LIMIT THEOREMS FOR RANDOM DIRICHLET SERIES
DARIUSZ BURACZEWSKI, CONGZAO DONG, ALEXANDER IKSANOV, AND ALEXANDER MARYNYCH

ABSTRACT. We prove a functional limit theorem in a space of analytic functions for the ran-
dom Dirichlet series D(;z) = Y,>2(logn)* (1, +16,)/n*, properly scaled and normalized, where
(M, B,)nen is a sequence of independent copies of a centered R>-valued random vector (1, 8) with
a finite second moment and @ > —1/2 is a fixed real parameter. As a consequence, we show that
the point processes of complex and real zeros of D(«;z) converge vaguely, thereby obtaining a uni-
versality result. In the real case, that is, when P{6 = 0} = 1, we also prove a law of the iterated

logarithm for D(a;z), properly normalized, as z — (1/2)+.

1. INTRODUCTION

Let (X;).en be a sequence of complex-valued random variables defined on some probability
space (Q,.7,P). Here, N = {1,2,...} is the set of positive integer numbers. The random series

X
D(z):=) —, zeC

w1 ’
is called random Dirichlet series. For any Dirichlet series, deterministic or random, there exist
two real parameters 0, and o, associated with the domains of convergence of D := (D(z)).cc, see
Chapter 9 in [22]. The parameter o, is called the abscissa of absolute convergence and the series
D(z) converges absolutely P-almost surely (a.s. in short) if Re(z) > o, and diverges absolutely
a.s. if Re(z) < o,. Likewise, the parameter o, is called the abscissa of convergence and the series
D(z) converges a.s. if Re(z) > o, and diverges a.s. if Re(z) < o,. The open half-planes

Hs;, ={z€ C:Re(z) >0,} and Hgs ={z€ C:Re(z) > o}

are called the half-plane of absolute convergence and the half-plane of convergence, respectively.
The function D is a.s. analytic in Hg, as an a.s. uniformly convergent series of analytic functions,
see p. 291 in [22]].

The values o, and o, depend heavily upon the properties of the random coefficients (X, ),en-
According to Section 9.14 in [22],

log|Xi+...+X
o, = limsup ogXi +... X, a.s. (1.1)
H—son logn
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If the coefficients X, X3, ... are independent, then, by a zero-one law, 0, € [—oo, 40| is a degen-
erate random variable. Otherwise, 0, may be nondegenerate.

In the present paper we focus on a particular instance of random Dirichlet series, in which
X, := (logn)*(n,+16,), n € N, where o € R is a fixed parameter and (1, 6, ) ,en are independent
copies of an R2-valued random vector (1, ) satisfying

En=E0=0 and 0<En>+E6? < c. (1.2)

Here and in what follows, E denotes the expectation with respect to the probability measure P.
The corresponding random Dirichlet series will be denoted by Dy, := (D(@;z)),cc, that is,

D(OC;Z) - Z (10gn)a(nﬂ+19n)

Z
n>?2 n

, ze€C.

For each fixed a € R, a specialization of (I.1)) to Dy yields

1
P{Gczi}zl. (1.3)

This follows from the law of the iterated logarithm for weighted sums of independent identically
distributed random variables, see Theorem 3 in [21]. Indeed, this theorem entails

n

Y (logk)* (1 +i6y)
k=2

limsup (2n(logn)** loglogn) ~1/2

n—soo

€ (0,00) a.s.,

thereby justifying (I.3). Thus, for every fixed o € R, z+— D(a;1/2+z) is a random analytic
function in the right open half-plane

Hy={z€ C:Re(z) > 0}.

The analytic character of Dy on the critical line {z € C: Re(z) = 1/2} is discussed in Theorem 4
on p. 44 in [15)]. Further results of this flavor for general random Dirichlet series can be found in
[9]. However, we do not pursue this line of research in the present paper.

Limit behavior of D has received some attention in the recent years. The main motivation for
our work comes from the two recent papers [4]] and [S], where the particular case

P{n=+1}=1/2 and P{6=0}=1 (1.4)

was investigated. In particular, under (1.4), a one-dimensional central limit theorem and a law of
the iterated logarithm for Dy, properly normalized, can be found in [5]. We show that both results
continue to hold under more general assumption (I.2) for arbitrary o > —1/2. Furthermore, we
upgrade the one-dimensional central limit theorem to a functional limit theorem in an appropriate
space of analytic functions. By a standard reasoning, the latter entails weak convergence of the
random point process of zeros of Dy. Example 5.5 in [19] provides a functional limit theorem,
along with a limit theorem for the zeros, for a counterpart of Dy, in which the summation extends

over prime indices and 1 416 has a uniform distribution on {z € C: |z| = 1}.
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.. P . .- d f.d.d.
Throughout the paper we write — to denote convergence in probability, and =, — and —

to denote weak convergence in a function space, weak convergence of one-dimensional and finite-
dimensional distributions, respectively. We also identify R? and C via the canonical isomorphism
and consider R2-valued processes as C-valued and vice versa.

2. FUNCTIONAL LIMIT THEOREM FOR THE RANDOM DIRICHLET SERIES AND
CONVERGENCE OF ITS ZEROS

As expected, in the limit theorems for (D(;z)).cn, We shall encounter moments and covariance
of (n,0). As a preparation, put

e Varn Cov(n,0) . ol p .
Cov(n,0)  Var6 p o3
In what follows, |x| denotes the integer part of x € R and yT denotes the transpose of a column
vector y.
Let (B(t)):>0 = (B1(t),B2(t))/> be a standard two-dimensional centered Brownian motion with

the independent components (B (t));>0 and (B,(t));>0. The classical invariance principle tells us
that, under (1.2),

Mm+M+. AN O +6+.. 40,7
Vn ’ Vn

on the Skorokhod space D(]0,),R?) of R?-valued cadlag functions defined on [0, ), endowed

with the Ji-topology. As a consequence,

((771 +i61) + (M2 +162) + ...+ (M +19anj)>
\/ﬁ >0

on the Skorokhod space D([0,c0),C). Here and hereafter, for a,b,c,d € C, (a,b)(c,d) = ac+ bd.
Observe that the weak limit in (2.1)) is a two-dimensional Wiener process with the covariance

— (€'2B(1))=0, n—»oo (2.1)
t>0

— ((1,1)€"2B(1));>0, n— oo

matrix €.
Now we introduce a stochastic process which serves as a weak limit of (D(a;1/2+ 5z2)).cH,,
properly normalized, as s — 0+.

2.1. The limit process. For z € Hy, oo > —1/2 and j = 1,2, define the Skorokhod integral

Az = [ e a0,

Alternatively, .#;(c;z) can be thought of as the result of integration by parts

Ti(oz) = — / Bi(y)d(y*e ™) =z /0 y*Bj(y)e ?dy — o /0 Y IBi(y)e ¥dy.  (2.2)
3
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A C-valued process . := (. (¢;2));cH, is then defined by the product

N . fl(a;Z)
I (0;2) == (1,i)e!/? (ﬂz(a;z)> .

Note that for oo < —1/2 the integral defining .#;(¢t; z) diverges due to a singularity at 0. According
to Theorem Sa in [23, Chapter II] applied to the Laplace transforms on the right-hand side of
(or just by Morera’s theorem), the functions (.%;(;2))eH,, j = 1,2 are a.s. analytic in Hy, for ev-
ery fixed o > —1/2. Thus, .y is also analytic in Hy as a linear combination of analytic functions.
Summarizing we conclude that the random process .7 is a centered Gaussian analytic function
on Hy. Its covariance structure is given in the next proposition which can be checked by direct
calculations using independence of (.#)(a;z)) and (& (a;z2)).

Proposition 2.1. The covariances of the process (& (&;z)).cH, are given by

I'(142a)(c? — o7 +2ip)

E(S(0;z1) 5 (a;22)) = (o £y , 21,22 € Hy (2.3)
nd —— T'(1+2a)(c?+03)
E <J(a;Z1)ﬂ(a;z2)> = Grm)ie 21,22 € Hy, (2.4)

where I is the Euler gamma function and X denotes the complex conjugate of x € C.

A role of the real parameter « in the definitions of Dy and .#j is revealed by the following
observation. Let Z% be a fractional derivative operator defined for & > —1 by

G =0 (5) TN, mi= a1 @)
where
Y 1 “ 1
(Mf))(@zm/o flz4+wu’'du, ye(0,1].

