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ABSTRACT. We prove a functional limit theorem in a space of analytic functions for the ran-
dom Dirichlet series D(α;z) = ∑n≥2(logn)α(ηn + iθn)/nz, properly scaled and normalized, where
(ηn,θn)n∈N is a sequence of independent copies of a centered R2-valued random vector (η ,θ) with
a finite second moment and α > −1/2 is a fixed real parameter. As a consequence, we show that
the point processes of complex and real zeros of D(α;z) converge vaguely, thereby obtaining a uni-
versality result. In the real case, that is, when P{θ = 0} = 1, we also prove a law of the iterated
logarithm for D(α;z), properly normalized, as z → (1/2)+.

1. INTRODUCTION

Let (Xn)n∈N be a sequence of complex-valued random variables defined on some probability
space (Ω,F ,P). Here, N= {1,2, . . .} is the set of positive integer numbers. The random series

D(z) := ∑
n≥1

Xn

nz , z ∈ C

is called random Dirichlet series. For any Dirichlet series, deterministic or random, there exist
two real parameters σa and σc associated with the domains of convergence of D := (D(z))z∈C, see
Chapter 9 in [22]. The parameter σa is called the abscissa of absolute convergence and the series
D(z) converges absolutely P-almost surely (a.s. in short) if Re(z) > σa and diverges absolutely
a.s. if Re(z)< σa. Likewise, the parameter σc is called the abscissa of convergence and the series
D(z) converges a.s. if Re(z)> σc and diverges a.s. if Re(z)< σc. The open half-planes

Hσa = {z ∈ C : Re(z)> σa} and Hσc = {z ∈ C : Re(z)> σc}

are called the half-plane of absolute convergence and the half-plane of convergence, respectively.
The function D is a.s. analytic in Hσc as an a.s. uniformly convergent series of analytic functions,
see p. 291 in [22].

The values σa and σc depend heavily upon the properties of the random coefficients (Xn)n∈N.
According to Section 9.14 in [22],

σc = limsup
n→∞

log |X1 + . . .+Xn|
logn

a.s. (1.1)
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If the coefficients X1, X2, . . . are independent, then, by a zero-one law, σc ∈ [−∞,+∞] is a degen-
erate random variable. Otherwise, σc may be nondegenerate.

In the present paper we focus on a particular instance of random Dirichlet series, in which
Xn := (logn)α(ηn+ iθn), n ∈N, where α ∈R is a fixed parameter and (ηn,θn)n∈N are independent
copies of an R2-valued random vector (η ,θ) satisfying

Eη = Eθ = 0 and 0 < Eη
2 +Eθ

2 < ∞. (1.2)

Here and in what follows, E denotes the expectation with respect to the probability measure P.
The corresponding random Dirichlet series will be denoted by Dα := (D(α;z))z∈C, that is,

D(α;z) := ∑
n≥2

(logn)α(ηn + iθn)

nz , z ∈ C.

For each fixed α ∈ R, a specialization of (1.1) to Dα yields

P
{

σc =
1
2

}
= 1. (1.3)

This follows from the law of the iterated logarithm for weighted sums of independent identically
distributed random variables, see Theorem 3 in [21]. Indeed, this theorem entails

limsup
n→∞

(
2n(logn)2α log logn

)−1/2
∣∣∣∣∣ n

∑
k=2

(logk)α(ηk + iθk)

∣∣∣∣∣ ∈ (0,∞) a.s.,

thereby justifying (1.3). Thus, for every fixed α ∈ R, z 7→ D(α;1/2+ z) is a random analytic
function in the right open half-plane

H0 = {z ∈ C : Re(z)> 0}.

The analytic character of Dα on the critical line {z ∈ C : Re(z) = 1/2} is discussed in Theorem 4
on p. 44 in [15]. Further results of this flavor for general random Dirichlet series can be found in
[9]. However, we do not pursue this line of research in the present paper.

Limit behavior of D0 has received some attention in the recent years. The main motivation for
our work comes from the two recent papers [4] and [5], where the particular case

P{η =±1}= 1/2 and P{θ = 0}= 1 (1.4)

was investigated. In particular, under (1.4), a one-dimensional central limit theorem and a law of
the iterated logarithm for D0, properly normalized, can be found in [5]. We show that both results
continue to hold under more general assumption (1.2) for arbitrary α > −1/2. Furthermore, we
upgrade the one-dimensional central limit theorem to a functional limit theorem in an appropriate
space of analytic functions. By a standard reasoning, the latter entails weak convergence of the
random point process of zeros of Dα . Example 5.5 in [19] provides a functional limit theorem,
along with a limit theorem for the zeros, for a counterpart of D0, in which the summation extends
over prime indices and η + iθ has a uniform distribution on {z ∈ C : |z|= 1}.
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Throughout the paper we write P→ to denote convergence in probability, and =⇒, d−→ and f.d.d.−→
to denote weak convergence in a function space, weak convergence of one-dimensional and finite-
dimensional distributions, respectively. We also identify R2 and C via the canonical isomorphism
and consider R2-valued processes as C-valued and vice versa.

2. FUNCTIONAL LIMIT THEOREM FOR THE RANDOM DIRICHLET SERIES AND

CONVERGENCE OF ITS ZEROS

As expected, in the limit theorems for (D(α;z))z∈H0 we shall encounter moments and covariance
of (η ,θ). As a preparation, put

C :=

(
Varη Cov(η ,θ)

Cov(η ,θ) Varθ

)
=:

(
σ2

1 ρ

ρ σ2
2

)
.

In what follows, ⌊x⌋ denotes the integer part of x ∈ R and y⊺ denotes the transpose of a column
vector y.

Let (B(t))t≥0 = (B1(t),B2(t))
⊺
t≥0 be a standard two-dimensional centered Brownian motion with

the independent components (B1(t))t≥0 and (B2(t))t≥0. The classical invariance principle tells us
that, under (1.2),(

η1 +η2 + . . .+η⌊nt⌋√
n

,
θ1 +θ2 + . . .+θ⌊nt⌋√

n

)⊺

t≥0
=⇒ (C1/2B(t))t≥0, n → ∞ (2.1)

on the Skorokhod space D([0,∞),R2) of R2-valued càdlàg functions defined on [0,∞), endowed
with the J1-topology. As a consequence,(

(η1 + iθ1)+(η2 + iθ2)+ . . .+(η⌊nt⌋+ iθ⌊nt⌋)√
n

)
t≥0

=⇒ ((1, i)C1/2B(t))t≥0, n → ∞

on the Skorokhod space D([0,∞),C). Here and hereafter, for a,b,c,d ∈ C, (a,b)(c,d) = ac+bd.
Observe that the weak limit in (2.1) is a two-dimensional Wiener process with the covariance
matrix C.

Now we introduce a stochastic process which serves as a weak limit of (D(α;1/2+ sz))z∈H0 ,
properly normalized, as s → 0+.

2.1. The limit process. For z ∈ H0, α >−1/2 and j = 1,2, define the Skorokhod integral

I j(α;z) :=
∫
[0,∞)

yαe−zydB j(y).

Alternatively, I j(α;z) can be thought of as the result of integration by parts

I j(α;z) =−
∫
[0,∞)

B j(y)d(yαe−zy) = z
∫

∞

0
yαB j(y)e−zydy−α

∫
∞

0
yα−1B j(y)e−zydy. (2.2)
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A C-valued process Iα := (I (α;z))z∈H0 is then defined by the product

I (α;z) := (1, i)C1/2

(
I1(α;z)
I2(α;z)

)
.

Note that for α ≤−1/2 the integral defining I j(α;z) diverges due to a singularity at 0. According
to Theorem 5a in [23, Chapter II] applied to the Laplace transforms on the right-hand side of (2.2)
(or just by Morera’s theorem), the functions (I j(α;z))z∈H0 , j = 1,2 are a.s. analytic in H0, for ev-
ery fixed α >−1/2. Thus, Iα is also analytic in H0 as a linear combination of analytic functions.
Summarizing we conclude that the random process Iα is a centered Gaussian analytic function
on H0. Its covariance structure is given in the next proposition which can be checked by direct
calculations using independence of (I1(α;z)) and (I2(α;z)).

Proposition 2.1. The covariances of the process (I (α;z))z∈H0 are given by

E(I (α;z1)I (α;z2)) =
Γ(1+2α)(σ2

1 −σ2
2 +2iρ)

(z1 + z2)1+2α
, z1,z2 ∈ H0 (2.3)

and

E
(
I (α;z1)I (α;z2)

)
=

Γ(1+2α)(σ2
1 +σ2

2 )

(z1 + z2)1+2α
, z1,z2 ∈ H0, (2.4)

where Γ is the Euler gamma function and x denotes the complex conjugate of x ∈ C.

A role of the real parameter α in the definitions of Dα and Iα is revealed by the following
observation. Let Dα

− be a fractional derivative operator defined for α >−1 by

(Dα
−( f ))(z) = (−1)m

(
d
dz

)m

(Im−α
− ( f ))(z), m := ⌊α⌋+1, (2.5)

where
(Iγ

−( f ))(z) =
1

Γ(γ)

∫
∞

0
f (z+u)uγ−1du, γ ∈ (0,1].

We skip defining the domains and the ranges of the fractional operators Iγ

− and Dα
− , since this is not

essential for the present paper. This subject is rather delicate, especially for fractional operators
defined via integration over the whole line or a half-line as in Iγ

−, where some integrability of
f at infinity is necessary. We refer the reader to §5 and §22 in [18], where the aforementioned
definitions can be found as equations (22.18) and (22.21). For our purposes it suffices to note that
Dα

−(e
−at) = aαeat , a > 0, which entails, see p. 421 in [18],

D(α; ·) = Dα
−(D(0; ·)), α >−1. (2.6)

Formula (2.6) implies, for instance, that passing from α to α + 1 amounts to taking the usual
derivative. It also highlights the special role of the value α = 0 for the Dirichlet series Dα .

