisfying

k() -1
(2.20) mf =Ny (t) D Y antleM+r(t), teG
)‘EAZ l:(]

for some constants ay; € R and a function r such that |r(t)] < Ce>'/(1 + ) for a finite
constant C' > 0. For any A € A>, we put

k(N
ixi=_ari-1el
=1

and consider the following characteristic
Ya(t) = Z @ (oA () + xa(t))er
AEA
for ¢ and y defined in (5.5) and (5.6), respectively. Then, by Lemma 5.5, for £ > 0,
(6.22) 2 =N "al 2P e = a5 exp(A L E(N)W (A E(N))er = Ha(t),
AEA AEA
where the definition of H, should be recalled from (2.21). Further, by Lemma 5.2
mi = Y ARl = Y AV EIZ e
AEA AEA

(6.23) = L[0,00)(t) Y _ i exp(A, £, k(N))er = Lig o) () E[HA(E)].
AEA
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Similarly, putting
voa(t)= Y _ @) )let,
AEOA
again by Lemma 5.2, we obtain, for any ¢ € R,

m;/z’a/\ waA Z C—i E Z¢>‘
AEOA

(6.24) =Toe0)(t) Y @5 exp (A, £, k(N))er = L o) (t) Hon (1),
AEOA

where the definition of Hgp should be recalled from (2.22). In view of Remark 2.16, we have
iy = ay., o\ = ¢ and Y\ = x5. We thus conclude that both characteristics 15 and g, are
in fact real-valued.

Now write

(6.25) ZP=ZPN 4 ZPN 4 ZE = H\(t) + 27" + 22,

where o := ¢ — 1¥p — Wgp. Next, since 1y, is deterministic, we may consider the associated
centered characteristic x.,, defined in (6.11), namely,
Xvpoa (t) = 5 * m:f}a[\ —Hx m;ﬁa/\

N
= Z Z&Iexp(k,t—Xj,k()\))el]l[oyoo)(t—X) ,u*mf‘“.
A€OA j=1

If we set now

Mz

¥a(t) @y exp(At — X, k(A))er

—Ljg00)(t [Za)\ exp(A,t — X, k(N))er

and

INOESDY Z ay exp(At — X, k(N))e1lp x,)(t)

AEOA j=1

N
-y E[Z iy exp(\t — X;j,k(N)erLp x,)(t)

A€OA  “j=1
= Z aA(ﬁ)\(t)61 - Z E[aA¢A(t)el]
ACOA AEOA

we get the following decomposition

(626) X1paa (t) = X(t) - ¢8A (t)
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The fact that all the expectations above are finite and thus the characteristics are well-defined
follows from (A2) and (A7). Note also that, for every A € 0A,

N N E(\)—1
> ) exp(At— Xi k(A)ey = M) ax(t — X;)!
=1 =1 =0
N k(A\)—1 l I
=) A 3 ( )tj(_X)Z—j
e a,\,l . 7
i=1 =0 j=0 J

EN)—1k(N\)—-1 N I .
=3 3 Y e Man (] )y
=0 =5 i=1 J

k(\)—

Z R}\’]t] )\t

by (2.23). With this at hand, we infer
k(A)—1
(6.27) Ua(t) =Lpoo)(t) Y (Rag—E[Ry e, teR.
=0

Using Lemma 6.4(d) with f =, (note here that such f fulfills the assumptions as for any
A € OA the characteristic ¢ vanishes on (—o0,0) and satisfies (A4) by Lemma 5.1), we get
that Z//°* —m}®* = Z}*** and, hence, Z;"** = Z"°* +-m}** = Z*** + Hy, (t) for t > 0.
Therefore, from (6.25) and (6.26) we obtain the following decomposition,

(6.28) ZP = Hp(t) + Hoa(t) + 2% + Z¥, t>0.

It suffices to prove the limit theorem for Z7 ~99% and ZX. To this end, we invoke Theorem 6.6
for the first process and Theorem 6.3(ii) for the second as both characteristics are real-valued
as a consequence of Remark 2.16. We begin with fo‘z’“ and first notice that, in view of
Lemma 5.1 and Remark 2.5, the characteristic ¢ — ¢y has cadlag paths and satisfies (A4),
(AS) and (A6). Moreover, using the fact that ¢y, is centered in combination with (6.23),
(6.24) and (2.20) we infer

(6.29) mt 0—Pon _ mf — mf—TﬁA—l/JaA — mf _ m;ﬁ/\ _ m;ﬁfm

=m{ — Lo o) (t) (E[Ha(t)] + Hoa(t)) = r(t).
We may thus apply Theorem 6.6 to conclude that

(6.30) e 51BN gy JWN,
where
(6.31) o2 = /v(x)emﬁ(dx),

and v(t) := Var [o(t) — ¢aa(t) + 7+ £(t)]. The function v can be further simplified in the
following way

o(t) = Var [(t) — ¥ (t) — Yoa(t) — don(t) + 7 (1)
= var [o(0) = L al(on(0) +0)er — Y afor(0en + (e

AEA AEOA
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N
= Var [(p(t) +) ( = @ L (oo x,) (t) exp(X,t — X, k(N))er

J=1 AEA

— Z 6A1[07Xj)(t) exp()\,t—Xj,k()\))el —i—?"(t—Xj))]
AEOA

N
= Var [cp(t) + Z ( - Z @y exp(\t — X;,k(\))er

j=1 AEA

— ]1[0700) (t) Z EiI exp()\,t - Xj, k()\))el + m‘p(t — XJ)>:| .
A€OA

This proves the theorem under the assumption that p; = 0 for all [ > 0. Indeed, in this case
ZX =0 and Z;VZI @) exp(A\,t — Xj,k(\))er is a.s. constant for any A € OA,t € G and
(2.25) follows.