We skip defining the domains and the ranges of the fractional operators I” and 2%, since this is not
essential for the present paper. This subject is rather delicate, especially for fractional operators
defined via integration over the whole line or a half-line as in 17, where some integrability of
f at infinity is necessary. We refer the reader to §5 and §22 in [18]], where the aforementioned
definitions can be found as equations (22.18) and (22.21). For our purposes it suffices to note that
2% (=) = a%e™, a > 0, which entails, see p. 421 in [18],

D(a;-) = 2%(D(0;")), a>—1. (2.6)

Formula (2.6) implies, for instance, that passing from o to & + 1 amounts to taking the usual
derivative. It also highlights the special role of the value o¢ = O for the Dirichlet series Dy,.

It turns out that for the two particular choices of the matrix €, the limit process .#, and its
various time-changed versions pop up frequently in modern probability, with the case o = 0 being

of special importance.
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The first of the aforementioned choices is € = I, where [/ is the identity matrix. Then

J(Oc;z):/[o )y‘xe_zydB@(y), Z € Hy, 2.7)

where B is the standard complex Brownian motion. An exponential change of time z — e which

maps the union of parallel horizontal strips

o= J{z€C:Im(z) € (—7/4+ 7k, m/4+ 7k)}
keZ

onto Hy leads to a Gaussian process
Sa(z) == 2% (1 +20)) 20292 g (;¢%), 7€ .9,

with the covariance structure

E(Sa(z1)Sa(z2)) =0 and E(Sa(z1)Sa(z2)) = (cosh(z; iz—z))prz(x’

In particular, this means that the process (Sq(?));er is a complex-valued stationary Gaussian
process on R. Setting o = 0, replacing .#(0;e%?) with .#(0;e*) in the definition of S, and
only considering z € R we obtain a centered real-valued stationary Gaussian process Sy, which
was recently investigated in [[12]. Another important time-change is constructed as follows. Let
D :={z€ C: |z] < 1} be the open unit disk in C. The linear fractional transformation

1
0(z) = 1—3 z€D (2.8)

maps D conformally to Hy. A time-changed process defined by the transformation

29(I(142a)) /2 2%(C(1+2a))~1/2 <a-ﬂ

fac(z) = (- F(a;9(z)) = (=gt ,1_Z) , z€D (2.9

is a Gaussian process with the covariance structure
1
(1 _Z]Z—2)l+206 ’

The latter formula implies that f, ¢ has the same distribution as a random Gaussian power series

E(fac(z1)fac(z2)) =0 and E(fyc(z1)fac(z2)) = 21,22 € D.

1+20)(24+20a)--- (n+2a)
N

Jn>0 is a sequence of independent standard complex Gaussian variables. Random

7', zeD, (2.10)

wﬂ@\/(
n;o g

where (4,

n
series (2.10) is known in the literature as hyperbolic Gaussian analytic function and its properties
have been much studied, with many basic aspects already covered in Chapter 13 of [15]. An
important feature of fy ¢ is that the point process of its complex zeros is determinantal if, and only

if, @ = 0, see [17] and Chapter 5 in [10].
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The second important choice of the matrix € corresponds to the real case, when P{6 =0} =1
and a = 0. Then € has a unique non-zero entry 612 and

f(O;Z):/[ )efzydBl()’), z € Hp.
O’oo

We assume, without loss of generality, that 612 = 1. A time-changed process

1 1
fr(z) i =——7 <O;j) , z€D (2.11)
1—z2 1—z2
has the same distribution as a random power series
Y 4F, zeD, (2.12)
n=0

where (_#%),>0 is a sequence of independent standard real Gaussian variables. The process fr
has also been much studied. In particular, the point processes of both real and complex zeros of fr
are known to be Pffafian, see [16].

2.2. Distributional limit theorems. Let <7 (Hp) be the space of analytic functions on Hy, en-
dowed with the topology of uniform convergence on compact subsets of Hy. Our first result is a
functional limit theorem in the space .o/ (Hy) for the scaled processes (D(a;1/2+ 5z2)).cH,, When
a real parameter s tends to 0+.

Theorem 2.2. Assume (1.2) and let o« > —1/2. Then the following weak convergence holds in the
space of probability measures on </ (Hp):
<s1/2+°‘D(oc;1/2+sz)) = (J(:2))zemy, §—0+.

z€H)

Note that if (f(z));cH, € </ (Hp), then (f(x))x>0 € C((0,0),C), where C((0,0),C) is the space
of C-valued continuous functions defined on (0,e) and endowed with the topology of locally
uniform convergence. Theorem [2.2{immediately implies the following statement.

Corollary 2.3. Assume (1.2)) and let o« > —1/2. Then the following weak convergence holds in the
space of probability measures on C((0,00),C):

<S|/2+0‘D(a;1/2+sx)> o = (F(a;x))x>0, s—0+.
x>

In the real case when P{6 = 0} = 1, Corollary [2.3|amounts to weak convergence of probability
measures on C((0,0),R) the space of real-valued continuous functions defined on (0,) endowed
with the topology of locally uniform convergence. With a view towards a law of the iterated
logarithm (Theorem [3.1)) we only formulate a one-dimensional central limit theorem in this setting.
As a preparation, using with z; = zp = 1 we conclude that .# (o;1) = 07.#)(; 1) has the
same distribution as (271 29T(1 +2a)0?)/2 - AR with 4R as defined in the line following
(2.12). With this at hand, putting in Corollary [2.3]x = 1 we arrive at the following result.

6



Corollary 2.4. Assume that En = 0, o =En? € (0,) and let o > —1/2. Then

(25)12¢ \1/2 o (logk)® d
(Fi120007) A

s—=04.
1+2a)07) Ay ks

2.3. Convergence of zeros. Given a locally compact metric space X, denote by M, (X) the space
of locally finite point measures on X endowed with the vague topology. A random element with
values in M,(X) is called a random point measure on X. For a function f : C — C, which is
analytic in a domain A C C and does not vanish identically, denote by Zeros, (f) the locally finite
point measure on A counting the zeros of f in A with multiplicities.

A direct consequence of Theorem is the following limit theorem for the point process of
zeros of (D(0t;1/2+2)).en,, see Lemma 4.3 and Remark 4.4 in [13].

Proposition 2.5. Under the assumptions of Theorem the following weak convergence holds in
the space of probability measures on My,(H):

Zerosy,(D(o;1/2+5(+))) = Zerosy, (7 (a;-)), s—0+.

Recall that ¢ denotes the linear fractional transformation (see (2.8))), which maps the open unit
disk I onto Hy. Proposition in combination with representation (2.9) entails the following
result.

Corollary 2.6. Assume that En> =E62, p =0 and let o > —1/2. Then
Zerosy,(D(0;1/2+5(-))) = @ (Zerosp(fuc(-))), s— 0+,
where fo c is the hyperbolic Gaussian analytic function defined by (2.10). If o« = 0, then the

point process Lerosp(fo c(+)) is a determinantal point process with the joint intensity as given in
Theorem 1 of [17].

Using the fact that, in the special case o = 0, the point process Zerosp( fo.c(-)) is determinantal,
one can deduce further information on the number of zeros in special disks. Fix r € (0, 1) and note
that the linear fractional transformation ¢ maps the open disk D(r) := {z: |z| < r} bijectively to

the open disk
1472 <
¢ 1—r2

D(r) := {zGC:

2r
1—r2} C Hy. (2.13)

This can be proved by checking that |¢~!(z)| < r if, and only if, z € D(r). Furthermore, if 0 <
r1 <ry <1, then D(r;) C D(rp) and D(r) T Hy, as r T 1. Also, for every r € (0,1),

¢ (Zerosp(foc()) (D(r)) = Zerosp(fo.c(-) (9~ (D(r))) = Zerosp (fo.c(-) (D(r)) =: Ny,

that is, N, is the number of zeros of f ¢ lying inside D(r). According to Corollary 5.1.7 in [10],
E(1+0)Y =TJ(1+*), teR. (2.14)
k>1

Further properties of the random variable N, can be found in Corollary 5.1.8 in [10].
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Putting things together we obtain

Corollary 2.7. Assume that En? =E6% and p = 0. Let r € (0,1) be fixed and denote by N,(s) the
number of zeros of z+— D(0;1/2+ sz) in the disk D(r) defined by [2.13)). Then

N,(s) N Ny, s— 0+,
where N, is a random variable with the generating function given by (2.14).

In the real case when P{6 = 0} = 1 it is more natural to consider the point process of real zeros.
A counterpart of Proposition [2.5| for the real zeros is given below. For a,b € RU{+teo}, a < b,
let Zeros, 1, (f) denote the locally finite point measure on (a,b) counting the real zeros (with
multiplicities) of a function f analytic in some domain of C containing (a,b).