It turns out that for the two particular choices of the matrix C, the limit process Iα and its
various time-changed versions pop up frequently in modern probability, with the case α = 0 being
of special importance.
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The first of the aforementioned choices is C= I, where I is the identity matrix. Then

I (α;z) =
∫
[0,∞)

yαe−zydBC(y), z ∈ H0, (2.7)

where BC is the standard complex Brownian motion. An exponential change of time z 7→ e2z which
maps the union of parallel horizontal strips

S0 :=
⋃
k∈Z

{z ∈ C : Im(z) ∈ (−π/4+πk,π/4+πk)}

onto H0 leads to a Gaussian process

Sα(z) := 2α(Γ(1+2α))−1/2e(1+2α)zI (α; e2z), z ∈ S0,

with the covariance structure

E(Sα(z1)Sα(z2)) = 0 and E(Sα(z1)Sα(z2)) =
1

(cosh(z1 − z2))1+2α
.

In particular, this means that the process (Sα(t))t∈R is a complex-valued stationary Gaussian
process on R. Setting α = 0, replacing I (0;e2z) with I1(0;e2z) in the definition of Sα and
only considering z ∈ R we obtain a centered real-valued stationary Gaussian process S0, which
was recently investigated in [12]. Another important time-change is constructed as follows. Let
D := {z ∈ C : |z|< 1} be the open unit disk in C. The linear fractional transformation

ϕ(z) =
1+ z
1− z

, z ∈ D (2.8)

maps D conformally to H0. A time-changed process defined by the transformation

fα,C(z) :=
2α(Γ(1+2α))−1/2

(1− z)1+2α
I (α;ϕ(z)) =

2α(Γ(1+2α))−1/2

(1− z)1+2α
I

(
α;

1+ z
1− z

)
, z ∈ D (2.9)

is a Gaussian process with the covariance structure

E( fα,C(z1) fα,C(z2)) = 0 and E( fα,C(z1) fα,C(z2)) =
1

(1− z1z2)1+2α
, z1,z2 ∈ D.

The latter formula implies that fα,C has the same distribution as a random Gaussian power series

∞

∑
n=0

N C
n

√
(1+2α)(2+2α) · · ·(n+2α)√

n!
zn, z ∈ D, (2.10)

where (N C
n )n≥0 is a sequence of independent standard complex Gaussian variables. Random

series (2.10) is known in the literature as hyperbolic Gaussian analytic function and its properties
have been much studied, with many basic aspects already covered in Chapter 13 of [15]. An
important feature of fα,C is that the point process of its complex zeros is determinantal if, and only
if, α = 0, see [17] and Chapter 5 in [10].
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The second important choice of the matrix C corresponds to the real case, when P{θ = 0} = 1
and α = 0. Then C has a unique non-zero entry σ2

1 and

I (0;z) =
∫
[0,∞)

e−zydB1(y), z ∈ H0.

We assume, without loss of generality, that σ2
1 = 1. A time-changed process

fR(z) :=
1

1− z
I

(
0;

1+ z
1− z

)
, z ∈ D (2.11)

has the same distribution as a random power series
∞

∑
n=0

N R
n zn, z ∈ D, (2.12)

where (N R
n )n≥0 is a sequence of independent standard real Gaussian variables. The process fR

has also been much studied. In particular, the point processes of both real and complex zeros of fR
are known to be Pffafian, see [16].

2.2. Distributional limit theorems. Let A (H0) be the space of analytic functions on H0, en-
dowed with the topology of uniform convergence on compact subsets of H0. Our first result is a
functional limit theorem in the space A (H0) for the scaled processes (D(α;1/2+ sz))z∈H0 , when
a real parameter s tends to 0+.

Theorem 2.2. Assume (1.2) and let α >−1/2. Then the following weak convergence holds in the
space of probability measures on A (H0):(

s1/2+αD(α;1/2+ sz)
)

z∈H0
=⇒ (I (α;z))z∈H0, s → 0+ .

Note that if ( f (z))z∈H0 ∈A (H0), then ( f (x))x>0 ∈C((0,∞),C), where C((0,∞),C) is the space
of C-valued continuous functions defined on (0,∞) and endowed with the topology of locally
uniform convergence. Theorem 2.2 immediately implies the following statement.

Corollary 2.3. Assume (1.2) and let α >−1/2. Then the following weak convergence holds in the
space of probability measures on C((0,∞),C):(

s1/2+αD(α;1/2+ sx)
)

x>0
=⇒ (I (α;x))x>0, s → 0+ .

In the real case when P{θ = 0}= 1, Corollary 2.3 amounts to weak convergence of probability
measures on C((0,∞),R) the space of real-valued continuous functions defined on (0,∞) endowed
with the topology of locally uniform convergence. With a view towards a law of the iterated
logarithm (Theorem 3.1) we only formulate a one-dimensional central limit theorem in this setting.
As a preparation, using (2.3) with z1 = z2 = 1 we conclude that I (α;1) = σ1I1(α;1) has the
same distribution as (2−1−2αΓ(1+ 2α)σ2

1 )
1/2 ·N R

0 with N R
0 as defined in the line following

(2.12). With this at hand, putting in Corollary 2.3 x = 1 we arrive at the following result.
6



Corollary 2.4. Assume that Eη = 0, σ2
1 = Eη2 ∈ (0,∞) and let α >−1/2. Then( (2s)1+2α

Γ(1+2α)σ2
1

)1/2
∑
k≥2

(logk)α

k1/2+s
ηk

d−→ N R
0 , s → 0+ .

2.3. Convergence of zeros. Given a locally compact metric space X, denote by Mp(X) the space
of locally finite point measures on X endowed with the vague topology. A random element with
values in Mp(X) is called a random point measure on X. For a function f : C → C, which is
analytic in a domain Λ ⊂C and does not vanish identically, denote by ZerosΛ( f ) the locally finite
point measure on Λ counting the zeros of f in Λ with multiplicities.

A direct consequence of Theorem 2.2 is the following limit theorem for the point process of
zeros of (D(α;1/2+ z))z∈H0 , see Lemma 4.3 and Remark 4.4 in [13].

Proposition 2.5. Under the assumptions of Theorem 2.2, the following weak convergence holds in
the space of probability measures on Mp(H0):

ZerosH0(D(α;1/2+ s(·))) =⇒ ZerosH0(I (α; ·)), s → 0+ .

Recall that ϕ denotes the linear fractional transformation (see (2.8)), which maps the open unit
disk D onto H0. Proposition 2.5 in combination with representation (2.9) entails the following
result.

Corollary 2.6. Assume that Eη2 = Eθ 2, ρ = 0 and let α >−1/2. Then

ZerosH0(D(α;1/2+ s(·))) =⇒ ϕ
(
ZerosD( fα,C(·))

)
, s → 0+,

where fα,C is the hyperbolic Gaussian analytic function defined by (2.10). If α = 0, then the
point process ZerosD( f0,C(·)) is a determinantal point process with the joint intensity as given in
Theorem 1 of [17].

Using the fact that, in the special case α = 0, the point process ZerosD( f0,C(·)) is determinantal,
one can deduce further information on the number of zeros in special disks. Fix r ∈ (0,1) and note
that the linear fractional transformation ϕ maps the open disk D(r) := {z : |z| < r} bijectively to
the open disk

D̃(r) :=
{

z ∈ C :
∣∣∣∣z− 1+ r2

1− r2

∣∣∣∣< 2r
1− r2

}
⊂ H0. (2.13)

This can be proved by checking that |ϕ−1(z)| < r if, and only if, z ∈ D̃(r). Furthermore, if 0 <

r1 < r2 < 1, then D̃(r1)⊂ D̃(r2) and D̃(r) ↑ H0, as r ↑ 1. Also, for every r ∈ (0,1),

ϕ
(
ZerosD( f0,C(·))

)
(D̃(r)) = ZerosD( f0,C(·))(ϕ−1(D̃(r))) = ZerosD( f0,C(·))(D(r)) =: Nr,

that is, Nr is the number of zeros of f0,C lying inside D(r). According to Corollary 5.1.7 in [10],

E(1+ t)Nr = ∏
k≥1

(1+ r2kt), t ∈ R. (2.14)

Further properties of the random variable Nr can be found in Corollary 5.1.8 in [10].
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Putting things together we obtain

Corollary 2.7. Assume that Eη2 = Eθ 2 and ρ = 0. Let r ∈ (0,1) be fixed and denote by Nr(s) the
number of zeros of z 7→ D(0;1/2+ sz) in the disk D̃(r) defined by (2.13). Then

Nr(s)
d−→ Nr, s → 0+,

where Nr is a random variable with the generating function given by (2.14).

In the real case when P{θ = 0}= 1 it is more natural to consider the point process of real zeros.
A counterpart of Proposition 2.5 for the real zeros is given below. For a,b ∈ R∪{±∞}, a < b,
let Zeros(a,b)( f ) denote the locally finite point measure on (a,b) counting the real zeros (with
multiplicities) of a function f analytic in some domain of C containing (a,b).

Proposition 2.8. Assume that P{θ = 0}= 1, Eη = 0, σ2
1 = Eη2 ∈ (0,∞) and let α >−1/2. Then

the following weak convergence holds in the space of probability measures on Mp((0,∞)):

Zeros(0,∞)(D(α;1/2+ s(·))) =⇒ Zeros(0,∞)(I (α; ·)), s → 0+ . (2.15)

Note that the function ϕ maps bijectively the open interval (−1,1) to the positive half-line (0,∞).
In the case α = 0 the following holds true in view of (2.11).

Corollary 2.9. In the setting of Proposition 2.8,

Zeros(0,∞)(D(0;1/2+ s(·))) =⇒ ϕ(Zeros(−1,1)( fR(·))), s → 0+,

where fR is the random power series defined by (2.12). The point process Zeros(−1,1)( fR(·)) is a
Pfaffian point process with the joint intensity described by Theorem 2.1 in [16].

An important feature of random Dirichlet series D(α; ·) revealed by Propositions 2.5 and 2.8 is
that the distributions of the limit point processes of zeros only depend on the covariance structure
of (η ,θ) and do not depend on the distribution of (η ,θ). Such a phenomenon is usually referred
to as local universality and has already been observed for many models, see, for instance, [1, 2,
11, 14, 20].