Now, combining (6.28) and (6.30), we arrive at (2.24) if o> > 0. However, if o2 = 0, then
forall t € G, 27 ~%oa equals its expectation, which is 7(¢) a.s., as shown by (6.29). This
establishes (1).

It remains to prove the theorem in the case where p; > 0 for some [ > 0. First notice that by
(6.30), the already established central limit theorem for Z; ~99% we have Z? “9or — o(tzest)
as t — oo in probability. Let n € INy be maximal with p,, > 0. We show that the characteristic
X satisfies the assumptions of Theorem 6.3(ii) with § = 2n. Observe that, for any A\ € A,
[ <k(A) — 1 and some constant C} z, depending on A,/ and @)y,

N
|Ry1| < Cha, Z(l + X]]?()\)il)efng.
j=1

In view of assumption (A3) the random variable 17 ; is square integrable. Setting R ; := 0
for I > k(X), we write

X =gy ®)est - 37 ST (Ray — B[Ry e MO,
AEDA 1=0

An application on Lemma 6.7 gives

1

t Var[R) ., 2
2t / Ehz(wﬂe‘”é(dxmzkem at[Ranl _
0

2n+1 Con+1

and
E[|X(t)‘2]1{|X(t)|2>€t2n+1eat}] = 0(t2n€at) ast — oo, teG.
Finally, by Theorem 6.3(ii),

p2t2n+1 . _1 X W
Tn’ __eot) *zXey W
<2n+16 ) t 7N

which finishes the proof. O

REMARK 6.8. The proofs of Theorems 2.15 and 6.6 reveal that for any characteristic ¢
satisfying the assumptions (A4) through (A6), there exists a decomposition ¢ = @1 + @2 +
3, where each term also satisfies (A4) through (A6). Furthermore, for the corresponding
Crump-Mode-Jagers processes, it is established that Zf "= H(t) fort >0, Zf % is centered,
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and Z/* is a deterministic function equal to r(t). In particular, for the characteristic ¢ :=

1 + 3, one obtains that for ¢ > 0, Zf = H(t) + r(t) almost surely, indicating the lack of
Gaussian fluctuations as ¢ goes to infinity.

PROOF OF COROLLARY 2.20. First observe that linear combinations as well as the trans-
lations ¢(+) — (- — s) preserve the conditions (A4), (A5) and (A6). Moreover, for the char-
acteristic 1 (t) := ¢(t — s) the mean function mff’ has expansion (2.20) with coefficients given
by vectors (exp(), —s, k(M) 'a )). According to the Cramér—Wold device the convergence
in distribution of

etz

t—s1

—H(t—sl),...,Zf

—Sn

—H(t—sp))

is equivalent to the convergence in distribution of

[SIEY

—

e 2t ch (Zf_sj —H(t— sj)),

1

n

J

for all choices cy,...,c, € R, and the latter convergence follows from Theorem 2.15. The
covariance can be obtained by the polarization identity applied to the variance and the fact
that m? =m$ ,, h¥(t) = he(t — s). O

7. Asymptotic expansion of the mean. In this section we are concerned with the
asymptotic expansion of the mean m{ = IE[Z/] of a supercritical general branching pro-
cess (Z)i>0 as t — oo. Throughout the section, we assume that (A1) and (A2) hold. We fix
some notation throughout the section. By 6 we denote a parameter from (0, §) such that

(7.1) Ly1(0) <ooand Lu(z) #1 whenever 6 < Re(z) < §.

Such a 6 exists in all particular cases considered in this section and may sometimes be en-
larged in order to ensure the validity of additional conditions. We also fix v > & such that
v <min{Re(A\): X € A}.

It’s worth noting that the mean m; depends on the underlying point process £ only through
its intensity measure p. Therefore, when analyzing m;, without loss of generality, we can
assume that, additionally to (A1) and (A2), the condition (A3) holds true. Otherwise, we can
always replace £ with the Poisson point process whose intensity measure is f.

In the non-lattice case we work with the corresponding bilateral Laplace transforms
whereas in the lattice case, we use generating functions.

7.1. The lattice case. 1In the present subsection, we assume that p is concentrated on the
lattice Z (and not on a smaller lattice). We set

7.2 Gn(2) = Y (kD = [ 2 u(do
k=0

for all z € C for which the series is absolutely convergent. In particular, Lu(z) = Gu(e™?).
Note that, due to assumption (A2), G u(efﬂ) < oo and hence the power series (7.2) defines a
holomorphic function on {|z| < e~”}. Further, by slightly increasing the value of ¥ if neces-
sary, we may assume without loss of generality that there are only finitely many solutions of
the equation Gyu(z) = 1 in the disc {|z]| < e™?}.
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LEMMA 7.1.  Assume that (Al) and (A2) hold. Let 0 € (¥, §) be such that there are no
solutions to Gu(z) = 1in {z: e=%/? < |z| < e~} Then there are constants by, A € A>, | =
0,...,k(\) — 1 such that, for any characteristic @ with

(7.3) D IE[p(m)]|(e™" +e7") < oo,
nez

it holds that, for t € Z,
k(\)—1
> Y b X Elp(n)](t — )X 4 O(e)  ast — oo

(74)  mi={iek. =0  nez
O(eM) ast— —oo.