Proposition 2.8. Assume that P{60 =0} = 1, En =0, o} = En? € (0,%) and let & > —1/2. Then

the following weak convergence holds in the space of probability measures on M,((0,0)):
Zeros .. (D(0;1/2+5(-))) = Zerosg .y (F (), s—0+. (2.15)

Note that the function ¢ maps bijectively the open interval (—1, 1) to the positive half-line (0, o).
In the case o = 0 the following holds true in view of (2.11).

Corollary 2.9. In the setting of Proposition[2.8|
Zexos o,y (D(0: 1/2+5(9) — @(Zeros_1.1)(fal)). 50+,

where fg is the random power series defined by 2.12)). The point process Zeros_; 1)(fr(-)) is a
Pfaffian point process with the joint intensity described by Theorem 2.1 in [16l].

An important feature of random Dirichlet series D(«;-) revealed by Propositions [2.5]and 2.8] is
that the distributions of the limit point processes of zeros only depend on the covariance structure
of (n,0) and do not depend on the distribution of (1, 60). Such a phenomenon is usually referred

to as local universality and has already been observed for many models, see, for instance, [l 2,
11, 14, 20].

3. A LAW OF THE ITERATED LOGARITHM

Our second main result given in Theorem is a law of the iterated logarithm. As usual, a
hint concerning the form of this law is given by the central limit theorem, Corollary 2.4, Beyond
purely probabilistic interest, Theorem[3.1|leads to a conclusion which may be interesting to number
theorists. As s approaches O+, the random function s — } >, %—zﬁ):)cnk changes sign infinitely
often a.s. Being an a.s. continuous function, it has infinitely many real zeros in any right vicinity
of 0 a.s.

For a family (x;) we denote by C((x;)) the set of its limit points.
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Theorem 3.1. Assume that P{0 =0} =1, En =0, 67 := En? € (0,%) and let ot > —1/2. Then

2e 172 o (logk)* oT(1+20)\1/2
. s og _ (%1
HmSup, o (m) i/ = (P ) s G-
and
I+2a V172 o (logk)® o(1+2a)\1/2
o s 0g _ 1
limint,o: ({ooooi7s) Lo k=T ) s 62)
In particular,
220 glt2a 1/2 (log k)oc
c ( ) LOBK) o se(0.1/e)) ) =[-1,1] as. (33
Remark 3.2. In Theorem 1.1 of [5] the following law of the iterated logarithm was proved un-
der (L.4):
, s 1/2 1
hmsupsH(H (w) kg:l Wﬂk =1. (34)

The present article has partly been motivated by our desire to extend (3.4) to centered i.i.d. random
variables with finite second moment and more general weights. In particular, here, finiteness of
the exponential moments of 1 is not assumed which leads to additional technical complications.

4. PROOF OF THEOREM AND PROPOSITION

4.1. Auxiliary result. Lemma #4.1|is used in the proof of Theorem While relation (4.1) fol-
lows easily if z approaches 0 along positive reals, it does require a proof if z approaches 0 along
Hy.

Lemma 4.1. Let B > —1 be fixed. Then

(lo k
. 1+ﬁ gk)
 m Z “pire =LA+, .1

Proof. Let { be the analytic continuation of the Riemann zeta-function to C\ {1}. First of all,
note that for B € N the result is a consequence of the facts, see, for instance, Theorem 12.5 (a) on
p. 255 in [3]]), that lim,_,¢ ;cc 2z (1 +2z) =1 and C > z+— z{(1 +2) is an entire function. Thus,

k
dk

and (4.1)) follows by induction. This argument fails when f3 is not an integer.

— (28 (1+2)) is finite for k =0,1,...,,

z=0

Now we provide a proof which works for any 8 > —1. To this end, put z = u + iv and write

y -y Y

k>2 k>2 k>2

(logk)P
kl +z

(logk)P cos(vlogk)

(logk)P sin(vlogk)
Jl+u )

kl+u




We are going to apply Euler’s summation formula in the form given by Theorem 3 on p. 54 in [3]
withy=1,x=N € N, and

£(1) = 10 (1og )P {Cf’s} (viog?).
sin
It can be checked that, for u € [0, 1] and |v| < 1,
, 1
FOI=0{55), 1+
where the constant in the Landau symbol O does not depend on u and v. Hence,

N
1

N N
Y £ = [ s+ [Ce—1enswa= [ roa+o)
where the symbol O is uniform in u € [0, 1], |[v| < 1 and N. Sending N — oo yields

Y £ = [ @+ o).

k>2

Thus, as z — 0 inside the region |z = Vu? +v? < 1 and z € Hy,

logk)P > (logt)P ~ B =
kg'z(kirz) :/1 (tlg-i-z) dt+0(1):/0 We = de+0(1) =z PIT(1+B) +0(1),

and (4.1)) follows. 0

4.2. Proof of Theorem 2.2, We first prove weak convergence of the finite-dimensional distribu-
tions and then check tightness in the space .o/ (Hy).
For every fixed z € Hy and s > 0, the variable

(logk)“
k1/2+sz

51/2+(XD(O£;1/2—|—SZ) :S1/2+06 Z
k>2

(Nk +16k)

is an (infinite) sum of centered independent random variables with finite second moments. Thus, to
check weak convergence of the finite-dimensional distributions it is enough to check convergence

of covariances and then the Lindeberg-Feller condition, see, for instance, Proposition 4.2 in [19].
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CONVERGENCE OF COVARIANCES. For fixed z1,2, € Hp,

sIT2OR (D(0t;1/2+s21)D(0;1/2 4 52))
_ 42 (log£)* : (log j)*
- E(z e i) (£ 82 1)

logk
1+2a
Z k1+s 21+22) nk +19k)

(logk)?*

2 1+2a
= (o _G +2ip)s Z k1+s (z1+22)

(Z] _|_Z2)1+206 )

where the convergence is secured by Lemma [{.T]in the Appendix. The right-hand side is equal to
E(#(a;z1)#(a;22)) according to (2.3)). The convergence

s — 0+,

sIT2eR (D(Oc; 1/2+sz1)D(a; 1/2+522)) — E (f((x;zl),ﬂ(a;a)) , s—0+
follows analogously, by another application of Lemma

THE LINDEBERG-FELLER SUFFICIENT CONDITION. It suffices to show that, for every fixed
z € Hp and all € > 0,

lim s'*2* Y R <

(logk)“* 2

k1/2+sz nk + iek)

s—0+ k>2 ]1{31+2a|(10gk)°‘kl/zsz(nk+i9k)|>8}> =0. (4.2)

Since (logx) ay=1/2 < A, for some Ay > 0 and all x > 2, we conclude that, for integerk > 2,5 >0
and z € Hy,

|(10gk)ak71/27sz‘ _ (logk)(xkfl/Zste(z) <Ag.

Hence, the expression under the limit in (4.2) is upper bounded by

(logk)?
1+2a 2 2
( Z k1+2sRe > E(T] +0 ) ]1{‘ /n2+62>eAy s~ 1720}

As a consequence of E(n? 4+ 6?) < oo, the expectation converges to 0, as s — 0+. According
to Lemma the first factor converges to I'(1+2¢)/(2Re(z))!2%*. This completes the proof

of (4.2).

TIGHTNESS. Let K be an arbitrary compact subset of Hy and 7 > 0. In order to prove that
the family of distributions of the processes (s'/2t¢D(a;1/2+ s(-))) se(0,7] is tight on &7 (Hp), it
suffices to show that

sup supEls'/> D (a;1/2+ s7)|* < oo, (4.3)

5€(0,7) z€K
11



see the remark after Lemma 2.6 in [[19]. Note that

E|D(0;1/2+s7)2 = (D a;1/2+s2)D(a; 1/2—|—sz)>

(logl)* (log j)¢ ,
E( 51/24—52 Me+16 )> (; jl/Z—i—sZ (nj_lej)
E(n?

JZ

and that

1240 2 2 poys2a v (logk)*®
SLIII?E|S D(a,1/2+SZ)| S]E(n + 6 )S Z kH‘TXO’
ze >2

where x( := inf,eg Re(z) > 0. Since the right-hand side is bounded in s € (0,7] by Lemma
inequality (4.3)) follows. The proof of Theorem [2.2|is complete.

Remark 4.2. Recall that 2% denotes the fractional derivative operator defined by (2.5). In view
of

sY2H Do 1/2+ 5(1)) = 2° (s]/zD(O; 1/2-|—s(-))> , s>0.
Thus, one possible way to deduce Theorem could have been to prove it in a simpler situation
o = 0, and then check that 2% is a.s. continuous at .%,. However, we have not been able to obtain

appropriate continuity results for 2%, nor locate them in the literature. In view of this we proved
Theorem [2.2] directly.