3. A LAW OF THE ITERATED LOGARITHM

Our second main result given in Theorem 3.1 is a law of the iterated logarithm. As usual, a
hint concerning the form of this law is given by the central limit theorem, Corollary 2.4. Beyond
purely probabilistic interest, Theorem 3.1 leads to a conclusion which may be interesting to number
theorists. As s approaches 0+, the random function s 7→ ∑k≥2

(logk)α

k1/2+s ηk changes sign infinitely
often a.s. Being an a.s. continuous function, it has infinitely many real zeros in any right vicinity
of 0 a.s.

For a family (xt) we denote by C((xt)) the set of its limit points.
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Theorem 3.1. Assume that P{θ = 0}= 1, Eη = 0, σ2
1 := Eη2 ∈ (0,∞) and let α >−1/2. Then

limsups→0+

( s1+2α

log log1/s

)1/2
∑
k≥2

(logk)α

k1/2+s
ηk =

(
σ2

1 Γ(1+2α)

22α

)1/2
a.s. (3.1)

and

liminfs→0+

( s1+2α

log log1/s

)1/2
∑
k≥2

(logk)α

k1/2+s
ηk =−

(
σ2

1 Γ(1+2α)

22α

)1/2
a.s. (3.2)

In particular,

C
((( 22α

σ2
1 Γ(1+2α)

s1+2α

log log1/s

)1/2
∑
k≥2

(logk)α

k1/2+s
ηk : s ∈ (0,1/e)

))
= [−1,1] a.s. (3.3)

Remark 3.2. In Theorem 1.1 of [5] the following law of the iterated logarithm was proved un-
der (1.4):

limsups→0+

( s
log log1/s

)1/2
∑
k≥1

1
k1/2+s

ηk = 1. (3.4)

The present article has partly been motivated by our desire to extend (3.4) to centered i.i.d. random
variables with finite second moment and more general weights. In particular, here, finiteness of
the exponential moments of η is not assumed which leads to additional technical complications.

4. PROOF OF THEOREM 2.2 AND PROPOSITION 2.8

4.1. Auxiliary result. Lemma 4.1 is used in the proof of Theorem 2.2. While relation (4.1) fol-
lows easily if z approaches 0 along positive reals, it does require a proof if z approaches 0 along
H0.

Lemma 4.1. Let β >−1 be fixed. Then

lim
z→0,z∈H0

z1+β
∑
k≥2

(logk)β

k1+z = Γ(1+β ). (4.1)

Proof. Let ζ be the analytic continuation of the Riemann zeta-function to C \ {1}. First of all,
note that for β ∈N0 the result is a consequence of the facts, see, for instance, Theorem 12.5 (a) on
p. 255 in [3]), that limz→0,z∈C zζ (1+ z) = 1 and C ∋ z 7→ zζ (1+ z) is an entire function. Thus,

dk

dzk (zζ (1+ z))
∣∣∣
z=0

is finite for k = 0,1, . . . ,β ,

and (4.1) follows by induction. This argument fails when β is not an integer.
Now we provide a proof which works for any β >−1. To this end, put z = u+ iv and write

∑
k≥2

(logk)β

k1+z = ∑
k≥2

(logk)β cos(v logk)
k1+u − i ∑

k≥2

(logk)β sin(v logk)
k1+u .

9



We are going to apply Euler’s summation formula in the form given by Theorem 3 on p. 54 in [3]
with y = 1, x = N ∈ N, and

f (t) := t−(1+u)(log t)β

{
cos
sin

}
(v log t).

It can be checked that, for u ∈ [0,1] and |v| ≤ 1,

| f ′(t)|= O
(

1
t3/2

)
, t →+∞,

where the constant in the Landau symbol O does not depend on u and v. Hence,

N

∑
k=2

f (k) =
∫ N

1
f (t)dt +

∫ N

1
(t −⌊t⌋) f ′(t)dt =

∫ N

1
f (t)dt +O(1),

where the symbol O is uniform in u ∈ [0,1], |v| ≤ 1 and N. Sending N → ∞ yields

∑
k≥2

f (k) =
∫

∞

1
f (t)dt +O(1).

Thus, as z → 0 inside the region |z|=
√

u2 + v2 ≤ 1 and z ∈ H0,

∑
k≥2

(logk)β

k1+z =
∫

∞

1

(log t)β

t1+z dt +O(1) =
∫

∞

0
xβ e−zxdx+O(1) = z−(1+β )

Γ(1+β )+O(1),

and (4.1) follows. □

4.2. Proof of Theorem 2.2. We first prove weak convergence of the finite-dimensional distribu-
tions and then check tightness in the space A (H0).

For every fixed z ∈ H0 and s > 0, the variable

s1/2+αD(α;1/2+ sz) = s1/2+α
∑
k≥2

(logk)α

k1/2+sz
(ηk + iθk)

is an (infinite) sum of centered independent random variables with finite second moments. Thus, to
check weak convergence of the finite-dimensional distributions it is enough to check convergence
of covariances and then the Lindeberg-Feller condition, see, for instance, Proposition 4.2 in [19].
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CONVERGENCE OF COVARIANCES. For fixed z1,z2 ∈ H0,

s1+2αE(D(α;1/2+ sz1)D(α;1/2+ sz2))

= s1+2αE

(
∑
ℓ≥2

(logℓ)α

ℓ1/2+sz1
(ηℓ+ iθℓ)

)(
∑
j≥2

(log j)α

j1/2+sz2
(η j + iθ j)

)

= s1+2α
∑
k≥2

(logk)2α

k1+s(z1+z2)
E(ηk + iθk)

2

= (σ2
1 −σ

2
2 +2iρ)s1+2α

∑
k≥2

(logk)2α

k1+s(z1+z2)

→
Γ(1+2α)(σ2

1 −σ2
2 +2iρ)

(z1 + z2)1+2α
, s → 0+,

where the convergence is secured by Lemma 4.1 in the Appendix. The right-hand side is equal to
E(I (α;z1)I (α;z2)) according to (2.3). The convergence

s1+2αE
(

D(α;1/2+ sz1)D(α;1/2+ sz2)
)

→ E
(
I (α;z1)I (α;z2)

)
, s → 0+

follows analogously, by another application of Lemma 4.1.

THE LINDEBERG-FELLER SUFFICIENT CONDITION. It suffices to show that, for every fixed
z ∈ H0 and all ε > 0,

lim
s→0+

s1+2α
∑
k≥2

E

(∣∣∣∣(logk)α

k1/2+sz
(ηk + iθk)

∣∣∣∣21{s1+2α |(logk)α k−1/2−sz(ηk+iθk)|>ε}

)
= 0. (4.2)

Since (logx)αx−1/2 ≤ Aα for some Aα > 0 and all x ≥ 2, we conclude that, for integer k ≥ 2, s > 0
and z ∈ H0,

|(logk)αk−1/2−sz|= (logk)αk−1/2−sRe(z) ≤ Aα .

Hence, the expression under the limit in (4.2) is upper bounded by(
s1+2α

∑
k≥2

(logk)2α

k1+2sRe(z)

)
E(η2 +θ

2)1{
√

η2+θ 2>εA−1
α s−1−2α} .

As a consequence of E(η2 + θ 2) < ∞, the expectation converges to 0, as s → 0+. According
to Lemma 4.1, the first factor converges to Γ(1+ 2α)/(2Re(z))1+2α . This completes the proof
of (4.2).

TIGHTNESS. Let K be an arbitrary compact subset of H0 and T > 0. In order to prove that
the family of distributions of the processes (s1/2+αD(α;1/2+ s(·)))s∈(0,T ] is tight on A (H0), it
suffices to show that

sup
s∈(0,T ]

sup
z∈K

E|s1/2+αD(α;1/2+ sz)|2 < ∞, (4.3)

11



see the remark after Lemma 2.6 in [19]. Note that

E|D(α;1/2+ sz)|2 = E
(

D(α;1/2+ sz)D(α;1/2+ sz)
)

= E

(
∑
ℓ≥2

(logℓ)α

ℓ1/2+sz
(ηℓ+ iθℓ)

)(
∑
j≥2

(log j)α

j1/2+sz
(η j − iθ j)

)

= E(η2 +θ
2) ∑

k≥2

(logk)2α

k1+2sRe(z)

and that

sup
z∈K

E|s1/2+αD(α;1/2+ sz)|2 ≤ E(η2 +θ
2)s1+2α

∑
k≥2

(logk)2α

k1+2sx0
,

where x0 := infz∈K Re(z) > 0. Since the right-hand side is bounded in s ∈ (0,T ] by Lemma 4.1,
inequality (4.3) follows. The proof of Theorem 2.2 is complete.

Remark 4.2. Recall that Dα
− denotes the fractional derivative operator defined by (2.5). In view

of (2.6)
s1/2+αD(α;1/2+ s(·)) = Dα

−

(
s1/2D(0;1/2+ s(·))

)
, s > 0.

Thus, one possible way to deduce Theorem 2.2 could have been to prove it in a simpler situation
α = 0, and then check that Dα

− is a.s. continuous at I0. However, we have not been able to obtain
appropriate continuity results for Dα

− , nor locate them in the literature. In view of this we proved
Theorem 2.2 directly.

4.3. Proof of Proposition 2.8. Let A(0,∞)(H0) be a subspace of A (H0) consisting of all functions
f ∈ A (H0) which take real values on (0,∞). The space A(0,∞)(H0) is endowed with the induced
topology. Note that, under the assumptions of Proposition 2.8, the weak convergence(

s1/2+αD(α;1/2+ sz)
)

z∈H0
=⇒ (I (α;z))z∈H0, s → 0+ . (4.4)

holds on the space of probability measure on A(0,∞)(H0), since A(0,∞)(H0) is closed in A (H0).
Let A(0,∞) be the set of all f ∈ A(0,∞)(H0) which do not have multiple real zeros. According to

Lemma 4.2 in [11], the mapping A(0,∞)(H0) ∋ f 7→ Zeros(0,∞)( f ) is continuous on A(0,∞). Thus,
(2.15) follows from (4.4) provided that

P{Iα ∈ A(0,∞)}= 1. (4.5)

Recall that Iα is a centered Gaussian process. Thus, in order to prove (4.5) it suffices to check
that

Var(I (α;s))> 0, s > 0, (4.6)

see Theorem in [24] or Lemma 4.3 in [11]. But (4.6) is trivial, since

Var(I (α;s)) =
Γ(1+2α)σ2

1
(2s)1+2α

> 0, s > 0

by (2.3). The proof of Proposition 2.8 is complete.
12



5. PROOF OF THEOREM 3.1

We start by proving an intermediate result.