REMARK 7.2. Defining by = (bx1—1)i=1,....k(x)> We may write (7.4) more compactly in
the form

mf =" Luzoaareat ) Elp(m)]b] exp(A t —n, k(A)er + O Ae™)
AEA> nez
ast — +oo, t € Z.
PROOF OF LEMMA 7.1. For r > 0, let B, = {|z| < r} and 0B, = {|z| = r}. Now fix

r<e ® As G(u*') = (Gu), for any I € IN and since Gy is holomorphic on B, -+, we infer
from Cauchy’s integral formula that

¢ z
pinh = o [ E a
0B,

In particular,

) - ) 1 dz
N({n})] = ;M ) Z 27i / Z”‘*‘l " 2mi (1 -Gu(z))z"+

0B,

where the last equality follows by Fubini’s theorem. For A € A>, let

Z bi(\)(z — e )]

J=—k(N)

be the principle part of the Laurent expansion of the meromorphic function (1 — Gu(z))~*
around e~*. Then the function

1—g,u Z Z bi(\)(z —e ™)

AEAS j=—k(N)

H(z):=

is holomorphic on B.-¢. On the other hand, for any d € Ny,

1 (Z—ei/\)id Nd A\n n+d—1
o | = e (M
0B,

by the residue theorem. Therefore,

ZZZ) (z—e M)

AEAS j=—k(N)
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satisfies

where p), for A € A>, is a polynomial with complex coefficients of degree k(\) — 1. From
the analyticity of H, we infer

‘ H(z)

s dz‘ =0(e™)  asn— oo,

0B, o

e

which in turn gives

EN(nh] = o [ CELET s

0B,

= Z by exp(\,n,k(A))er +O0(e”™)  asn — oo
AEAS

for some l;,\ = Zﬁ/}) bri—1€ € R*M. In other words, there exists a constant C' > 0 such
that, for any n € Z,

(7.5) ‘E[N({n})] - Z ]l{nZO or AEA}gI eXp()‘anak(/\))el < 0(6971, N e'yn)_

Now we are ready to investigate the asymptotic behavior of m; as t — +o0, t € Z. Since

E[y]

m{ =m; ", we assume without loss of generality that ¢ = f is a deterministic function

satisfying

Z |f —Gn —om) < 00,

nezZ

Then, for t € Z, we have m{ => ez f(M)E[N({t —n})]. We write

\m{ S Lpoenen; S FmBT exp(ht - nk(W)ey

)\EAZ neZ
< Z |f {t - n})] Z ]l{th or AEA}EI eXp(>\, t—mn, k(A))el
nez AEA>
(7.6) 1D Moy — Loy by exp(At—n,k(A))es
nez A€OA

We use (7.5) to estimate the first sum on the right-hand side of (7.6) by

Cz‘f tn/\efy(tn <C<Z’f 6(t—n)> (Z’f |€'yt n)

nez nez nez
A CY T If ()| e,
nez

On the other hand, we use (4.17) to conclude that for any 0 < € < «/2 — 6 and A € OA there
is a constant C, > 0 such that || exp(\, n, k(\))|| < Cee2""|. Hence the second sum on the
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right-hand side of (7.6) is bounded by
Ce Z 12Y Z|f(”)”]l{t20} ]l{t>n}|€2 n)telt=n|,

AEOA neZ

The latter sum can be estimated as follows

Z|f(n)‘|]l{t20} ]l{t>n}’e“(t n)+elt—n|

nez
=1, () D 1F)|el 57 g e, () D | f ()] el 5=
n>t n<t
S]llNo(t)Z \f(n)|69( +]1Z\]No Z|f = (eet/\e ),
nez TL<t
as t — Foo. =

7.2. The non-lattice case. 'We again work under the conditions (A1) and (A2) as in Sec-
tion 7.1, but now we assume that p is non-lattice.

Similar to the lattice case, first we study the behavior of E[N(¢)]. This was already done
in [31, Theorem 3.1] in the special case where L£u(z) — 1 has only simple roots. However,
the proof given in the cited source can be adapted to the more general setting here. In order
to make this paper self-contained and for the reader’s convenience, we include the proof.

LEMMA 7.3. Suppose that, besides (Al) and (A2), the following condition holds:
(7.7) limsup [Lu(§ —d+in)| <1

n—00

for some 6 € (0,5 — ). Then A is finite. In fact, the function Ly takes the value 1 only at
finitely many points in the strip § — 6 < Re(z) < a. Then, for any root A\ € A> of multiplicity
k(A) € N, there exist constants cyy, | =0,...,k(\) — 1 such that, for any 6 € (§ —9,5)
satisfying (7.1) it holds that

k(A\)—1

(7.8) E[N(t)] = Z et Z et + 0 ast — oo.
AEAS 1=0

REMARK 7.4. Note that (7.8) can be rewritten in the form

EN@®)]= > & exp(\t,k())er + O(e”)
AEAS

A k(A
as t — oo with &) := le(l) CA1—1€].