4.3. Proof of Proposition Let (g ) (Ho) be a subspace of .7 (Hy) consisting of all functions
f € @/ (Hp) which take real values on (0,0). The space </ ..)(Ho) is endowed with the induced
topology. Note that, under the assumptions of Proposition[2.8] the weak convergence

<s1/2+°‘D(a;1/2+sz)> = (S(a;2))zeH,, §—0+. 4.4)
z€H)

holds on the space of probability measure on .27 .., (Ho), since %7 .., (Ho) is closed in <7 (Hp).

Let A(0,0) be the set of all f € ¢ ..)(Ho) which do not have multiple real zeros. According to
Lemma 4.2 in [11]], the mapping %7 ..) (Ho) 3 f + Zeros g ..(f) is continuous on A(0, ). Thus,
(2.13) follows from (4.4) provided that

P{ 7y € A(0,00)} = 1. (4.5)

Recall that .7 is a centered Gaussian process. Thus, in order to prove (4.5)) it suffices to check
that
Var (& (a;5)) >0, 5>0, (4.6)
see Theorem in [24] or Lemma 4.3 in [L1]. But (4.6) is trivial, since
I'(1+2a)c?
(zs)1+2a

by (2.3). The proof of Proposition [2.8]is complete.
12
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5. PROOF OF THEOREM [3.1]

We start by proving an intermediate result.

Proposition 5.1. Under the assumptions of Theorem

H2a V172 o (logk)® oT(1+2a)\1/2
. § og 1
th“PH0+(m) v o< (P ) as -1
and
I+2e V172 o (logk)® o (1+20)\1/2
. S 0g 1
imint, oy (=) o (GRUR2ONE L sa
RS0 loglogl/s/ &% kl/2ts k= 220 s (5-2)

We prove Proposition via a sequence of lemmas. The general idea is to split the sum
Yi>2 (llc(l)‘f—zﬁ):‘nk into three fragments. Lemmas and are then designed to show that the contri-
butions of the two fragments are negligible. Lemmas [5.4] and [5.5]are concerned with the fragment
of the sum which gives a principal contribution. While a simpler Lemma [5.4] deals with the con-
vergence along a sequence, more efforts are then required in the proof of Lemma(5.5]to pass to the
convergence along reals.

It has already been mentioned in Section [1| that the case P{n = £1} = 1/2 and a = 0 had
been treated in [S)]. In the latter situation neither splitting the sum into fragments, nor truncation
used in Lemma are needed. Furthermore, the fact that relation (3.1)), with o = 0, holds along
a sequence is an immediate consequence of the Hoeffding inequality and (the direct part of) the
Borel-Cantelli lemma, see Lemma 3.3 in [5]. Both the proof of Lemma 3.4 in [5] and the most
involved part of our proof of Lemma[5.5|rest heavily on a chaining argument.

Replacing 1; with 1;/01 we can and do assume that 67 = 1. For s > 0, put M(s) := | 1/s] and,
fors € (0,1/e), put

s1+2a

/
fa(s) = (m>l 27

where

I'(1+2oa)

Ca = 220

) (logk)
Lemma 5.2. limg_,0 f(s )Zk 5 k?%“ M =0a.s.
Proof. Put Ty :=0,T,:=n1+...+n, for n € N. By the law of the iterated logarithm for standard
random walks,

|T,,| < sup|Ty| :0((nloglogn)1/2), n— o a.s. (5.3)

k<n
13



Hence, there exist C > 0 and a.s. finite K > 3 such that |7;,| < C(nloglogn)'/? whenever n > K.
Integration by parts yields, for small s > 0,

Ms) (loghk)* (logx)® _ (logM(s))*Ty(s)  (log3/2)%n;
= /2 k= /3/2 M(s) x1/2Hs Ed (M(5))1/2Fs (3/2)1/2+s
/K (or(logx)*~! —(1/2+S)(10gx)a)TLdex
3/2 x3/2+s

B /M(s) (a(logx)a_l — (1/2+S)(10gx)a)TLxJ dx
K

x3/2+s
Since limg_,0.+ (M(s))* = 1, we infer, as s — 0+,

(logM(s))*|Tha(s)|  (1ogM(s))*|Thy )|
(M(s))!/2+s (M(s))!/2

= O((logM (s))*(loglog M (s))'/?)
= O((log1/s)*(loglog1/s)'/?) ass.

UoeM(s)) " Tins] _ O(s'/>*%*(log1/5)*) — 0 a.s. Further,

Hence, as s — 0+, fu(s) M(5) 172+

K (a(logx)*~" = (1/2+s5)(logx)*)T,
lim dx
s—=0+.3/2 x3/2+s
K (au(logx)*~" —(1/2)(logx)*) T,

_ ]
= s an dx a.s.,

and the limit random variable is a.s. finite. Finally, by the change of variable y = slogx,

M(s) ) (loglogx) 1/2 slogM(s) 1/2
/K 3/2+sdx C/ o xlts _/logK (logl/s—log1/y) 7 dy
C(log 1 1/2 slogM(s)
< Clogl/s) / e Vdy ~ C(log1/s)'*logM(s) ~ C(log1/s)’?, s =0+ as,
S 0

whence, by monotonicity of x — (logx)%,

/M<s> (ot(logx)*~ !+ (1/2+5) (logx)*)|T}y |
K

oY dx=0((log1/s)*V93/2) s 50+ as.
X

Thus, by the triangle inequality,

a(logx)* ™" —(1/2+s)(logx)%) T
2131+fa ‘/ B2t dx‘ =0 as.
The proof of Lemma[5.2]is complete. O

Forke N, p >0ands € (0,1/e), define the event

5 kl—i—s 1/2
i p(s) = {mkl (logk)*(log1/s) (s”zo‘loglogl/s) }
14



Lemma 5.3. Forall p >0,

| (logh)* B
Sg%:_fa (S) k>MZ(S)+1 W‘T}H 1{%7[)(5) =0 as. 5.4
and (logh)®
. 0g
1 ——FK 1 =0. 5.5
s—l>r(§1+f05(s)k>MZ(;4)+1 k1/2+s (Il JZ{k,p(s)) (53)
Proof. For fixed o > 0, the function x — x*(logx) attains its overall maximum on [1,c0) at e%/s
and (logx)" o Y
ogx o Ao
S =i ¥zl (5.6)
Here, 0° is interpreted as 1. For o € (—1/2,0), we put Ao := 1 and note that
1 o
% <1, k>3

Using this we obtain

(logk)*

Y — [Nk Loy, (5)
MO kl/2+ k,p

—aVo |nk| _
= as k>1\§ 11 k2 L meli-1/25piz (sloglog 1/5)1/2(log 1/s)~1} =V &:5-
>M(s

for small enough positive s, where kg := 2%, The right-hand side vanishes because

lim k™2 =0 as.
k—yoo

as a consequence of En? < oo and thereupon SUPg>1 |nk\k’1/ 2 < o a.s. Since the function s —
(sloglog1/s)~'/?(log1/s)~! is monotone for small s and divergent as s — 0+, the claim is justi-
fied by

L 1y S D Il 125 i (sloglog 1/s) 12 (log 1/s) -1} = O @:.

for small s. This completes the proof of (5.4).
Relation (5.5]) follows from
(logk)“

L s Blmd Ly )
k>M(s)+1

Inelk=1/2>prg ! (sloglog 1/s)~1/2(log 1 /s)

<as™ 0 Y K PE(IN1 L1, togiog /) 2081 /5) 112} )
k>M(s)+1

o2 (sloglog1/5)(log 1 /s)?11]
< )LaS_aVOE |n| Z k—1/2
k=1

<2p " AakaEn2s~*O(sloglog1/s)'/?log1/s.
15



The proof of Lemma|5.3is complete. O

As usual, @7 (s) will denote the complement of 7 p(s), that is, for k € N, p > 0 and s €

(0,1/e),

. 5 kl+s 1/2
= < .
Dip(9) {mkl ~ (logk)*(log1/s) <s1+20‘10g10g1/s> }
Lemma 5.4. Fix any v € (0,(\/5—1)/2), pick any p = p(y) satisfying

(1=7)(1+ 9?2 —exp(d(1+7)pcg ') > 1 (5.7)

and put s, := exp(—n'~") for n € N. Then

y (logk) * M, p (sn)

2 <l4+7vy as.,

lim sup fo(sn)
oo k>M(s,)+1

where Ty p(s) 1= N Il%fp(s) —E(n Il%fp(s))for keNands e (0,1]/e).