Proposition 5.1. Under the assumptions of Theorem 3.1,

limsups→0+

( s1+2α

log log1/s

)1/2
∑
k≥2

(logk)α

k1/2+s
ηk ≤

(
σ2

1 Γ(1+2α)

22α

)1/2
a.s. (5.1)

and

liminfs→0+

( s1+2α

log log1/s

)1/2
∑
k≥2

(logk)α

k1/2+s
ηk ≥−

(
σ2

1 Γ(1+2α)

22α

)1/2
a.s. (5.2)

We prove Proposition 5.1 via a sequence of lemmas. The general idea is to split the sum
∑k≥2

(logk)α

k1/2+s ηk into three fragments. Lemmas 5.2 and 5.3 are then designed to show that the contri-
butions of the two fragments are negligible. Lemmas 5.4 and 5.5 are concerned with the fragment
of the sum which gives a principal contribution. While a simpler Lemma 5.4 deals with the con-
vergence along a sequence, more efforts are then required in the proof of Lemma 5.5 to pass to the
convergence along reals.

It has already been mentioned in Section 1 that the case P{η = ±1} = 1/2 and α = 0 had
been treated in [5]. In the latter situation neither splitting the sum into fragments, nor truncation
used in Lemma 5.4 are needed. Furthermore, the fact that relation (5.1), with α = 0, holds along
a sequence is an immediate consequence of the Hoeffding inequality and (the direct part of) the
Borel-Cantelli lemma, see Lemma 3.3 in [5]. Both the proof of Lemma 3.4 in [5] and the most
involved part of our proof of Lemma 5.5 rest heavily on a chaining argument.

Replacing ηk with ηk/σ1 we can and do assume that σ2
1 = 1. For s > 0, put M(s) := ⌊1/s⌋ and,

for s ∈ (0,1/e), put

fα(s) :=
( s1+2α

cα log log1/s

)1/2
,

where

cα :=
Γ(1+2α)

22α
.

Lemma 5.2. lims→0+ fα(s)∑
M(s)
k=2

(logk)α

k1/2+s ηk = 0 a.s.

Proof. Put T0 := 0, Tn := η1 + . . .+ηn for n ∈N. By the law of the iterated logarithm for standard
random walks,

|Tn| ≤ sup
k≤n

|Tk|= O((n log logn)1/2), n → ∞ a.s. (5.3)
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Hence, there exist C > 0 and a.s. finite K ≥ 3 such that |Tn| ≤ C(n log logn)1/2 whenever n ≥ K.
Integration by parts yields, for small s > 0,

M(s)

∑
k=2

(logk)α

k1/2+s
ηk =

∫
(3/2,M(s)]

(logx)α

x1/2+s
dT⌊x⌋ =

(logM(s))αTM(s)

(M(s))1/2+s
− (log3/2)αη1

(3/2)1/2+s

−
∫ K

3/2

(α(logx)α−1 − (1/2+ s)(logx)α)T⌊x⌋

x3/2+s
dx

−
∫ M(s)

K

(α(logx)α−1 − (1/2+ s)(logx)α)T⌊x⌋

x3/2+s
dx.

Since lims→0+(M(s))s = 1, we infer, as s → 0+,

(logM(s))α |TM(s)|
(M(s))1/2+s

∼
(logM(s))α |TM(s)|

(M(s))1/2 = O((logM(s))α(log logM(s))1/2)

= O((log1/s)α(log log1/s)1/2) a.s.

Hence, as s → 0+, fα(s)
(logM(s))α |TM(s)|

(M(s))1/2+s = O(s1/2+α(log1/s)α)→ 0 a.s. Further,

lim
s→0+

∫ K

3/2

(α(logx)α−1 − (1/2+ s)(logx)α)T⌊x⌋

x3/2+s
dx

=
∫ K

3/2

(α(logx)α−1 − (1/2)(logx)α)T⌊x⌋

x3/2 dx a.s.,

and the limit random variable is a.s. finite. Finally, by the change of variable y = s logx,∫ M(s)

K

|T⌊x⌋|
x3/2+s

dx ≤C
∫ M(s)

K

(log logx)1/2

x1+s dx =
C
s

∫ s logM(s)

s logK
e−y(log1/s− log1/y)1/2dy

≤ C(log1/s)1/2

s

∫ s logM(s)

0
e−ydy ∼ C(log1/s)1/2 logM(s)∼C(log1/s)3/2, s → 0+ a.s.,

whence, by monotonicity of x 7→ (logx)α ,∫ M(s)

K

(α(logx)α−1 +(1/2+ s)(logx)α)|T⌊x⌋|
x3/2+s

dx = O((log1/s)α∨0+3/2), s → 0+ a.s.

Thus, by the triangle inequality,

lim
s→0+

fα(s)
∣∣∣∫ M(s)

K

(α(logx)α−1 − (1/2+ s)(logx)α)T⌊x⌋

x3/2+s
dx
∣∣∣= 0 a.s.

The proof of Lemma 5.2 is complete. □

For k ∈ N, ρ > 0 and s ∈ (0,1/e), define the event

Ak,ρ(s) :=
{
|ηk|>

ρ

(logk)α(log1/s)

( k1+s

s1+2α log log1/s

)1/2}
.
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Lemma 5.3. For all ρ > 0,

lim
s→0+

fα(s) ∑
k≥M(s)+1

(logk)α

k1/2+s
|ηk|1Ak,ρ (s) = 0 a.s. (5.4)

and

lim
s→0+

fα(s) ∑
k≥M(s)+1

(logk)α

k1/2+s
E(|ηk|1Ak,ρ (s)) = 0. (5.5)

Proof. For fixed α ≥ 0, the function x 7→ x−s(logx)α attains its overall maximum on [1,∞) at eα/s

and
(logx)α

xs ≤ αα

eαsα
=:

λα

sα
, x ≥ 1. (5.6)

Here, 00 is interpreted as 1. For α ∈ (−1/2,0), we put λα := 1 and note that

(logk)α

ks ≤ 1, k ≥ 3.

Using this we obtain

∑
k≥M(s)+1

(logk)α

k1/2+s
|ηk|1Ak,ρ (s)

≤ λαs−α∨0
∑

k≥M(s)+1

|ηk|
k1/2 1{|ηk|k−1/2>ρκ

−1
α (s log log1/s)−1/2(log1/s)−1} = 0 a.s.

for small enough positive s, where κα := 2α∨0λα . The right-hand side vanishes because

lim
k→∞

k−1/2|ηk|= 0 a.s.

as a consequence of Eη2 < ∞ and thereupon supk≥1 |ηk|k−1/2 < ∞ a.s. Since the function s 7→
(s log log1/s)−1/2(log1/s)−1 is monotone for small s and divergent as s → 0+, the claim is justi-
fied by

1{|ηk|k−1/2>ρκ
−1
α (s log log1/s)−1/2(log1/s)−1} ≤ 1{supk≥1 |ηk|k−1/2>ρκ

−1
α (s log log1/s)−1/2(log1/s)−1} = 0 a.s.

for small s. This completes the proof of (5.4).
Relation (5.5) follows from

∑
k≥M(s)+1

(logk)α

k1/2+s
E(|ηk|1Ak,ρ (s))

≤ λαs−α∨0
∑

k≥M(s)+1
k−1/2E

(
|η |1{ρ−1κα (s log log1/s)1/2(log1/s)|η |>k1/2}

)

≤ λαs−α∨0E

|η |
⌊ρ−2κ2

α (s log log1/s)(log1/s)2η2⌋

∑
k=1

k−1/2


≤ 2ρ

−1
λακαEη

2s−α∨0(s log log1/s)1/2 log1/s.
15



The proof of Lemma 5.3 is complete. □

As usual, A c
k,ρ(s) will denote the complement of Ak,ρ(s), that is, for k ∈ N, ρ > 0 and s ∈

(0,1/e),

A c
k,ρ(s) =

{
|ηk| ≤

ρ

(logk)α(log1/s)

( k1+s

s1+2α log log1/s

)1/2}
.

Lemma 5.4. Fix any γ ∈ (0,(
√

5−1)/2), pick any ρ = ρ(γ) satisfying

(1− γ)(1+ γ)2(2− exp(4(1+ γ)ρc−1/2
α ))> 1 (5.7)

and put sn := exp(−n1−γ) for n ∈ N. Then

limsup
n→∞

fα(sn) ∑
k≥M(sn)+1

(logk)α η̃k,ρ(sn)

k1/2+sn
≤ 1+ γ a.s.,

where η̃k,ρ(s) := ηk1A c
k,ρ (s)

−E(ηk1A c
k,ρ (s)

) for k ∈ N and s ∈ (0,1/e).

Proof. We start by explaining that the stated choice of ρ is indeed possible. Observe that (1−
γ)(1+ γ)2 > 1 whenever γ ∈ (0,(

√
5−1)/2). Choosing positive ρ sufficiently close to 0, we can

make 2− exp(4(1+ γ)ρc−1/2
α ) as close to 1 as we wish and particularly ensure that 2− exp(4(1+

γ)ρc−1/2
α )> (1− γ)−1(1+ γ)−2.

Put

Xα(s) := fα(s) ∑
k≥M(s)+1

(logk)α η̃k,ρ(s)
k1/2+s

, s ∈ (0,1/e).