REMARK 7.5. Suppose that (A1) and (A2) hold and that the intensity measure p has
a density with respect to the Lebesgue measure. Then one can check using the Riemann-
Lebesgue lemma that (7.7) holds for any ¢ € (0, g - 9]. Hence, in this case, Lemma 7.3
applies.

PROOF OF LEMMA 7.3. First, condition (7.7) implies that

limsup |Lp(8 +in)| <1

n—00
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for all # > § — & and that there are only finitely many roots of the equation £/(z) = 1 in the
strip § — 0 < Re(z) < o, see Lemmas 2.1 and 2.3 in [31] (note that although the setup in
[31] is slightly different, the proofs carry over without changes).

Now let f = 1p o and recall that N (t) = th, hence V (t) := E[N(t)] = m{ for t € R.
In analogy to the derivation of [31, Eq. (3.11)], we use the recursive structure of th to obtain
a renewal equation for V' (¢) as follows. We start with

N
th - f(t) + ZZJJ';*XJ-
j=1

where Z{ ' Zg ;- - are independent copies of th . Taking expectations, then conditioning
with respect to £, the reproduction point process of the ancestor, we infer

(7.9 m{:f(t) +/m{x,u(dx) = f(¢) —l—,u,*m{, teR.

Our subsequent proof relies on a smoothing technique. So let p := 1 yj. For any € > 0, we
set

pe(t) = Lp(L) = 1pq(t), teR.
Then for f. := f x p. (Lebesgue convolution), we have
fe@) < f(t) < fe(t+¢)

for all ¢ € R, which in turn gives

(7.10) mi* <m{ <mi_.

Also, one can check that ¢ — m;° is a continuous function. First, we find the asymptotic
expansion of this function and then, we let € tend to 0 in a controlled way while letting
t — oo to deduce the asymptotic behavior of V' (t) = m{ from that of m;°. From the renewal
equation (7.9) we conclude that for Re(z) > « it holds

Lm?*(2) = L(pe +m )(2) = LI=(2) + Ln(2) L= (2),

hence,
Emfs(Z) = % for Re(z) > a.
The function
Lfe(2) . Lp-(2)Lf(2) B 1 — ¢—¢?

T=Lu(z) ~ 1—Lp(z)  e22(1— Lu(2)
defines a meromorphic extension of £m/< on Re(z) > ¥. This function decays as |Im(z)|~2
as Im(z) — +oo and Re(z) is constant, hence, it is integrable along vertical lines. Thus, for
any T > «, the Laplace inversion formula (see, for instance, [48, Theorem 7.3 on p. 66]) gives
f 1 T-+ioco
myL +mpZ
m{ = = eLmfe(z)dz, t>0.
2 27i

T—ico
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To simplify notation, we assume without loss of generality that ¥ = § — ¢ and that Ly is
holomorphic on a neighborhood of Re(z) > 1. Then, for large enough R, an application of
the residue theorem gives

T+HR d+iR
/ e Lm!=(2)dz = 2ri Z Res,—» (etzﬁmfi(z)) + / e*Lm'=(2)dz
R AEA> ¥—iR
THR T—iR
+ / e Lme(z)dz — / e Lm!e(z)dz.
V+iR 9—iR
Here,
THR T | oeatiR)
‘ / el L= (z)dz| < et‘f/ ‘E(x TR Ll 1 iR) ’ dz
O+iR I

[ 1

< tT ’ d

=Ce /5(x+iR)2 :ER:;O
9

for some constant C' that depends only on x. Here we used the fact that, by Lemma 2.1 of [31],
Lu(x +1iR) for z > ¢ and R > Ry is uniformly bounded away from 1 for some sufficiently
large Ro > 0. The same bound holds for the second horizontal integral. Therefore, by letting
R tend to infinity we conclude

V+ico
1
(7.11) mf* = )\; Res,_y (e"Lm/=(2)) + 3 / e Lm/s(2)dz.
> Y—ioco

Next, denoting by {b;(\)} ez the coefficients in the Laurent expansion of the function (1 —
Lu(z))~! at 2=\ € A> (hence, in particular, b;(\) = 0 for j < —k(\)), we have

tz tz Lfe(z
Res.—x (¢/Lm/ (2)) = Res. (e 1—%8@)
L (n)
=M Z ZW[)_I_”_Z(A)

n,[>0
n+l<k(N)

t [(—z)" fo(z)e M dx
Sy BLENE borni(V)
n,1>0
n+l<k(X)

E(=2)"f(z)e Mdz
—e Y G, ot

|
n,1>0 )
n+l<k(X)

(7.12) =M N ot +20(e),
0<i<k(X)
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where the implicit constant depends only on A, not on ¢. It remains to estimate the second
term in (7.11). For e <971, using that |1 — e~?| < |z| A 2 for Re(2) > 0, we infer

J+ioco J+ioco

1—e7%*
tz fe dz| < 9t d
[ el s [ oy e
¥—ioco —ioco
Y+ico 1 1
/ ||
Y—ico
ed+ioco
—ce [ (e AL
ed—ioco
< Ce¥ / eI ATTEA (e9) " da
(7.13) < C'e"(|loge| + 1)

for some constant C’ that depends neither on ¢ nor on . Using (7.12) with ¢ + € instead of ¢,
we conclude that

‘ Res,—x (e(t+€)2£mf5(z)) — Res,—) (etzﬁmff(z)” =e0(e™),
where we used k(\) = 1 for A = «, and thereupon, by (7.11) and (7.13),
m{is —mi* = O(ee® + | logele”™).
Setting now ¢ := e~ by (7.10), we infer
mi = z e Z et +O(te),
AEAs  0<I<k(N)-1

which completes the proof of the lemma. O

Now we are ready to provide the asymptotic expansion for the expectation function of a
general branching process counted with a random characteristic ¢.