Proof. We start by explaining that the stated choice of p is indeed possible. Observe that (1 —
7)(1+47)? > 1 whenever y € (0,(v/5 — 1)/2). Choosing positive p sufficiently close to 0, we can
make 2 —exp(4(1+7) pc&]/ 2) as close to 1 as we wish and particularly ensure that 2 —exp(4(1 +
Ppea'’?) > (1= 1+ 2

Put

y (logk)* k. p (s)

12ts , s€(0,1/e).

Xa(s) == fals)

k>M(s)+1

Using e* < 1 +x+ (x2/2)el! for x € R and Efji,p (s) = 0 we infer, for u € R,

WXa(s (logk)*Tig,p (s)
EetXals) — H Eexp(ufa(s) k1/2+sp )

k>M(s)+1

w?(fo(s))? (logk
< I (14U togty

2a

k>M(s)+1
Further, the inequality
2pk(l+s)/2
(logk)®(log1/s)(s'*+2%1loglog 1/s)1/2
Zpkl/Z-i—S
(logk)®(s1+2@loglog1/s)!/2

7k ()] < 1Ml Lge o) FE(M] Loe () <
(5.8)

IN

a.s.,

which holds true for integer k > 3 and s € (0, 1 /e), entails

log k)% |7 ~1/2
(logk) |nk,p<s)|>§exp<2l)ca \ul) s

€xXp <|u‘fa(s) k1/2+s loglogl/s

16



This in combination with the inequalities E(j p(s))* < 1 and 1+x < e* for x € R yields, for
uck,

B0 <[] enp (U6 G082 20 luly
k>M(s)+1 2 kl+zs loglog1/s (5.9)
<o (gt (g )
X ——€X P E——— .
= &xp 4loglog1/s loglog1/s
Here, the last inequality is a consequence of
(logk)?* * (logx)>* I'(l1+2a) c¢q 1
)3 K1+2s < / 1425 T T(2g)t2a T g I+2a”
k>M(s)+1 X (2s) §
Here, we have used the fact that, for each fixed s > 0, the function x — (logx)?®x~ =2 is decreas-

ing on (max(e?*,1),0). By the Markov inequality, for u > 0,

2 2pc&]/zu ))

< o~ (HMug puXalsn) < (_ 1 L <—
P{Xq(sn) > 1+7} <e e <exp( —( +Y)u+4loglogl/sneXp loglog 1/,

Putting u = 2(1 + y)loglog 1 /s, we obtain
P{Xa(s) > 147} <exp(—(1+7)%(2 —exp(4(1+y)pcg %)) loglog 1/s,)

1
- l’l(l*7)(1+Y)2(Zfexp(4(1+y)pc&1/2)) ’

Hence, Y, P{Xqx(s,) > 1+ ¥} < oo, and an appeal to the Borel-Cantelli lemma completes the
proof of Lemma[5.4] 0

Lemma 5.5. Let p = p(y) and (sp)nen be as in Lemma [5.4 with the only difference that 'y €
(0,1/2). For s € [sp+1,54),
: (logk)* _ (logk)*
im fu(s) (X Tae e X k(i) =0 as.
n—oo kZM(s)+1 k1/2+S kZM(sn+1)+1 k1/2+sn+|
Proof. Let s € [sy+1,5,). Using the fact that M is a nonincreasing function, we write

y (logh)*Tlk,p(s) y (logk)* ik, p (sn+1)
kl/2+s k1/2+sn+1

k>M(s)+1

kZM(S,hL])-i‘I

_ M(sfl) (logk) T (s) Z (Iogk)* (7 (5) — k. p (s41))

K1/2+s K1/2+s

k=M (s)+1 k>M (sp1)+1

1 1
+ ) (logk)® <= e ) Tkop (Sn1) =2 Dt (8) + 02 (5) + 13 ().
M)+ <k1/2+ k1/2+sn11 )

17



ANALYSIS OF I, 1 (s). Recalling that En; = 0, we further decompose I, ; as follows:

B M(suyi1) (logk)“nk M(suyi1) (]ng)a(_nk ]1<Q{k,p(s) —HE(T]k ﬂ%ﬁ(s)))
Li(s)= ) s T ) /25
k=M (s)+1 k=M(s)+1

= In 11 (S) +In,12(s)-
We proceed by investigating the summands separately and start with 7,, 12(s):

(logk)* ([Me] Ly, () TE(Mk| Loz (5)))
k1/2+s

— 0, n—o as.,

fal(s)

Li2(9)] < fals) )

k>M(s)+1

where the limit relation is secured by Lemma Now we pass to 1, 11(s). Summation by parts
yields

(logM(5n+1))*Tua(s,)  (log(M(s)+1))* Ty
(M(s41))1/24 (M(s)+1)1/2+s

MOt (logh)® — (log(k+ 1))
+ Z <k1/2+s N (k+1)1/2+s )Tk’

Liii(s) =

k=M(s

where, as before, 7, = 11 + ...+ 1, for n € N. Since lim,,_,(s,/s,+1) = 1 and the function fy is
regularly varying at 0 (of index 1/2 + o) we infer

fim Jo(n)_

=1. 5.10
n—ee fa(5n+1) ( )

The function f, is increasing on (0, 1/e). Using this in combination with limy,_sco(M (5,41))%+1 =

1, (3.3) and (3.10) we obtain
(108 M(51:1) T, (108 M(51:.1)) T .
fa (S) = (X(Sn
(M(sn+l))1/2+s (M(Sn+1))l/2+5n+1
f (S )(lOgM(anrl)) |TM 5n+l |
T (M (s)) 2

= fa(sns1)O((logM (s,41))* (loglogM (s,41))'/?) = 0, n—oo as.
A similar but simpler argument enables us to conclude that

. (log(M(s) +1))*| Ty )|
f}%se[ssilis"}fa(s) M)+ 0

18




Further, for small enough s > 0,

M(sne1)=1 7 100 k) * o a
y ((1 gk)*  (log(k+1)) >Tk

kl/2+s (k—|— 1)1/2+s

fa(s)

k=M(s)+1

Ms)=1 7 (logk)®  (log(k+1))®
Sfa(S)k_Mz(;, (k1/2+s N (k+1)1/2+5)‘Tk‘
| M(sni1)— (logk)® (log(k+ 1))*
(logM ())
<fa Sn (anruspn+1 |T|) (M( ))1/2+s

(logM (sn11))”
M(Sn) 1/2+4s,11

< fa(sn)O((M(sy41)loglogM (s, 41 ))1/2)
~ fulsne1)O((logM(s0:1)) *(loglogM(s,s1)) /%) = 0, n—seo as

We have used (5.3) for the last inequality and (5.10), limy,—seo (M (s5,+1)/M(s,)) = 1
and lim,, .. (M (s,))*+! = 1 for the asymptotic relation. Thus, we have proved that

lim sup fo(s)l1(s) =0 as.

n_>°°s€[sn+1 2Sn)

ANALYSIS OF I, 5(s). Forn > 2,

Ja(5)|1n2(5)]
~ fls) (logk)* (M Ly, (s) —E(Mk Ly, (5)) — M Ly (s0) TE(Mk Ly (5001)))
o /2
< a8 (log k) * (1Ml Ly, (5) TE(Me| Ly ()
i (/25
N folsn) ) Y (log k) * ([Me] Ly, (5,01) TE(M| Ly, s,,H)))

Sfo(Sut1) KoM(sm)+1 k1 /2+sns1

By Lemma [5.3]and (5.10), the right-hand side converges to 0 a.s. as n — oo.
ANALYSIS OF I, 3(s). Forn € Nand s € (0,1/e), put

logk)*n
Yo(s) := (10gk) ™. p (Su1) |
k1/2+s
kZM(Sn+])+1
We shall show that, for all u € [s,,41,5,],
Hm fo(s,)(Ya(u) —Yu(sns1)) =0  as. (5.11)

n—oo
19



We shall use the fact that Y, is a.s. continuous and differentiable on [s;11,s,] C (0,e0) for every
fixed n € N. Indeed, since Eny p(sy+1) = 0 and E(1y p(snt1))* < o, ¥, is actually analytic on H
as explained in the introduction.