Using ex ≤ 1+ x+(x2/2)e|x| for x ∈ R and Eη̃k,ρ(s) = 0 we infer, for u ∈ R,

EeuXα (s) = ∏
k≥M(s)+1

Eexp
(

u fα(s)
(logk)α η̃k,ρ(s)

k1/2+s

)
≤ ∏

k≥M(s)+1

(
1+

u2( fα(s))2

2
(logk)2α

k1+2s E(η̃k,ρ(s))2 exp
(
|u| fα(s)

(logk)α |η̃k,ρ(s)|
k1/2+s

))
.

Further, the inequality

|η̃k,ρ(s)| ≤ |ηk|1A c
k,ρ (s)

+E(|ηk|1A c
k,ρ (s)

)≤ 2ρk(1+s)/2

(logk)α(log1/s)(s1+2α log log1/s)1/2

≤ 2ρk1/2+s

(logk)α(s1+2α log log1/s)1/2 a.s.,

(5.8)

which holds true for integer k ≥ 3 and s ∈ (0,1/e), entails

exp
(
|u| fα(s)

(logk)α |η̃k,ρ(s)|
k1/2+s

)
≤ exp

(2ρc−1/2
α |u|

log log1/s

)
a.s.
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This in combination with the inequalities E(η̃k,ρ(s))2 ≤ 1 and 1+ x ≤ ex for x ∈ R yields, for
u ∈ R,

EeuXα (s) ≤ ∏
k≥M(s)+1

exp
(u2( fα(s))2

2
(logk)2α

k1+2s exp
(2ρc−1/2

α |u|
log log1/s

))

≤ exp
( u2

4loglog1/s
exp
(2ρc−1/2

α |u|
log log1/s

))
.

(5.9)

Here, the last inequality is a consequence of

∑
k≥M(s)+1

(logk)2α

k1+2s ≤
∫

∞

1

(logx)2α

x1+2s dx =
Γ(1+2α)

(2s)1+2α
=

cα

2
1

s1+2α
.

Here, we have used the fact that, for each fixed s > 0, the function x 7→ (logx)2αx−1−2s is decreas-
ing on (max(e2α ,1),∞). By the Markov inequality, for u ≥ 0,

P{Xα(sn)> 1+ γ} ≤ e−(1+γ)uEeuXα (sn) ≤ exp
(
− (1+ γ)u+

u2

4loglog1/sn
exp
( 2ρc−1/2

α u
log log1/sn

))
.

Putting u = 2(1+ γ) log log1/sn we obtain

P{Xα(sn)> 1+ γ} ≤ exp(−(1+ γ)2(2− exp(4(1+ γ)ρc−1/2
α )) log log1/sn)

=
1

n(1−γ)(1+γ)2(2−exp(4(1+γ)ρc−1/2
α ))

.

Hence, ∑n≥1P{Xα(sn) > 1+ γ} < ∞, and an appeal to the Borel-Cantelli lemma completes the
proof of Lemma 5.4. □

Lemma 5.5. Let ρ = ρ(γ) and (sn)n∈N be as in Lemma 5.4 with the only difference that γ ∈
(0,1/2). For s ∈ [sn+1,sn],

lim
n→∞

fα(s)
(

∑
k≥M(s)+1

(logk)α

k1/2+s
η̃k,ρ(s)− ∑

k≥M(sn+1)+1

(logk)α

k1/2+sn+1
η̃k,ρ(sn+1)

)
= 0 a.s.

Proof. Let s ∈ [sn+1,sn]. Using the fact that M is a nonincreasing function, we write

∑
k≥M(s)+1

(logk)α η̃k,ρ(s)
k1/2+s

− ∑
k≥M(sn+1)+1

(logk)α η̃k,ρ(sn+1)

k1/2+sn+1

=
M(sn+1)

∑
k=M(s)+1

(logk)α η̃k,ρ(s)
k1/2+s

+ ∑
k≥M(sn+1)+1

(logk)α(η̃k,ρ(s)− η̃k,ρ(sn+1))

k1/2+s

+ ∑
k≥M(sn+1)+1

(logk)α

( 1
k1/2+s

− 1
k1/2+sn+1

)
η̃k,ρ(sn+1) =: In,1(s)+ In,2(s)+ In,3(s).
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ANALYSIS OF In,1(s). Recalling that Eηk = 0, we further decompose In,1 as follows:

In,1(s) =
M(sn+1)

∑
k=M(s)+1

(logk)αηk

k1/2+s
+

M(sn+1)

∑
k=M(s)+1

(logk)α(−ηk1Ak,ρ (s)+E(ηk1Ak,ρ (s)))

k1/2+s

=: In,11(s)+ In,12(s).

We proceed by investigating the summands separately and start with In,12(s):

fα(s)|In,12(s)| ≤ fα(s) ∑
k≥M(s)+1

(logk)α(|ηk|1Ak,ρ (s)+E(|ηk|1Ak,ρ (s)))

k1/2+s
→ 0, n → ∞ a.s.,

where the limit relation is secured by Lemma 5.3. Now we pass to In,11(s). Summation by parts
yields

In,11(s) =
(logM(sn+1))

αTM(sn+1)

(M(sn+1))1/2+s
−

(log(M(s)+1))αTM(s)

(M(s)+1)1/2+s

+
M(sn+1)−1

∑
k=M(s)+1

((logk)α

k1/2+s
− (log(k+1))α

(k+1)1/2+s

)
Tk,

where, as before, Tn = η1 + . . .+ηn for n ∈ N. Since limn→∞(sn/sn+1) = 1 and the function fα is
regularly varying at 0 (of index 1/2+α) we infer

lim
n→∞

fα(sn)

fα(sn+1)
= 1. (5.10)

The function fα is increasing on (0,1/e). Using this in combination with limn→∞(M(sn+1))
sn+1 =

1, (5.3) and (5.10) we obtain

fα(s)
(logM(sn+1))

α |TM(sn+1)|
(M(sn+1))1/2+s

≤ fα(sn)
(logM(sn+1))

α |TM(sn+1)|
(M(sn+1))1/2+sn+1

∼ fα(sn+1)
(logM(sn+1))

α |TM(sn+1)|
(M(sn+1))1/2

= fα(sn+1)O((logM(sn+1))
α(log logM(sn+1))

1/2) → 0, n → ∞ a.s.

A similar but simpler argument enables us to conclude that

lim
n→∞

sup
s∈[sn+1,sn]

fα(s)
(log(M(s)+1))α |TM(s)|

(M(s)+1)1/2+s
= 0 a.s.
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Further, for small enough s > 0,

fα(s)

∣∣∣∣∣M(sn+1)−1

∑
k=M(s)+1

(
(logk)α

k1/2+s
− (log(k+1))α

(k+1)1/2+s

)
Tk

∣∣∣∣∣
≤ fα(s)

M(sn+1)−1

∑
k=M(s)+1

(
(logk)α

k1/2+s
− (log(k+1))α

(k+1)1/2+s

)
|Tk|

≤ fα(sn)

(
sup

j≤M(sn+1)

|Tj|

)
M(sn+1)−1

∑
k=M(s)+1

(
(logk)α

k1/2+s
− (log(k+1))α

(k+1)1/2+s

)

≤ fα(sn)

(
sup

j≤M(sn+1)

|Tj|

)
(logM(s))α

(M(s))1/2+s

≤ fα(sn)O((M(sn+1) log logM(sn+1))
1/2)

(logM(sn+1))
α

M(sn)1/2+sn+1

∼ fα(sn+1)O((logM(sn+1))
α(log logM(sn+1))

1/2) → 0, n → ∞ a.s.

We have used (5.3) for the last inequality and (5.10), limn→∞(M(sn+1)/M(sn)) = 1
and limn→∞(M(sn))

sn+1 = 1 for the asymptotic relation. Thus, we have proved that

lim
n→∞

sup
s∈[sn+1,sn]

fα(s)In,1(s) = 0 a.s.

ANALYSIS OF In,2(s). For n ≥ 2,

fα(s)|In,2(s)|

= fα(s)

∣∣∣∣∣ ∑
k≥M(sn+1)+1

(logk)α(ηk1Ak,ρ (s)−E(ηk1Ak,ρ (s))−ηk1Ak,ρ (sn+1)+E(ηk1Ak,ρ (sn+1)))

k1/2+s

∣∣∣∣∣
≤ fα(s) ∑

k≥M(s)+1

(logk)α(|ηk|1Ak,ρ (s)+E(|ηk|1Ak,ρ (s)))

k1/2+s

+
fα(sn)

fα(sn+1)
fα(sn+1) ∑

k≥M(sn+1)+1

(logk)α(|ηk|1Ak,ρ (sn+1)+E(|ηk|1Ak,ρ (sn+1)))

k1/2+sn+1
.

By Lemma 5.3 and (5.10), the right-hand side converges to 0 a.s. as n → ∞.
ANALYSIS OF In,3(s). For n ∈ N and s ∈ (0,1/e), put

Yn(s) := ∑
k≥M(sn+1)+1

(logk)α η̃k,ρ(sn+1)

k1/2+s
.

We shall show that, for all u ∈ [sn+1,sn],

lim
n→∞

fα(sn)(Yn(u)−Yn(sn+1)) = 0 a.s. (5.11)
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We shall use the fact that Yn is a.s. continuous and differentiable on [sn+1,sn] ⊂ (0,∞) for every
fixed n ∈ N. Indeed, since Eηk,ρ(sn+1) = 0 and E(ηk,ρ(sn+1))

2 < ∞, Yn is actually analytic on H0

as explained in the introduction.
For j ∈ N0 and n ∈ N, put

Fj(n) := {t j,m(n) := sn+1 +2− jm(sn − sn+1) : 0 ≤ m ≤ 2 j}.

Observe that Fj(n)⊆ Fj+1(n) and put F(n) :=
⋃

j≥0 Fj(n). The set F(n) is dense in [sn+1,sn]. For
any u ∈ [sn+1,sn], put

u j := max{v ∈ Fj(n) : v ≤ u}= sn+1 +2− j(sn − sn+1)

⌊
2 j(u− sn+1)

sn − sn+1

⌋
.