LEMMA 7.6. Suppose that, besides (Al) and (A2), condition (7.7) holds. Then A> is
finite and there are constants by ;, A € A>, 0 <1 < k(X) such that, for any ¥ < 0 < 5 fulfilling
(7.1) and any random characteristic o satisfying (2.19), we have

k(=1
T14)  mf— AZ{E ZZE) by [(t — ) XD E[p(z)]dz + O(e”) ast— oo
: t =\ AeAs =

O(eM) ast— —oo.

REMARK 7.7. If we set by = (bx1)i=0,....k(\)—1, then formula (7.14) can be written in
the form

mf = Z ]l{tZO or A\éA} /B/;r eXp()\>t - ka()\))elE[sO(x)] dz + O(eet N e’Yt)
)\GAZ

ast — +oo.
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PROOF. Without loss of generality we assume that the characteristic ¢ = f is a determin-
istic function. By Lemma 7.3 there exist constants ¢y, [ =0,...,k(\) —1,0 € (J,5) and a
constant C' such that, for any ¢t € R,

(7.15) ‘E[N(t)] = Y Tpsoarren)y exp(Atk(N))er| < C(e” A€
AEA>

and hence for the characteristic f(t) = 1[; o) (t) = L[p,)(t — 2), we find

< C(e?t2) p (),

)m{ - Z L z>00rren}Cn exp(At — . k(X))er
)‘EAZ

Suppose now that f > 0 is a cadlag, nondecreasing function with

(7.16) /f(x)(ea’” + e %) dz < co.

Then f is the measure-generating function of a locally finite measure v on the Borel sets of
R, namely, for any y € R,

£0) = 1((-00,31) = [ Lia () vlcl).
For any ¢ € R, by an application of Fubini’s theorem, we infer
mf = / B[N (t — )] v(dz).

By (4.16) we have %exp()\,x,k) = Jyrexp(A,z,k). We show that (7.14) holds with
I;,\ = J/\T Cr» A € A To this end, first notice that, as f fulfills (7.16), another application of
Fubini’s theorem yields

/exp(/\, —:U,k)l/(dz):/J,\kexp(/\, —z, k) f(z)dz.

We now write

il = [ (£ tinmsenii vt = k) 0er) s

AEA>
= ‘mt / Z Lis0oraenr@n I exp(A, £ — k(A))f(x)ﬂ) dz
AEAS
‘ / t - x Z ]l{tZO or XEA}E))\T eXp()‘at -, k()\))el) V(d$)
)\GAZ
/ ‘ N(t —z)] Z Tg—w>00r AGA}€AT exp(\, t — x,k(N))er | v(dx)
AEA>
+ Z /’]l{t>0} Ty SE>0}HC>\ exp(A k()\))elll/(dac).
AEOA

For the first term, by (7.15), we have

/ ‘E[N(t - .T)] - Z ]l{t—xzo or AEA}ng eXp()\,t -z, k()‘))ell I/(dl‘)
AEAS
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< C/(ee(t_a:) A e’ 2)) y(dz)

< c( / =y (dz) A / eV (t=2) y(dx))
< C(eP Nett) (0 / f(x)e % dz + 'y/f(a:)ew dx) .

Next, for A € OA, we estimate

/ 01 — L—asoy| 6N exp(A, £ — 2, k(X))er | v(dz)

— 1 g)(®) / &7 exp(h,t — 2, k(A))er | v(de)

(—o0,t]

L0 / &7 exp(h £ — z, k() )ey | v(dz)

(t,00)

< C1 (oo 0)(t) / =) y(dz) + Clig o0y () / ') y(dz)
S Cl(eat A e’L%),

where we have used (4.17) in the penultimate step. This completes the proof of the theorem
for non-decreasing f > 0.

Now let f be an arbitrary cadlag function satisfying the integrability condition (2.19) (with
f in place of E[]). Define

n

fe(x) :=sup { Z(f(xj) — flzjo1)Fi—oo<mp<...<xp <, mE ]N}
j=1
for z € R. Clearly, f., f- : R — R are nondecreasing with fL > 0. It is known that f =
f+ — f—. (This is the Jordan decomposition of f on R.) It is further known that f, and f_
are cadlag since f is. Further, Vf(z) = fy(x) + f—(z) and hence (2.19) implies that both,
f+ and f_ satisfy (7.16). The previous part of the proof thereby applies to f1 and f_ and,
by linearity, extends to f. O

REMARK 7.8. In the situations of Lemmas 7.1 and 7.6, m; has a representation as in
(2.20). Indeed, in both cases, mf can be written as

mt ]1[0 00) Z / b>\ eXp ,k()\))ellE[cp](x) E(dx) + O(th A 67t)