For j € Ngpand n € N, put

Fi(n) := {tjm(n) == spp1+2 Im(sy —su41) 10 <m <27},

Observe that Fj(n) C Fjy1(n) and put F(n) := ;>0 Fj(n). The set F(n) is dense in [s,+1,5,]. For
any u € [sp+1,5n), put

. 2J (1 —
Uuj ::maX{VGFj(n):vgu}:sn+l_|_2*](sn_sn+l) \‘ (M Sn—i-l)J .
Sn = Sn+1

Then lim; ... u; = u (we suppress the dependence of u and u; on n for notational simplicity). An
important observation is that either u; | =ujoru; | =u;— 2-J ($n — Sn+1)- Necessarily, uj=tjm
for some 0 < m < 2/, so that either Uj_| =1tjm Or Uj_1 =1j,_1. Since Y, is a.s. continuous on
[Sn+1,5n] We obtain

= lim Z(Yn(uj)—Yn(uj,l))—kY (up) - Y, (Sn+1)‘

j=1
V4
< lim max |Y,(¢; Y. (t:—1) = max |Y, (¢ Y, (tim—1)|
_€—>°°j:01§m§21’ n(Jm) n( j.m 1)’ ];)l<m<21’ (jm) (j,m 1)’

Thus, our purpose is to show that, for all € > 0 and ng € N large enough,

Y P{ Y max falsn)Valtim) = Yaltim1)| > €} <o

n>ng >0 1<m<2.

Puta;:= (j+ 1)27/ for j € Ny. Since Y j>0aj <o and € > 0 is arbitrary, it is enough to prove
that, for all € > O,

Y, Y P{ max fo(sa)|Ya(tjm) —Ya(tjm—1)| > €a;} < oo. (5.12)

n>ng j>0 1<m<2J

By the mean value theorem for differentiable functions, there exists deterministic r; ,, x € [tim—1:1jm)
such that

(loghk)!+e
Yn(tj.,m) - Yn(lj,m—l) = _(tj,m - tj,m—l) Z Wﬁk,p (Sn—H)
k>M{sp)+1 K s

. logk 1+a
=27 (su—sny1) ) (1/2+k77k p(Snt1). (5.13)
>M{sp)+1 K o
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Now we argue as in the proof of Lemma [5.4] and thus refer to that proof as far as some missing
fragments are concerned: for u € R and large n,

logk)!+e
Eexp (ﬂ:u Z (1/2+krlk,p(sn+l)>
kZM(SmH)-i-l k J,m,
? (logh)?2e s (lul(oghy™+
< St =R |u|(logk)™™
_kZM(s]:{l)H <1+ > 2 E (T, p (sn41)) eXp( Py \nk,p(snﬂ)\))

uz (log k)2+2a ]u| (log k)1+oz

< H <1+——5E(ﬁk7p(sn+1))2exp (—smk,l)(sﬂ+1)|)) '
k>M (sp41)+1 2 klH2snn K1/ 24

We have used 7k > tjm—1 > sp+1 and monotonicity of the functions involved for the second
inequality. Note that (compare with (5.6)), for k > M (s,41) + 1,

logk 2 1
< <
ksnt1/2 €Sn+1  Sn+1

and thereupon

7k (4 D] < Ml Lge ) TR Lz (5,1))
2pk(1+sn+1)/2
<
~ (logk)*(log1/spy1)(spt1%loglog1/s,11)!/?
2pk1/2+5n+1

<
= (logk)'+e(log1 /s, 11)(s; 1% loglog1 /s, 11)'/2

a.s.

Thus, using again the inequality 1 +x <e" forx € R,
(10g k) I+a _
Eexp (:I:u Z mnkvp(snle)
kzM(S,1+])+1 ’,

2 2420
u- (logk) 2p|u|
S H (1 + 2 kl+2sn+1 exp (l 1 3+2(X1 1 1 1/2
k>M (sp41)+1 0g /sn+l>(sn+1 oglog /Sn—H)

’ 24+2a
. 2p|ul (logk)
<exp | = exp (logk)“r=*
( 2 ((lOgl/Sn+1)(szi%aloglog1/sn+1)1/2) k>M(szn:H)+1 k125041
bou? 20 |u|
= e °xp : (5.14)
(2@;{“ ( (log 1/sp41)(s;17% loglog 1/s,41)1/2

where by 1= I'(3+2a)27372%, The last inequality follows from

y (logk)**F2% _ /°° (logy)™™* \ _ /oox2+2ae—2sn+1xdx: F(3+2a) b
1 0

k1+25n+] y1+25n+] (2sn+1)3+2a o S3+2a :

kZM(S,hLl)-i‘l n+1
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By (5.13) and Markov’s inequality, for u > 0 and n > 2,

P{ foe(sn) [Yu(tjm) — Yu(tjm—1)| > €a;}

:P{

< exp (—”fa(s:)((]:s:—l)snu)) e (u

Invoking (5.14) and e“*l < ¢! + e~ for x € R, we infer

e(j+1)
~ Jo(sn)(Sn = Sn+1) }

(logk)Ha B

Z KL/ 24T jmk Mk (Sn+1)
k>M(5,11)+1 "

nk p(sn—i-l)

k>M(sy41)

) |

P fa(su)[Ya(tjm) = Ya(tjm-1)| > €a;}

ue(j+1) bau® 2p |u|
<2exp| — + exp .
( falsn)(sn—sns1) — 25313% (log 1/sp41) (s} 17 % loglog 1/s,41)1/2

Putting

342 342
L 3£snila ke snila
Zbocfa(sn)(sn—an) ba(fa(sn))z(sn_sn+l)2
and
3420
Sn—H

n.:

bafa(sn)(sn—sns1)(l0g1/sp41) (5717 % loglog 1 /s,1)!/2
we obtain, for large n,

P{ for(50) [Y(tjm) — Yaltjm-1)| > €a;} < 2exp(—3€2(j+ 1)kn/2) exp <982kn exp(3pely) /8)

< 2exp(—3€2(j + 1)kn/2) exp (582kn /4).

The last inequality is a consequence of

2 2
1 o

bo(sn — sn+1)(log1/spi1) ba(1—7)
which ensures that exp(3pef,,) < 10/9 for large enough n. Recall that y € (0,1/2) by assumption.

— 0, n—oo

To proceed, observe that
kn ~ bg'ca(1—7)"'n*logn — e, n— oo (5.15)

Hence, for large n satisfying k, > (21og2)/(3€?),

ZP{ max o (50)[Ya(tjm) = Ya(tjm—1)| > €a;}

,]>0 1<m<2/

2exp(—¢ 2kn/4)
< ¥ 272exp(—3€%(j+ 1)k, /2) exp ( 56k, /4 :
];') (=38°(/+ Dha/2) ( /> 1 —2exp(—3€2%k,/2)

Finally, (5.19) entails (5.12). O
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We are ready to prove Proposition[5.1]

Proof of Proposition We only prove (5.1)), for (5.2) is a consequence of (5.1)) with —n, replac-
ing 1. Recall our convention that 612 =1.

Fix arbitrary y € (0,1/2) and pick p = p(y) such that (5.7) holds. By Lemmas[5.4|and 5.5

_ (logk)® _
limsup,_,q, fa(s) Z Wnk,p(s) <147y as. (5.16)
k>M(s)+1
Using relation (5.5) and the fact that E(n; 1 o, (s) = —E(Mk 1y (s)) we conclude that (5.16)

entails
(logk)®

limsup, o, fa(s) Y Kl/2+s
+1

k>M(s)
By Lemma [5.2]and formula (5.4)) the latter yields

(logk)*
k1/2+s

Nk ﬂ%fp(s) < 1-|-’}/ a.s.

limsup, .o, fa(s) ) m<1+7y as.,

k>2

which is equivalent to (5.1)) since the left-hand side does not depend on 7. U

Here is another intermediate result needed for the proof of Theorem

Proposition 5.6. Under the assumptions of Theorem [3.1]

I+2e V172 O (logk)® ol (14+2a)\1/2
. s og 1
limsup_ (., <m> k>2W [ <22—a) a.s. (5.17)
and
[ s1H200 172 o (logk)* _ ol (1+2a)\1/2 518
min ‘Ho+<loglog1/s) Z k1/2+s k= _< 220 ) as. (.18)

k>2

Proposition [5.6] will be proved with the help of Lemmas|[5.2]and [5.3]and two additional lemmas.
The structure of the proof is similar to that of Proposition [5.I] While we single out in Lemma
two negligible fragments of the sum ) -, (Ilj;g—zﬁ)fnk, Lemma treats the dominant fragment.
We stress that the fragments used in the proofs of Propositions and [5.6] are very different.
This is caused by rather different driving forces behind the two proofs. In a nutshell, the proof
of Proposition [5.1] relies upon the direct part of the Borel-Cantelli lemma, which does not require
independence. A complicating part of this proof is that the final result has to be obtained for a
continuous argument. The proof of Proposition [5.6] is based on the converse part of the Borel-
Cantelli lemma, which does require independence. This latter fact leads to a rather nontrivial
choice of the essential fragment. On the other hand, one only works here with the convergence
along sequences, which simplifies things significantly.