Then lim j→∞ u j = u (we suppress the dependence of u and u j on n for notational simplicity). An
important observation is that either u j−1 = u j or u j−1 = u j −2− j(sn− sn+1). Necessarily, u j = t j,m

for some 0 ≤ m ≤ 2 j, so that either u j−1 = t j,m or u j−1 = t j,m−1. Since Yn is a.s. continuous on
[sn+1,sn] we obtain

|Yn(u)−Yn(sn+1)|= lim
ℓ→∞

|Yn(uℓ)−Yn(sn+1)|

= lim
ℓ→∞

∣∣∣ ℓ

∑
j=1

(Yn(u j)−Yn(u j−1))+Yn(u0)−Yn(sn+1)
∣∣∣

≤ lim
ℓ→∞

ℓ

∑
j=0

max
1≤m≤2 j

|Yn(t j,m)−Yn(t j,m−1)|= ∑
j≥0

max
1≤m≤2 j

|Yn(t j,m)−Yn(t j,m−1)|.

Thus, our purpose is to show that, for all ε > 0 and n0 ∈ N large enough,

∑
n≥n0

P
{

∑
j≥0

max
1≤m≤2 j

fα(sn)|Yn(t j,m)−Yn(t j,m−1)|> ε

}
< ∞.

Put a j := ( j+ 1)2− j for j ∈ N0. Since ∑ j≥0 a j < ∞ and ε > 0 is arbitrary, it is enough to prove
that, for all ε > 0,

∑
n≥n0

∑
j≥0

P
{

max
1≤m≤2 j

fα(sn)|Yn(t j,m)−Yn(t j,m−1)|> εa j
}
< ∞. (5.12)

By the mean value theorem for differentiable functions, there exists deterministic r j,m,k ∈ [t j,m−1, t j,m]

such that

Yn(t j,m)−Yn(t j,m−1) =−(t j,m − t j,m−1) ∑
k≥M(sn+1)+1

(logk)1+α

k1/2+r j,m,k
η̃k,ρ(sn+1)

=−2− j(sn − sn+1) ∑
k≥M(sn+1)+1

(logk)1+α

k1/2+r j,m,k
η̃k,ρ(sn+1). (5.13)
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Now we argue as in the proof of Lemma 5.4 and thus refer to that proof as far as some missing
fragments are concerned: for u ∈ R and large n,

Eexp

(
±u ∑

k≥M(sn+1)+1

(logk)1+α

k1/2+r j,m,k
η̃k,ρ(sn+1)

)

≤ ∏
k≥M(sn+1)+1

(
1+

u2

2
(logk)2+2α

k1+2r j,m,k
E(η̃k,ρ(sn+1))

2 exp
(
|u|(logk)1+α

k1/2+r j,m,k
|η̃k,ρ(sn+1)|

))

≤ ∏
k≥M(sn+1)+1

(
1+

u2

2
(logk)2+2α

k1+2sn+1
E(η̃k,ρ(sn+1))

2 exp
(
|u|(logk)1+α

k1/2+sn+1
|η̃k,ρ(sn+1)|

))
.

We have used r j,m,k ≥ t j,m−1 ≥ sn+1 and monotonicity of the functions involved for the second
inequality. Note that (compare with (5.6)), for k ≥ M(sn+1)+1,

logk
ksn+1/2 ≤ 2

esn+1
≤ 1

sn+1

and thereupon

|η̃k,ρ(sn+1)| ≤ |ηk|1A c
k,ρ (sn+1)+E(|ηk|1A c

k,ρ (sn+1))

≤ 2ρk(1+sn+1)/2

(logk)α(log1/sn+1)(s1+2α

n+1 log log1/sn+1)1/2

≤ 2ρk1/2+sn+1

(logk)1+α(log1/sn+1)(s3+2α

n+1 log log1/sn+1)1/2
a.s.

Thus, using again the inequality 1+ x ≤ ex for x ∈ R,

Eexp

(
±u ∑

k≥M(sn+1)+1

(logk)1+α

k1/2+r j,m,k
η̃k,ρ(sn+1)

)

≤ ∏
k≥M(sn+1)+1

(
1+

u2

2
(logk)2+2α

k1+2sn+1
exp

(
2ρ|u|

(log1/sn+1)(s3+2α

n+1 log log1/sn+1)1/2

))

≤ exp

(
u2

2
exp

(
2ρ|u|

(log1/sn+1)(s3+2α

n+1 log log1/sn+1)1/2

)
∑

k≥M(sn+1)+1

(logk)2+2α

k1+2sn+1

)

≤ exp

(
bαu2

2s3+2α

n+1
exp

(
2ρ|u|

(log1/sn+1)(s3+2α

n+1 log log1/sn+1)1/2

))
, (5.14)

where bα := Γ(3+2α)2−3−2α . The last inequality follows from

∑
k≥M(sn+1)+1

(logk)2+2α

k1+2sn+1
≤
∫

∞

1

(logy)2+2α

y1+2sn+1
dy =

∫
∞

0
x2+2αe−2sn+1xdx =

Γ(3+2α)

(2sn+1)3+2α
=

bα

s3+2α

n+1
.
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By (5.13) and Markov’s inequality, for u ≥ 0 and n ≥ 2,

P
{

fα(sn)|Yn(t j,m)−Yn(t j,m−1)|> εa j
}

= P

{∣∣∣∣∣ ∑
k≥M(sn+1)+1

(logk)1+α

k1/2+r j,m,k
η̃k,ρ(sn+1)

∣∣∣∣∣> ε( j+1)
fα(sn)(sn − sn+1)

}

≤ exp
(
−u

ε( j+1)
fα(sn)(sn − sn+1)

)
Eexp

(
u

∣∣∣∣∣ ∑
k≥M(sn+1)+1

(logk)1+α

k1/2+r j,m,k
η̃k,ρ(sn+1)

∣∣∣∣∣
)
.

Invoking (5.14) and eu|x| ≤ eux + e−ux for x ∈ R, we infer

P
{

fα(sn)|Yn(t j,m)−Yn(t j,m−1)|> εa j
}

≤ 2exp

(
− uε( j+1)

fα(sn)(sn − sn+1)
+

bαu2

2s3+2α

n+1
exp

(
2ρ|u|

(log1/sn+1)(s3+2α

n+1 log log1/sn+1)1/2

))
.

Putting

u =
3εs3+2α

n+1

2bα fα(sn)(sn − sn+1)
, kn :=

s3+2α

n+1

bα( fα(sn))2(sn − sn+1)2

and

ℓn :=
s3+2α

n+1

bα fα(sn)(sn − sn+1)(log1/sn+1)(s3+2α

n+1 log log1/sn+1)1/2

we obtain, for large n,

P
{

fα(sn)|Yn(t j,m)−Yn(t j,m−1)|> εa j
}
≤ 2exp(−3ε

2( j+1)kn/2)exp
(

9ε
2kn exp(3ρεℓn)/8

)
≤ 2exp(−3ε

2( j+1)kn/2)exp
(

5ε
2kn/4

)
.

The last inequality is a consequence of

ℓn ∼ c1/2
α sn+1

bα(sn − sn+1)(log1/sn+1)
∼ c1/2

α

bα(1− γ)
n2γ−1 → 0, n → ∞

which ensures that exp(3ρεℓn)≤ 10/9 for large enough n. Recall that γ ∈ (0,1/2) by assumption.
To proceed, observe that

kn ∼ b−1
α cα(1− γ)−1n2γ logn → ∞, n → ∞. (5.15)

Hence, for large n satisfying kn > (2log2)/(3ε2),

∑
j≥0

P
{

max
1≤m≤2 j

fα(sn)|Yn(t j,m)−Yn(t j,m−1)|> εa j
}

≤ ∑
j≥0

2 j2exp(−3ε
2( j+1)kn/2)exp

(
5ε

2kn/4
)
=

2exp(−ε2kn/4)
1−2exp(−3ε2kn/2)

.

Finally, (5.15) entails (5.12). □
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We are ready to prove Proposition 5.1.

Proof of Proposition 5.1. We only prove (5.1), for (5.2) is a consequence of (5.1) with −ηk replac-
ing ηk. Recall our convention that σ2

1 = 1.
Fix arbitrary γ ∈ (0,1/2) and pick ρ = ρ(γ) such that (5.7) holds. By Lemmas 5.4 and 5.5

limsups→0+ fα(s) ∑
k≥M(s)+1

(logk)α

k1/2+s
η̃k,ρ(s)≤ 1+ γ a.s. (5.16)

Using relation (5.5) and the fact that E(ηk1A c
k,ρ (s)

) = −E(ηk1Ak,ρ (s)) we conclude that (5.16)
entails

limsups→0+ fα(s) ∑
k≥M(s)+1

(logk)α

k1/2+s
ηk1A c

k,ρ (s)
≤ 1+ γ a.s.

By Lemma 5.2 and formula (5.4) the latter yields

limsups→0+ fα(s) ∑
k≥2

(logk)α

k1/2+s
ηk ≤ 1+ γ a.s.,

which is equivalent to (5.1) since the left-hand side does not depend on γ . □

Here is another intermediate result needed for the proof of Theorem 3.1.

Proposition 5.6. Under the assumptions of Theorem 3.1,

limsups→0+

( s1+2α

log log1/s

)1/2
∑
k≥2

(logk)α

k1/2+s
ηk ≥

(
σ2

1 Γ(1+2α)

22α

)1/2
a.s. (5.17)

and

liminfs→0+

( s1+2α

log log1/s

)1/2
∑
k≥2

(logk)α

k1/2+s
ηk ≤−

(
σ2

1 Γ(1+2α)

22α

)1/2
a.s. (5.18)

Proposition 5.6 will be proved with the help of Lemmas 5.2 and 5.3 and two additional lemmas.
The structure of the proof is similar to that of Proposition 5.1. While we single out in Lemma
5.7 two negligible fragments of the sum ∑k≥2

(logk)α

k1/2+s ηk, Lemma 5.8 treats the dominant fragment.
We stress that the fragments used in the proofs of Propositions 5.1 and 5.6 are very different.
This is caused by rather different driving forces behind the two proofs. In a nutshell, the proof
of Proposition 5.1 relies upon the direct part of the Borel-Cantelli lemma, which does not require
independence. A complicating part of this proof is that the final result has to be obtained for a
continuous argument. The proof of Proposition 5.6 is based on the converse part of the Borel-
Cantelli lemma, which does require independence. This latter fact leads to a rather nontrivial
choice of the essential fragment. On the other hand, one only works here with the convergence
along sequences, which simplifies things significantly.