AEA>

= 1j0,00) (%) Z @y exp(\t,k(N)er +O(e% A e,
AEAS

where @y = [ exp(A, —z, k(A)) ToaE[g] () £(dz). Consequently (cf. (6.22), (2.22) and
(6.24)), we have

Ha(t) = dy exp(Xt,E(N)W (X k(X))er
AEA

= Zb/\ /exp (At —z, E(AN)W (X E(N)e1Elp](z)¢(dx)

A€A
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S SEN [ e >Z<§)<tx>l—jw<ﬂ‘><A>E[w]<x>e<dx>

AEA =0 7=0
M ! )i e 0(de
D z zmz@w /Gu VB[ (x)e N 4(de)

and, similarly,

Hop(t) =) dy exp(X,t,k(N))er

AEOA

= S0 [ et - a k) Ell@) ()
AEOA

— Y z N / (t - 2)'Elg] () ((da).
AEOA

7.3. Proofs of Theorems 2.8, 2.9 and 2.10.

PROOF OF THEOREM 2.8. Theorem 2.8 is a consequence of Theorem 2.15. To see this,
we first check that the assumptions of Theorem 2.8 imply those of Theorem 2.15. In a second
step, we show how the conclusion of Theorem 2.8 follows from that of Theorem 2.15.

So suppose the assumptions of Theorem 2.8, in particular, (A1) through (A3), hold. Also
(A7) holds because A> = {a} and, by assumption, there are no roots of the equation Ly(z) =
1 in the strip ¥ < Re(z) < a. Let ¢ be a characteristic satisfying (A5), (A6) and (2.19).
Notice that (2.19) implies (A4). To see this, decompose IE[p] = f1 — f2 for two non-negative,
non-decreasing functions f; and fs such that VIE[¢](x) = fi(x) + f2(z). Then

/ (fi(x)e*ax)* dz < /fz(a: +1)e @D g < 2 /VE[go] (x)e " dz < 0.

We conclude from Proposition 2.6 that both z — f1(z)e™** and = — fo(z)e™** are directly
Riemann integrable and hence so is their difference, i.e., (A4) is satisfied. We have to check
that mt has a representation of the form (2.20). This follows from Lemma 7.6 once we have
shown that (7.7) holds (cf. Remark 7.8). However, the latter follows from the existence of a
Lebesgue density for p and the Riemann-Lebesgue lemma (cf. Remark 7.5).

Since A> = {a} and Ly (o) = —p #0, i.e., k(o) = 1, Lemma 7.6 gives

P e“ba [ Elp(z)]e @ dz + O(e) ast— oo
¢ O(eM) ast— —oo

for some constant b, o € R. From Nerman’s law of large numbers [28, Theorem 6.1, see the
proof on p. 246] or alternatively Proposition 7.9, we know that b, o = 371, so

mf =1L 00) (1) 57 L(Elg])(@)e™ + O(e" N ")

as t — oo, 1.e., mf indeed has a representation of the form (2.20). Hence, Theorem 2.15
applies. Let a, := B71L(E[¢])(). Then H(t) = e®*a,W. Notice that n = —1 and thus
p—1 =0 in Theorem 2.15. With ¢ > 0 as in Theorem 2.15, we now infer that in both cases,
o =0and o > 0, that

e (2 —ane®W) =e 2 (Zf — H(t)) % a\/g./\/ ast — 0o

for a standard normal random variable A independent of W. O
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PROOF OF THEOREM 2.9. As before we shall prove that the assumptions of Theo-
rem 2.15 are fulfilled. As in the proof of Theorem 2.8, we conclude that (2.19) implies
(A4). Lemma 7.6 yields (A7) and that mf has an expansion of the form (2.20) with
r(t) = O(e? Ae) as t — oo, see also Remark 7.8. The assertion now follows from Theo-
rem 2.15 and Remark 7.8. Note, that Hyy (£) = O(tFLe3?) = o(t*~2¢%?) by the definition
of Hyp (cf. (2.22)) and hence this term can be neglected in the limit theorem. ]

PROOF OF THEOREM 2.10. Again, we first check that the assumptions of Theorem 2.10
imply those of Theorem 2.15. So suppose that the assumptions of Theorem 2.10, in particular,
(A1) through (A3), hold. Regarding (A7), i.e., the finiteness of A>, notice that since p is
lattice, we have

A>={ e C:§<Re(N) <, =7 <Im(A) <7, Lu(\) =1}

By (A2), L is holomorphic on {z € C : Re(z) > ¥} and non-constant by (Al). Hence,
L1(z) = 1 can hold for only finitely many z in the compact box § < Re(z) < o, [Im(2)| <,
thatis, A> is finite. Now suppose that ¢ is a characteristic satisfying 3°,, ., [E[(n)]|(e 7"+
e~ ") < oo and (AS5). Then ¢ satisfies (A4) and (A6). Moreover, by Lemma 7.1 and Remark
7.8 we conclude (2.20) hence, Theorem 2.15 applies. As before, the assertion follows from
Theorem 2.15 in combination with Remark 7.8. By the same argument as in the proof of
Theorem 2.9, the term Hpp can be neglected. ]

7.4. Determining the coefficients. Note that although the constants ¢) and 5,\ are not
given explicitly it is not hard to follow the proofs and provide explicit expressions for them.
However, even for small k(\), this approach may lead to tedious calculations, not to men-
tion that there can also be several roots in the relevant strip. It seems that a more efficient
way to determine the constants bl)‘ is an application of Lemma 7.1 or 7.6, respectively, to a
characteristic for which we explicitly know the asymptotic behavior of the expectation of the
associated general branching process.