Our scheme of the proof of Proposition [5.6]is similar to the argument used in Step 1 on pp. 6-11
of [5]. A simplifying factor in [3]] is that the moment generating function of 7N exists and takes a

simple explicit form Ee®"! = (¢ 4 ¢~*) /2. Unlike in [S], we have to use a truncation to ensure the
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existence of exponential moments. The resulting moment generating function is not available in
an explicit form and may only be analyzed asymptotically.

As in the previous part, without loss of generality, we assume that 0'12 = 1. We shall also use the
sets o7 p (s) and the corresponding truncated variables 7 , (s) with p = 1.

Lemma 5.7. Fix any y > 0 and put s, := exp(—n'*Y) for integer n > 2. Let Ni and N, be integer-
valued, possibly dependent on v, functions defined on some (not necessarily the same) right vicini-
ties of 0 and satisfying lims_,o+ (N1 (s))* = 1 and limg_,o1 (N2(s))* = +oo. Then

10 k)*
lim fo(s,) Z 1/g2+5 fiki(sn) =0 as. (5.19)
and
, logk)% _
im fo(sn) Y (kl/gz+)5 Mt(52) =0 as. (5.20)
" k>Na (80)+1 "

Proof. For s > 0 close to 0, put

N (logh)®
i)

Z1 a(s) = fals)

The argument leading to both (5.19) and (5.20) is similar to that used in the proof of Lemma [5.4]
In view of this, we provide a proof of (5.19) and only comment on a proof of (5.20).
As far as is concerned, according to the Borel-Cantelli lemma, it is sufficient to prove
that, for all € > 0,
Y P{Zi a(sn) > €} <oo. (5.21)
n>1

To this end, we obtain (compare with (5.9)), for u € R,

( 71/2
21 0l u (f (logh)** 2cq “Jul
Eet < exp < Z k1+2s <log10g 1/s> ) '

As has already been mentioned, for each fixed s > 0, the function x — (logx) —1-2s §g decreasing
on (20 o). Hence,
NS (1og k)2 M) (logk)? M)+ (logx
Z k%+2s =o()+ Z ( kizs = )+ / xizs
k=2 k:eZOCVO+1
1 log(Ny(s)+1)~* et Y
:0(1)—'_(2”7—0—1/0 ye ydy:o(s ), s—>04. (5.22)

The last integral converges because oo > —1/2 and vanishes as s — 0+ since lim;_,o+ (log(N; (s) +

1))% =0 as secured by the assumption. Pick r > 0 close to 0 to ensure that, with £ as in (5.21)), § :=
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re 2(2cq) ! exp(28_lc&1/2) satisfies (1 — 8)(1+7y) > 1. According to the preceding discussion,
for small enough s > 0,

Ni(s) <]0gk)2a _ r

Z 1+2s = Jd+2a°
= k Ry

Summarizing, for u € R and small s > 0,

i , ~1/2
) < g (CU)? Y 2l
FeZt.a(s) < exp ( 2 Sl+2a) exp (m)>

( ru? < 2c&1/2|u| ))
=exp(=———+—exp|——— ) ).
P 2¢cqloglogl/s P loglog1/s
Invoking the Markov inequality with u = (1/€)loglog(1/s) yields, for small s > 0,

1/2

P{Z; o(s) > €} < e ““Ee*?.¢(9) < exp (-(1- 7”872(2Ca)7162£_16& )loglog(1/s))

1
" Tog(1/5) 0
This entails (5.21]).
The proof of (5.20) mimics that of (5.19)). One should use the following counterpart of (5.22)):
(logk)** _ 1= (logx)** 1 ” 2ot~ ~1-2a

kZNzZ(S)—H PRSI /N (s) XxIt2s dr= (25)1+2e /(10gNz(s))2‘y e dy=ols b 50
(5.23)
0J

Lemma 5.8. Fix sufficiently small § > 0, pick y > 0 satisfying (1+7)(1 —8%/8) < 1 and put
s, = exp(—n!T7) for integer n > 2. Then

(logk)? _

limsup,, o fa(s:) Y, kl/2—+5n?7k,1(5n) >1-38 as.

k>2

Proof. Let Ni and N, be integer-valued, possibly dependent on ¥, functions which are nonincreas-
ing in some right vicinities of 0 and satisfy limy_,0.+ (N (s))* = 1, lims_,04 (N2(s))* = +oo and

N1(5n+1) 2N2(5n), n>ngy (5.24)

for some ny € N. Such a choice is possible. For instance, according to the discussion on p. 7 in

—1/s
- Lty \'~
N](S)— <1+S— (m) y SE(O,S())7

[I5]], one can take

where 5o = so(7) is the smallest positive root of (14 s)?loglog(1/s) =1+ v on (0,1/e), and

| [loglogl/s /s
No(s) := {(m) J—l, S € (Sp+1,8n], n>2.
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Here,

xp((n+1)1T7—nl*7)
B :=logn <1+s,,+1 - (10g(n+1))_1/2>e p((n+1)

and particularly lim, . 3,/ logn = 0.
In view of Lemma[5.7] it is sufficient to check that
limsup Z, o(s,) >1—0 as, (5.25)
n—oo

where, for small s > 0,

Ny(s) logk)® _
Zal)=fuls) Y B,
k=N (s)+1

We shall prove that there exists 5 € (0, o) such that, for all s € (0,5),
P{ZZ,(X(S) >1— 5} >3~ 67(1752/8)loglog1/s‘ (5.26)

As a consequence,
1
Z P{Zy o(5,) >1—8} >37" Z ——————— = oo,
e o, nUIFN(1-6%/8)
where n; > ng is chosen in such a way that s, < 5 for n > n;. In view of (5.24), the random
variables Z; o (Sn), Z2,0(Sno+1), - - - are independent. Hence, divergence of the series entails (5.25))
by the converse part of the Borel-Cantelli lemma.

As a preparation for the proof of (5.26)), consider the event
Uso:={1-8<Zsq(s) <1} ={(1-8)gals) < s> We(s) < gals)},
where gq(s) := (cqloglog l/s) and

Zz,a(s): Na(s) (logk)® _

)y W”k,l(‘g)'

Wu(s) :=
©) fals) 4y (5)+1

Given u € R and small s > 0 introduce a new probability measure Q; , on (€,.%) by the equality

B (eus1/2+ocwa(s) ]IA) fA eusl/2+aWa(s)dP

Eews'/***Wals) [ eus'/***Wal(s)qp’

Qs,u(A) = Ac.ZF.

We suppress the dependence of Q,, on « for notational simplicity. Then

(Ee u(s 1/2+ocW )(@S u( ) . e—uga(S)/ eusl/2+ocWa(s)d]P)
Us,a
< e 18als) / "8V dP = P(Uy ) <P{Zp,a(s) > 1—8}. (5.27)
Us,a

We shall show that, upon choosing an appropriate u = u(s) = O((loglog 1/s)'/?), the expectation
on the left-hand side is bounded by e~ (1-8%/8)loglog1/s from below and also prove that Qs ,(Us, o) >

1/3, thereby deriving (5.26).
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First, we show that, with u = O((loglog(1/s))'/?),

Eeus1/2+“Wa(s) _ e(Ca/4)u2+“2ha(S)’ s — 0+ (5.28)

for some function & satisfying limg_,o.4 g (s) = 0.