Our scheme of the proof of Proposition 5.6 is similar to the argument used in Step 1 on pp. 6-11
of [5]. A simplifying factor in [5] is that the moment generating function of η exists and takes a
simple explicit form Eesη = (es + e−s)/2. Unlike in [5], we have to use a truncation to ensure the
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existence of exponential moments. The resulting moment generating function is not available in
an explicit form and may only be analyzed asymptotically.

As in the previous part, without loss of generality, we assume that σ2
1 = 1. We shall also use the

sets Ak,ρ(s) and the corresponding truncated variables η̃k,ρ(s) with ρ = 1.

Lemma 5.7. Fix any γ > 0 and put sn := exp(−n1+γ) for integer n ≥ 2. Let N1 and N2 be integer-
valued, possibly dependent on γ , functions defined on some (not necessarily the same) right vicini-
ties of 0 and satisfying lims→0+(N1(s))s = 1 and lims→0+(N2(s))s =+∞. Then

lim
n→∞

fα(sn)
N1(sn)

∑
k=2

(logk)α

k1/2+sn
η̃k,1(sn) = 0 a.s. (5.19)

and

lim
n→∞

fα(sn) ∑
k≥N2(sn)+1

(logk)α

k1/2+sn
η̃k,1(sn) = 0 a.s. (5.20)

Proof. For s > 0 close to 0, put

Z1,α(s) := fα(s)
N1(s)

∑
k=2

(logk)α

k1/2+s
η̃k,1(s).

The argument leading to both (5.19) and (5.20) is similar to that used in the proof of Lemma 5.4.
In view of this, we provide a proof of (5.19) and only comment on a proof of (5.20).

As far as (5.19) is concerned, according to the Borel-Cantelli lemma, it is sufficient to prove
that, for all ε > 0,

∑
n≥1

P{Z1,α(sn)> ε}< ∞. (5.21)

To this end, we obtain (compare with (5.9)), for u ∈ R,

EeuZ1,α (s) ≤ exp
(u2( fα(s))2

2

N1(s)

∑
k=2

(logk)2α

k1+2s exp
( 2c−1/2

α |u|
log log1/s

))
.

As has already been mentioned, for each fixed s> 0, the function x 7→ (logx)2αx−1−2s is decreasing
on (e2α∨0,∞). Hence,

N1(s)

∑
k=2

(logk)2α

k1+2s = O(1)+
N1(s)

∑
k=e2α∨0+1

(logk)2α

k1+2s ≤ O(1)+
∫ N1(s)+1

1

(logx)2α

x1+2s dx

= O(1)+
1

(2s)2α+1

∫ log(N1(s)+1)2s

0
y2αe−ydy = o(s−1−2α), s → 0+ . (5.22)

The last integral converges because α >−1/2 and vanishes as s → 0+ since lims→0+(log(N1(s)+
1))2s = 0 as secured by the assumption. Pick r > 0 close to 0 to ensure that, with ε as in (5.21), δ :=
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rε−2(2cα)
−1 exp(2ε−1c−1/2

α ) satisfies (1−δ )(1+ γ)> 1. According to the preceding discussion,
for small enough s > 0,

N1(s)

∑
k=2

(logk)2α

k1+2s ≤ r
s1+2α

.

Summarizing, for u ∈ R and small s > 0,

EeuZ1,α (s) ≤ exp
(u2( fα(s))2

2
r

s1+2α

)
exp
( 2c−1/2

α |u|
log log1/s

))
= exp

( ru2

2cα log log1/s
exp
( 2c−1/2

α |u|
log log1/s

))
.

Invoking the Markov inequality with u = (1/ε) log log(1/s) yields, for small s > 0,

P{Z1,α(s)> ε} ≤ e−uεEeuZ1,α (s) ≤ exp
(
−
(
1− rε

−2(2cα)
−1e2ε−1c−1/2

α

)
log log(1/s)

)
=

1
log(1/s)1−δ

.

This entails (5.21).
The proof of (5.20) mimics that of (5.19). One should use the following counterpart of (5.22):

∑
k≥N2(s)+1

(logk)2α

k1+2s ≤
∫

∞

N2(s)

(logx)2α

x1+2s dx=
1

(2s)1+2α

∫
∞

(logN2(s))2s
y2αe−ydy= o(s−1−2α), s→ 0+ .

(5.23)
□

Lemma 5.8. Fix sufficiently small δ > 0, pick γ > 0 satisfying (1+ γ)(1− δ 2/8) < 1 and put
sn = exp(−n1+γ) for integer n ≥ 2. Then

limsupn→∞ fα(sn) ∑
k≥2

(logk)α

k1/2+sn
η̃k,1(sn)≥ 1−δ a.s.

Proof. Let N1 and N2 be integer-valued, possibly dependent on γ , functions which are nonincreas-
ing in some right vicinities of 0 and satisfy lims→0+(N1(s))s = 1, lims→0+(N2(s))s =+∞ and

N1(sn+1)≥ N2(sn), n ≥ n0 (5.24)

for some n0 ∈ N. Such a choice is possible. For instance, according to the discussion on p. 7 in
[5], one can take

N1(s) =

(1+ s−
(

1+ γ

log log1/s

)1/2
)−1/s

 , s ∈ (0,s0),

where s0 = s0(γ) is the smallest positive root of (1+ s)2 log log(1/s) = 1+ γ on (0,1/e), and

N2(s) :=

⌊(
log log1/s
(1+ γ)βn

)1/s
⌋
−1, s ∈ (sn+1,sn], n ≥ 2.
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Here,

βn := logn
(

1+ sn+1 − (log(n+1))−1/2
)exp((n+1)1+γ−n1+γ )

and particularly limn→∞ βn/ logn = 0.
In view of Lemma 5.7, it is sufficient to check that

limsup
n→∞

Z2,α(sn)≥ 1−δ a.s., (5.25)

where, for small s > 0,

Z2,α(s) = fα(s)
N2(s)

∑
k=N1(s)+1

(logk)α

k1/2+s
η̃k,1(s).

We shall prove that there exists s ∈ (0,s0) such that, for all s ∈ (0,s),

P{Z2,α(s)> 1−δ} ≥ 3−1e−(1−δ 2/8) log log1/s. (5.26)

As a consequence,

∑
n≥n1

P{Z2,α(sn)> 1−δ} ≥ 3−1
∑

n≥n1

1
n(1+γ)(1−δ 2/8)

= ∞,

where n1 ≥ n0 is chosen in such a way that sn < s for n ≥ n1. In view of (5.24), the random
variables Z2,α(sn0), Z2,α(sn0+1), . . . are independent. Hence, divergence of the series entails (5.25)
by the converse part of the Borel-Cantelli lemma.

As a preparation for the proof of (5.26), consider the event

Us,α :=
{

1−δ < Z2,α(s)≤ 1
}
=
{
(1−δ )gα(s)< s1/2+αWα(s)≤ gα(s)

}
,

where gα(s) :=
(
cα log log1/s

)1/2 and

Wα(s) :=
Z2,α(s)

fα(s)
=

N2(s)

∑
k=N1(s)+1

(logk)α

k1/2+s
η̃k,1(s).

Given u ∈ R and small s > 0 introduce a new probability measure Qs,u on (Ω,F ) by the equality

Qs,u(A) =
E
(

eus1/2+αWα (s)1A

)
Eeus1/2+αWα (s)

=

∫
A eus1/2+αWα (s)dP∫
Ω

eus1/2+αWα (s)dP
, A ∈ F .

We suppress the dependence of Qs,u on α for notational simplicity. Then(
Eeu(s1/2+αW (s)−gα (s))

)
Qs,u(Us,α) = e−ugα (s)

∫
Us,α

eus1/2+αWα (s)dP

≤ e−ugα (s)
∫

Us,α

eugα (s)dP= P(Us,α)≤ P{Z2,α(s)> 1−δ}. (5.27)

We shall show that, upon choosing an appropriate u = u(s) = O((log log1/s)1/2), the expectation
on the left-hand side is bounded by e−(1−δ 2/8) log log1/s from below and also prove that Qs,u(Us,α)≥
1/3, thereby deriving (5.26).
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First, we show that, with u = O((log log(1/s))1/2),

Eeus1/2+αWα (s) = e(cα/4)u2+u2hα (s), s → 0+ (5.28)

for some function hα satisfying lims→0+ hα(s) = 0.
Put

ξk(s) :=
s1/2+α(logk)α

k1/2+s
η̃k,1(s), k ≥ 2, s ∈ (0,1/e),

so that, for u ∈ R,

us1/2+αWα(s) =
N2(s)

∑
k=N1(s)+1

uξk(s) (5.29)

(again, we suppress the dependence of ξk(s) on α). Invoking the second inequality in (5.8) we
obtain

|uξk(s)| ≤
2

log1/s
= o(1), s → 0+ a.s.,

for every k ≥ 3. Recalling the asymptotic expansions

ex = 1+ x+ x2/2+o(x2) and log(1+ x) = x+O(x2), x → 0,

we infer

Eeus1/2+αWα (s) =
N2(s)

∏
k=N1(s)+1

Eexp(uξk(s))

=
N2(s)

∏
k=N1(s)+1

E
(
1+uξk(s)+u2

ξ
2
k (s)

(
1/2+o(1)

))
= exp

N2(s)

∑
k=N1(s)+1

log
(
1+u2Eξ

2
k (s)

(
1/2+o(1)

))
= exp

(
u2(1/2+o(1)

) N2(s)

∑
k=N1(s)+1

Eξ
2
k (s)+u4O

( N2(s)

∑
k=N1(s)+1

(Eξ
2
k (s))

2
))

. (5.30)

By monotonicity,∫ N2(s)+1

N1(s)+1

(logx)2α

x1+2s dx ≤
N2(s)

∑
k=N1(s)+1

(logk)2α

k1+2s ≤
∫ N2(s)

N1(s)

(logx)2α

x1+2s dx.