PROPOSITION 7.9.  Let X\ € A> be a root of Lu(z) =1 of multiplicity k (in the lattice
case we also assume that Im(\) € (—n, 7). Then the vector l;,\ appearing in Lemma 7.1 or
7.6, respectively, is given by M AEA = ey, where M is the k x k upper triangular matrix
such that for j > 1

BORSE ST

in the non-lattice case. In contrast, in the lattice case,

(M*); = <‘Z B 1) pk,j—i(%)ﬁﬂ(z)p:,\,

where the polynomials Py, ; are given by

k (k—l) k—m Biym(=y) — Brym(0)

Pralp)= (1> (7 v

m=1

)

and B, is the n'™ Bernoulli polynomial. In particular, in both cases, as (Lp)9)(\) = 0 for

G=1,... k-1,
MO
det(MA):<£'uk()> £0

and the matrix M* is invertible.
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For the proof, we need a lemma which essentially is Jensen’s inequality for the total vari-
ation operator V defined in (2.18).

LEMMA 7.10. Let ¢ = (¢(t))ier be a stochastic process with cadlag paths such that
o(t) € L* for every t € R and t v B[] (t) is again cadlag. Then, finite or not,

(1.17) VE[¢](t) < E[Vo(t)]
foreveryt € R.

PROOF. First notice that V(t) is a random variable. Indeed, since the paths of ¢ are
cadlag, we have

V¢(t):sup{2\¢(tj) —¢(tj—1)|: —co<tp<...<t, <t tg,...,t, €Q, ne]N},
j=1

which is measurable as the supremum of a family of random variables indexed by a countable
set. Since E[¢] is also cadlag, we infer

VES]() :sup{DEw(tj) o)) o< <ty St b €Q, nelN}
j=1
< sup {E[Z\qﬁ(tj) —qs(tj_l)@ Tty < ... <ty <t to,...,th €Q, ne]N}
j=1

SEl:SUp{ |¢(tj)—¢(tj71)|2t0<...<tn§t, to,... tn € Q, nGIN}]
j=1

= E[Vo(t).

PROOF OF PROPOSITION 7.9. For A € A>, consider the characteristic

o(t) = e, E[pr(t)]er

N
=10, (t)E[Z er Lo x,)(t) exp(\,t — X, k)ey
=

N
:]l[O,oo)(t)E[ZfXj(t)]7 teR
j=1

where, for any = > 0,

fo(t) == e Lo ) (t) exp(\,t — 2, k)er = Ly (¢)(t — z)" 172,
By Lemma 5.2 (the assumption are fulfilled by Lemma 5.1), the following holds for all £ > 0
(7.18) mf = ekT exp(A,t,k)ey.

We now aim to apply either Lemma 7.6 in the lattice case or Lemma 7.1 in the non-lattice
case to the characteristic ¢. To do this, we need to verify that ¢ satisfies either (2.19) or (7.3)
respectively.
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Using equations (4.16) and (4.17), we get

tAx d
V) < OBy () + [ [ 5o5)| s+ L

0 for t <0,
< C x { eRe(N)=0)(t—2) for0 <t <z,
1 forz <t

for some ¢ € (0, Re(\) —¥) and a constant C' that does not depend on = > 0. Thus,
/ Vis(t) (e +e ) dt < 2 / Vi (t)e Pt dt < Cle®

for some other constant C” that also does not depend on . Now, observe that we can apply
(7.17) to ekT@\el since both this characteristic and its expectation have cadlag paths. Only
the latter requires a proof. By (4.17),

N
’ekT%(t)eﬂ < Cl,e0) (t)eﬁ‘t Z 9%,
j=1

for any ¢ € R. Hence, (A2) and the dominated convergence theorem imply that E[ekT¢ Ae1] is
cadlag. Using the subadditivity of V, (7.17) and assumption (A2), we get

/V¢(t) (e +e ) dt = /OOO V<]E Léij] ) () (e " e ) dt

gE[i/VfX] (t) (e_ﬁt+e_°‘t)dt} gc’m[ie—’”@] < oo.
j=0

j=0
A similar argument gives (7.3) in the lattice case. An application of either Lemma 7.6 or
Lemma 7.1 (as mentioned in Remark 7.8), respectively, to the characteristic ¢, yields

mf = 37 BT [[exp(X.t - 2, K)o() o + O

)\’GAZ

(719 =) ((/exp(x,—x,k)qb(:c)e(dx))TEX>Texp(X,t,k)e1+O(e€t),

)\/GAZ
as t goes to infinity. Next take the difference of the two asymptotic expansions (7.18) and
(7.19) for mf and then apply Lemma A.1 to infer

T
( / exp(\, —z, k)p(x) E(dz)) by = ep.
It now suffices to evaluate the coefficients of the matrix
M = /exp(/\, —x,k)o(z) l(dz).