Put )
1 2+a(1 k)o‘
s ogk)* _
gk(S> = an(s), k22, s € (0,1/6),
so that, for u € R,
Na(s)
us'/ 2T OWy (s) = Y ubls) (5.29)
k=N (s)+1
(again, we suppress the dependence of &;(s) on o). Invoking the second inequality in we
obtain )
| (s)| < og1/5 =o(l), s—=0+ as,

for every k > 3. Recalling the asymptotic expansions

e =14+x+x*/2+0(*) and log(l4x)=x+0(x*), x—0,

we infer
1/2+a Nz(s)
e Mal) = Eexp(ui(s))
k=N (s)+1
Nz(s) e
= I E(1+uéls)+u’&l(s)(1/240(1)))
k:Nl(S)+1
Ny(s)
=exp Y log(1+u’EEX(s)(1/2+0(1)))
k=N (s)+1
) Na(s) ) ) Na(s) L
:exp(u (1/240(1)) Y Egk(s)+uo( Y (BE(s) )) (5.30)
k=N;(s)+1 k=N (s)+1

By monotonicity,

/Nz(s)-H (logx)zadx . sz(‘j) (logk)2® _ /Nz(s) (logx)2®
Ny (s)+1 xl+2s - =N 41 kl+2s  — Ni(s) xl+2s

Combining this with (5.22)) and (5.23) we conclude that

N
lim S1—|—206 ZZ(S) (logk)za o r(l +206) i C_OC
142 o 142 o .
N T SR

The latter, together with uniformity in integer k € [N (s) + 1,Na(s)] of the limit relation

~ 2
g1 (s) = Eng Lo (o) — (B Lo ()™ — 1, 5= 0,
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yields

Na(s) M) (o k)20 c
Y E&(s)=s""7" ) (;sz)sEﬁ,?,l(s) — 7”‘ s —0+. (5.31)
k=N (s)+1 k=N (s)+1
Finally,
Ny (s) Na(s) lo k4a
g ~
QY ER@r=wete Yy T wp o)
k=N;(s)+1 k=N (s)+1
1 k4(x
T D S LA SN S )
k>Ny(s)+1 k

Now relations (5.30), (5.31)) and (5.32) entail (5.28).

Observe that, for any fixed u € R, formula (5.28)) reads lim,_,o; Fets'* *Wa(s) — Relca/ 4)"2,
which implies a central limit theorem s'/2T %W, (s) i>(c05 J2)' 2R as s — 0-+. Here, as before,
JI{)R denotes a random variable with the standard normal distribution.

We are ready to prove (5.26)). Put

u=u(s) = (1—8/2)2cy *(loglog1/s)"/? = (1—8/2)2¢; " gu(s).
Formula ((5.28)) implies that
Eeu(s'/z‘FaWa(s)fga(s)) _ 67(1782/4)10g10g1/s+0(10g10g1/s) > 67(1752/8)10g10g1/s (5.33)
for small s > 0. Next, we intend to show the Qy,-distribution of s'/2F%Wy(s) — ((ce/2)u +
Quhg(s)) converges weakly as s — O+ to the P-distribution of (c¢/2)!/2 4R, To this end, we

prove convergence of the moment generating functions. Let Eg,, denote the expectation with

respect to the probability measure Q; ,. Using (5.28)) we obtain, for t € R,
e (t+u)s'/ > Wa(s)

151/ W ()~ (a2 ut2uh(s))) _
E 5.1 C T Reus' /2T We(s)

— exp ((ca/4)(t -0+ (1 4+ u)ha(s) — (ca/ A — Pha(s) — 1((ca/2)u+ 2uha(s)))
= exp ((co/4+ha(s))r?) — exp((ca/4)?) = Bexp(t(ca/2) * AR), s—0+.

eft((ca /2)u+2uhg(s))

The weak convergence ensures that

limsups_>0+@S,u{Sl/2+aWa (S) < (1 - 5)goc (S)}

< lim Qs {5V * W (5) < (cq/2)u+2uhg(s)} = P{AE <0} =1/2.
s—

Since limg_,0.4 (ga(s) — ((co/2)u~+2uhy(s))) = +oo, we also have

l. u 1/2+OZ‘4/ < = .
Jim Qs a(s) <gals)} =1
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Summarizing,
Qsu(Us,a) = Quu{s" T We (s) < ga(s)} — Quu{s"/ T Wa(s) < (1-8)gals)} > % (5.34)

for small s > 0. Now (5.26) follows from (5.27), (5.33)) and (5.34). The proof of Lemma [5.§] is

complete. U

Proof of Proposition Again, relation (5.18)) follows from (5.17)) upon replacing 1 with —1;.
To prove (5.17)), fix sufficiently small § > 0 and pick ¥ > 0 and (s,),en as in Lemma[5.8] Recalling
that Eng = 0, write

logk)® N (logk)®
fa(sn) Z (kl/gT)snnk = fa(ﬁn) kzz (k]/gZ—O—)Sn nk

k>2

— fa(sn) ];2 /e e Lo (o) ~E(Mh Loge (s,)))

log k)%
+fa (51’1) Z (kl/ngn<nk 1.27](71 (5;1) _E<nk :[I‘,kal (5'1)>)
k>[1/s,]+1 '
logk)®
+ falsn) ) (kl/gT)sn(nk Laze o) ~B(Me Lage, (s)))-

k>2

The first, second and third terms converge to 0 a.s. as n — oo, by Lemma [5.2] formula (5.19) of
Lemma(5.7] with N; (s) = M(s) = [1/s], and Lemma[5.3] respectively. By Lemma[5.8] as n — oo,
the upper limit of the fourth term is not smaller than 1 — § a.s. Thus,

. (logk)® . (logk)®
llmsups_>0+fa(s)kgzwnk > limsup,,_, oo fo(5n) I;Wnk >1-6 as,
and (5.17) follows upon letting d tend to O. U

Proof of Theorem[3.1] Formulae (3.1)) and (3.2) follow immediately from Propositions[5.Tjand [5.6
It remains to prove (3.3). To this end, we note that the random function s — D(a;1/2 +5) =
Yy>2(logk)%k~1/275; is a.s. continuous on (0,) as the restriction of the random analytic func-
tion z— D(a;1/2+z), z € Hy. Therefore, the function
220 s1+2a

>
<612F(1 +2a) loglog1/s

1/2
) D(a;1/2+5)

is a.s. continuous on (0, 1/e) with limsup,_,,, = 1 and liminf,_,o = —1. This immediately entails
(3.3) with the help of the intermediate value theorem for continuous functions. O

6. OPEN PROBLEMS

In this section we formulate several open problems which are closely related to the present

framework.
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By the Kolmogorov three-series theorem, the series ) 4~ (l(l)f—/];)ank converges a.s. provided that
o < —1/2. Thus, as far as a law of the iterated logarithm (LIL) is concerned, oo = —1/2 is the
only interesting case, not covered by the present work.

-1

/2 .
OPEN PROBLEM 1. Prove a LIL for } 4>, %nk, properly normalized, as s — O+.

If ¢ > —1/2, then, according to Lemma4.1]
logk)*

1/24s
k>2 k /

)2 En2T(1+20)(2s) "' 2%
M) ~ En°T(1+2a)(2s) , s—0+.

Along similar lines, one may check that

logh)~1/2 2
E(Z%m) ~ (En?)log(1/s), s—0+. 6.1)
> K
o 2
Thus, the asymptotic of E ( Yi>2 (Iljf—zﬁ)sna exhibits a phase transition at & = —1/2. This explains

the fact that the cases o > —1/2 and & = —1/2 cannot be treated in one go. We think that the
missing LIL, with an appropriate normalization that takes into account (6.1]), can be obtained by a
modification of the proof of Theorem [3.1]

OPEN PROBLEM 2. Prove a LIL for };, %le’ properly normalized, as s — 0+, where (ay); are

2 2
real numbers satisfying Y, % < oofors>0and}, %" = oo,
Assume that, for some f§ > —1,

Y klal ~ (1+B) P, n— e, (6.2)
k<e®

Then an application of Karamata’s Tauberian theorem (Theorem 1.7.1 in [7]) yields
E ZL ' E T1+p)(2s) "B, s—o0+
e n , -

Thus, under (6.2]), we are close to the setting of the present paper with a = 3/2 and the LIL in this
case should follow along the lines of the proof of Theorem [3.1]

Let A be the von Mangoldt function defined by A(n) := log p if n = p/ for some prime number p
and some j € N, and A(n) := 0 for the other positive integer n. One of the referees pointed out that
ar = (A(k))1+B)/2 satisfies (6.2). This is a consequence of the representation, with Y., denoting
the sum taken over the prime numbers,

Y KN AR) P =Y Y p AN P Lpiceny

k<e" j=1p>2
= Y (g (Lpi= X p)= L (- 1) (logp) (1 prln/er)
2spset jz1 Jj=[n/logp)+1 2<p<e”
~ Y (p—1)ogp)"P ~ (1+B) 'n"P n— o,
2<p<e”
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We have used p—l7/logr] < p=n/(2logp) — ¢=1/2 for p < ¢ for the penultimate step and the prime
number theorem (see, for instance, Theorem 6.2.1 in [7]]) for the last step.

OPEN PROBLEM 3. Find a precise value or an upper bound for limsup,_.. fu(s)|D(0;1/2+s2)
where o0 > —1/2, z € Hy is fixed, and f is an appropriate normalizing function.

)

Some estimates of the present paper which involve the sums of absolute values still go through,
but, for the most part, the problem is widely open.
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