Combining this with (5.22) and (5.23) we conclude that

lim
s→0+

s1+2α

N2(s)

∑
k=N1(s)+1

(logk)2α

k1+2s =
Γ(1+2α)

21+2α
=

cα

2
.

The latter, together with uniformity in integer k ∈ [N1(s)+1,N2(s)] of the limit relation

Eη̃
2
k,1(s) = Eη

2
k 1A c

k,1(s)
−
(
Eηk1A c

k,1(s)
)2 → 1, s → 0+,
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yields

N2(s)

∑
k=N1(s)+1

Eξ
2
k (s) = s1+2α

N2(s)

∑
k=N1(s)+1

(logk)2α

k1+2s Eη̃
2
k,1(s) → cα

2
, s → 0+ . (5.31)

Finally,

u2
N2(s)

∑
k=N1(s)+1

(Eξ
2
k (s))

2 = u2s2+4α

N2(s)

∑
k=N1(s)+1

(logk)4α

k2+4s (Eη̃
2
k,1(s))

2

≤ u2s2+4α
∑

k≥N1(s)+1

(logk)4α

k2 = o(1), s → 0+ . (5.32)

Now relations (5.30), (5.31) and (5.32) entail (5.28).
Observe that, for any fixed u ∈ R, formula (5.28) reads lims→0+Eeus1/2+αWα (s) = Ee(cα/4)u2

,
which implies a central limit theorem s1/2+αWα(s)

d−→(cα/2)1/2N R
0 as s → 0+. Here, as before,

N R
0 denotes a random variable with the standard normal distribution.
We are ready to prove (5.26). Put

u = u(s) = (1−δ/2)2c−1/2
α (log log1/s)1/2 = (1−δ/2)2c−1

α gα(s).

Formula (5.28) implies that

Eeu(s1/2+αWα (s)−gα (s)) = e−(1−δ 2/4) log log1/s+o(log log1/s) ≥ e−(1−δ 2/8) log log1/s (5.33)

for small s > 0. Next, we intend to show the Qs,u-distribution of s1/2+αWα(s)− ((cα/2)u +

2uhα(s)) converges weakly as s → 0+ to the P-distribution of (cα/2)1/2N R
0 . To this end, we

prove convergence of the moment generating functions. Let EQs,u denote the expectation with
respect to the probability measure Qs,u. Using (5.28) we obtain, for t ∈ R,

EQs,uet(s1/2+αWα (s)−((cα/2)u+2uh(s))) =
Ee(t+u)s1/2+αWα (s)

Eeus1/2+αWα (s)
e−t((cα/2)u+2uhα (s))

= exp
(
(cα/4)(t +u)2 +(t +u)2hα(s)− (cα/4)u2 −u2hα(s)− t((cα/2)u+2uhα(s))

)
= exp

(
(cα/4+hα(s))t2)→ exp((cα/4)t2) = Eexp(t(cα/2)1/2N R

0 ), s → 0+ .

The weak convergence ensures that

limsups→0+Qs,u
{

s1/2+αWα(s)≤ (1−δ )gα(s)
}

≤ lim
s→0+

Qs,u
{

s1/2+αWα(s)≤ (cα/2)u+2uhα(s)
}
= P{N R

0 ≤ 0}= 1/2.

Since lims→0+(gα(s)− ((cα/2)u+2uhα(s))) = +∞, we also have

lim
s→0+

Qs,u
{

s1/2+αWα(s)≤ gα(s)
}
= 1.

28



Summarizing,

Qs,u(Us,α) =Qs,u
{

s1/2+αWα(s)≤ gα(s)
}
−Qs,u

{
s1/2+αWα(s)≤ (1−δ )gα(s)

}
≥ 1

3
(5.34)

for small s > 0. Now (5.26) follows from (5.27), (5.33) and (5.34). The proof of Lemma 5.8 is
complete. □

Proof of Proposition 5.6. Again, relation (5.18) follows from (5.17) upon replacing ηk with −ηk.
To prove (5.17), fix sufficiently small δ > 0 and pick γ > 0 and (sn)n∈N as in Lemma 5.8. Recalling
that Eηk = 0, write

fα(sn) ∑
k≥2

(logk)α

k1/2+sn
ηk = fα(sn)

⌊1/sn⌋

∑
k=2

(logk)α

k1/2+sn
ηk

− fα(sn)
⌊1/sn⌋

∑
k=2

(logk)α

k1/2+sn
(ηk1A c

k,1(sn)−E(ηk1A c
k,1(sn)))

+ fα(sn) ∑
k≥⌊1/sn⌋+1

(logk)α

k1/2+sn
(ηk1Ak,1(sn)−E(ηk1Ak,1(sn)))

+ fα(sn) ∑
k≥2

(logk)α

k1/2+sn
(ηk1A c

k,1(sn)−E(ηk1A c
k,1(sn))).

The first, second and third terms converge to 0 a.s. as n → ∞, by Lemma 5.2, formula (5.19) of
Lemma 5.7, with N1(s) = M(s) = ⌊1/s⌋, and Lemma 5.3, respectively. By Lemma 5.8, as n → ∞,
the upper limit of the fourth term is not smaller than 1−δ a.s. Thus,

limsups→0+ fα(s) ∑
k≥2

(logk)α

k1/2+s
ηk ≥ limsupn→∞ fα(sn) ∑

k≥2

(logk)α

k1/2+sn
ηk ≥ 1−δ a.s.,

and (5.17) follows upon letting δ tend to 0. □

Proof of Theorem 3.1. Formulae (3.1) and (3.2) follow immediately from Propositions 5.1 and 5.6.
It remains to prove (3.3). To this end, we note that the random function s 7→ D(α;1/2+ s) =
∑k≥2(logk)αk−1/2−sηk is a.s. continuous on (0,∞) as the restriction of the random analytic func-
tion z 7→ D(α;1/2+ z), z ∈ H0. Therefore, the function

s 7→
( 22α

σ2
1 Γ(1+2α)

s1+2α

log log1/s

)1/2
D(α;1/2+ s)

is a.s. continuous on (0,1/e) with limsups→0+= 1 and liminfs→0+=−1. This immediately entails
(3.3) with the help of the intermediate value theorem for continuous functions. □

6. OPEN PROBLEMS

In this section we formulate several open problems which are closely related to the present
framework.
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By the Kolmogorov three-series theorem, the series ∑k≥2
(logk)α

k1/2 ηk converges a.s. provided that
α < −1/2. Thus, as far as a law of the iterated logarithm (LIL) is concerned, α = −1/2 is the
only interesting case, not covered by the present work.
OPEN PROBLEM 1. Prove a LIL for ∑k≥2

(logk)−1/2

k1/2+s ηk, properly normalized, as s → 0+.
If α >−1/2, then, according to Lemma 4.1,

E
(

∑
k≥2

(logk)α

k1/2+s
ηk

)2
∼ Eη

2
Γ(1+2α)(2s)−1−2α , s → 0+ .

Along similar lines, one may check that

E
(

∑
k≥2

(logk)−1/2

k1/2+s
ηk

)2
∼ (Eη

2) log(1/s), s → 0+ . (6.1)

Thus, the asymptotic of E
(

∑k≥2
(logk)α

k1/2+s ηk

)2
exhibits a phase transition at α =−1/2. This explains

the fact that the cases α > −1/2 and α = −1/2 cannot be treated in one go. We think that the
missing LIL, with an appropriate normalization that takes into account (6.1), can be obtained by a
modification of the proof of Theorem 3.1.
OPEN PROBLEM 2. Prove a LIL for ∑k

ak
k1/2+s ηk, properly normalized, as s → 0+, where (ak)k are

real numbers satisfying ∑k
a2

k
k1+2s < ∞ for s > 0 and ∑k

a2
k

k = ∞.
Assume that, for some β >−1,

∑
k≤en

k−1a2
k ∼ (1+β )−1n1+β , n → ∞. (6.2)

Then an application of Karamata’s Tauberian theorem (Theorem 1.7.1 in [7]) yields

E
(
∑
k

ak

k1/2+s
ηk

)2
∼ Eη

2
Γ(1+β )(2s)−1−β , s → 0+ .

Thus, under (6.2), we are close to the setting of the present paper with α = β/2 and the LIL in this
case should follow along the lines of the proof of Theorem 3.1.

Let Λ be the von Mangoldt function defined by Λ(n) := log p if n = p j for some prime number p
and some j ∈N, and Λ(n) := 0 for the other positive integer n. One of the referees pointed out that
ak = (Λ(k))(1+β )/2 satisfies (6.2). This is a consequence of the representation, with ∑p denoting
the sum taken over the prime numbers,

∑
k≤en

k−1(Λ(k))1+β = ∑
j≥1

∑
p≥2

p− j(Λ(p j))1+β
1{p j≤en}

= ∑
2≤p≤en

(log p)1+β

(
∑
j≥1

p− j − ∑
j≥⌊n/ log p⌋+1

p− j
)
= ∑

2≤p≤en
(p−1)−1(log p)1+β (1− p−⌊n/ log p⌋)

∼ ∑
2≤p≤en

(p−1)−1(log p)1+β ∼ (1+β )−1n1+β , n → ∞.
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We have used p−⌊n/ log p⌋ ≤ p−n/(2log p) = e−n/2 for p ≤ en for the penultimate step and the prime
number theorem (see, for instance, Theorem 6.2.1 in [7]) for the last step.
OPEN PROBLEM 3. Find a precise value or an upper bound for limsups→0+ fα(s)|D(α;1/2+ sz)|,
where α ≥−1/2, z ∈ H0 is fixed, and fα is an appropriate normalizing function.

Some estimates of the present paper which involve the sums of absolute values still go through,
but, for the most part, the problem is widely open.
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