First, we deal with the non-lattice case. For this purpose, recalling basic properties of the beta
function B, we infer

/(—:B)le_’\xqb(x) dz = (-1)'E [i /Xj 2tz — X;)F e da
j=1"0



ASYMPTOTIC FLUCTUATIONS OF SUPERCRITICAL CMJ PROCESSES 65

0 [ =) e )

= (-1 [ B LR e ()

(k- 1)!

e

and therefore

(M), = < / exp(), —:r,k)¢(x)dx>j’i

= _]l{jzi}ﬁﬂ(kﬂfi)()\) ' <Z : i) (j(]_i)z(_lf_ k)?)

(j— DIk —1)!
=Y GG i el

In the non-lattice case, invoking Faulhaber’s formula, we have

Z( )l —)\x¢( |:Z Z k 1 —)\X:|

L) B ().

zeZ j=10<z<X,
/ > af A pu(dy)
0<z<y
—1)1/7;::1 (Z:D(—y)km%;yaﬁ”m16Ayu(dy)
/E < ) ) m Bigm (Y l>+—7§l+m(0) e u(dy)

= Pkl(;)ﬁu( )

z:)\’

which gives

(M), = ( / exp(, —x,k)gb(x)dm)j’i

—1 d
=L ( 1) P ji (@) Lp(z)

O]

8. Discussion and open problems. In this section we formulate several open problems
which are closely related to the present framework.

OPEN PROBLEM 1. Prove a corresponding limit theorem for the multitype CMJ process.
OPEN PROBLEM 2. Provide functional versions of the theorems proved in this paper.

A drawback of our method in the non-lattice case is that, in order to find the asymptotic of

the mean m; we need to assume that the measure i is absolutely continuous with respect to

Lebesgue measure or that at least (7.7) holds.
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OPEN PROBLEM 3. In the non-lattice case, work out a proof that does not require (7.7).

The Gaussian fluctuations appearing in our theorems are caused by the finiteness of the
second moment (2.9). In the case where the condition is not satisfied one still may ask for a
generalization.

OPEN PROBLEM 4. Prove a version of the limit theorems with a stable limit.

One of the basic ingredients of the CMJ process is the underlying branching random walk
(S(u))uer with positive increments. However, the process Z% can also be defined for a
branching random walk with two-sided increments and suitable (.

OPEN PROBLEM 5. Investigate the behavior of Z/ for a branching random walk
(S(u))ueT With two-sided increments.

A central limit theorem is usually complemented by a law of the iterated logarithm (see, for
instance, [24] for the central limit theorem and the law of the iterated logarithm for Nerman’s
martingale). This motivates the following problem.

OPEN PROBLEM 6. Prove a corresponding law of the iterated logarithm for Z/.

The martingale limits W () () play an important role in the asymptotic behavior of the
general branching process. It is important to obtain more information about their distribu-
tions. In particular, the following problem seems to be quite relevant.

OPEN PROBLEM 7. Derive the first-order asymptotic behavior of the tail probabilities
P(WW(N)|>t)ast—ooforj=0,...,k(\) — 1.

We also believe that the approach developed in the present paper might be useful for
settling the following.

OPEN PROBLEM 8. Find large deviation estimates for Z;7.
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APPENDIX: AN AUXILIARY RESULT

LEMMA A.1l. Letr €N, k; € Ng, j=1,...,7, 21,..., % be distinct complex numbers
with |zj| > pand bj;, j=1,...,r,1=0,...,k; complex numbers. Then

r ok
(A.1) Zij,lnlz;Lzo(p") asn—oo, neN
j=11=0

implies bj; =0 forall j=1,...,7r,1=0,...,k;.
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PROOF. We use induction on K :=kj + --- + k,. Suppose that K = 0 and denote by
V(21 ey 2r) = (z;nq)m’j:lmr the Vandermonde matrix associated with 21, ..., 2,. Then,
putting b; := b; o, each component of the vector

blz?

V(zi,oohze) | 0 | = (ijz;”_lzg‘>
j=1

n

m=1,...,r
b?" ZT PR}

is o(p™) as n — oc. Since z1,. .., 2 are distinct, det V'(z1,. .., z,) # 0, hence we may mul-
tiply the last displayed equation by the inverse of V' (z1,...,2,) from the left and conclude
that bz} = o(p™) as n — oo, which, in turn, gives b; =0 for j =1,...,r. For the induction
step, we assume that the induction hypothesis holds whenever k1 + ... + k, < K. If now
ki + ...+ k. = K + 1, then there is exists some jo € {1,...,r} with k;, > 0. We define a
linear operator L by

Lf(n):=f(n)—zj,f(n—1)

forany f:Z— C.If f(n) =o(p"), then so is Lf(n). Moreover, if f(n)=p(n)z" for some
polynomial p, then Lf(n) = p(n)z" for another polynomial p with degp < degp and if
f(n)= nlzgg, then Lf(n) = (In'=1 + p(n))z}, for some polynomial p with degp <1 — 2.
Applying L to both sides of the relation (A.1) we infer

rok
Z Z bj,mlz? =o(p") asn—o0, nelN
j=11=0

for some Ej < kj, l;jo =kj, —1 and l;j07kj0_1 = kjybjo k;, - The induction hypothesis gives
that Bjmkjo_l = 0 which implies that bj, ;, = 0 as well. This allows us to replace k;, by
kj, — 1 in (A.1). The claim now follows by induction. O
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