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Let &1, &,... be i.i.d. random variables of zero mean and finite variance and 71, 77p,... positive i.i.d. random
variables whose distribution belongs to the domain of attraction of an a-stable distribution, « € (0,1). The two
collections are assumed independent. We consider a Markov chain with jumps of two types. If the present position
of the Markov chain is positive, then the jump & occurs; if the present position of the Markov chain is nonpositive,
then the jump 73 occurs. We prove functional limit theorems for this and two closely related Markov chains under
Donsker’s scaling. The weak limit is a nonnegative process (X(r));>( satisfying a stochastic equation dX(r) =
dW() + dUa(ng)(t)), where W is a Brownian motion, U, is an @-stable subordinator which is independent of W,

and Lg?) is a local time of X at 0. Also, we explain that X is a Feller Brownian motion with a ‘jump-type’ exit from
0.

Keywords: Feller Brownian motion; functional limit theorem; locally perturbed random walk; oscillating random
walk

1. Introduction and main result

Let xp € Ny :=NU {0} and X(n) denote the number of claims at time n € Ny in a discrete time single
server queuing model. The sequence X := (X(n)),en, satisfies the classical Lindley recursion

X0)=xp, X(n)=(X(n-1)+6,)", neN,

where, as usual, x* = max(x,0) for x € R, and a random variable 8,, represents ‘arrival minus departure
at step n’, see, for instance, Section II1.6 in [1] or Section 9.2 in [26]. On the other hand, the sequence
X can be obtained as an action of the Skorokhod map ‘¥ on the random walk Sy := (S¢ (1)), cnvy, defined
by S¢(n) :=xg+ 01 + ... + 8, for n € Ny, namely,

X =Y(Sp),

see, for instance, Section 9.3.1 in [25]. The scaling limit of ¥(Sg) is Skorokhod’s reflection of the
scaling limit of Sy, provided that the latter is well-defined. Assume, for instance, that 6, 6,,... are
independent identically distributed random variables of zero mean and finite variance. Then Donsker’s
scaling limit of X is a reflected Brownian motion. The results of this type are well-known and can be
interpreted from different viewpoints, see, for example, Chapter VI in [2], Sections 1.9, 1.10 and 3.3 in
[6], Sections 8.7 and 8.8 in [26]. Usually, the continuous mapping theorem is a main technical tool of
the corresponding proofs.
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Consider a slightly different model in which X(n) is the number of goods at time » in a storage. If
X(n—1)+ 6, <0 (that is, the request at time n cannot be satisfied), then the storage is refilled with a
random amount of goods or several random batches of goods. The purpose of the present paper is to
prove functional limit theorems with Donsker’s scaling for this and similar models, which only differ
by the way of reflection upon crossing 0. It will be shown below that if the distribution of the added
number of goods belongs to the domain of attraction of an @-stable distribution, & € (0, 1), then the
heavy traffic limit is a reflected Brownian motion with infinite intensity jump-exit from 0. In contrast to
the classical heavy traffic limit theorems, the latter process is not a solution to the Skorokhod reflection
problem.

Let &, &1, &,. .. be i.i.d. real-valued random variables, 1, 171, 172,. . . positive i.i.d. random variables
and (5,(0)),>0, ($,(0))y>0 and (8,(0)),>o families of random variables living on the same probability
space; the three collections being independent. For each v > 0, define the random sequences S, :=
(Sv(n))neNO, Sy = (;SA'V(n))nEN0 and S, := (S’V(n))neNo recursively as follows: for n € Ny,

§ _ Sy(n) + En+ls S, (n) > 0,
Sv(n+ l)_ {S‘,(H)+7]n+1, Sv(n)so (L.1)
Sy(n+1)= Sv() + &nsr, fv(")>0,

Mn+1s Sv(n) < O’

and

Sv(n)+§n+la Sv(”)>oand Sv(n)+§n+l >0,
Sy(n+1)=130, Sy(n)>0and S, (n) + &1 <O,
Mn+1, Sv(n) :O

When §,,(0) = §(0) for all v > 0 and some random variable 5(0), we write S for S,,.

The sequence S is known in the literature as an oscillating random walk. The notion was introduced
in [13] under no particular assumptions concerning the distributions of ¢ and 7. Properties of general
oscillating random walks and related models, in particular, recurrence/transience were investigated in
[8,13,17,22]. An explicit formula for (z,£) + 3,50 2*Be"S™, |z| < 1, ¢ € R was given in [16]. As far as
we know, prior to our work there was just one functional limit theorem in this setting [10]. We discuss
it in the paragraph following Theorem 1.2.

Denote by D := D[0, ) the Skorokhod space of cadlag functions defined on [0, 0). We assume that
the space D is endowed with the J;-topology and write = for weak convergence in this space. Also,
on several occasions, we denote by = weak convergence in DX for k > 2 equipped with the product
Ji-topology. In the latter case the topology and the space will be specified. Comprehensive information

concerning the Ji-topology can be found in the books [3,12]. As usual, LA denotes convergence in
probability, | x| denotes the integer part of x € R and o denotes composition of (random) functions.
Recall that the Euler gamma function I is given by I'(x) := /Om eYy*~ldy for x > 0.

Here is our main result.

Theorem 1.1. Assume that E& =0, 0% := Var& € (0,00) and that

P{n>z}~7 % (), z—o o (1.2)
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for some a € (0,1) and some € slowly varying at co. If the initial values satisfy

5,(0) p
2 - X, Voo
for some x > 0, then
Sy(Lvt
(MDY o Wz v, (13)
ovl/2 )20

where the limit process W‘(,x) = (Wa(x,1))s>0 is given by
Wa(x,t)=x+W(t)+ Uy o U o((—x+ M(2))"), t>0 (1.4)
Here W := (W(t));>0 is a standard Brownian motion;

M(t)=— min W(s), t>0,
s€[0,t]

Uy :=(Uq(t))s >0 is a drift-free a-stable subordinator independent of W with
Eexp(—zU4 (1)) = exp(-I'(1 — @)tz%), t,z>0, (1.5)
and Uy :=(Uy ()0 is an inverse a-stable subordinator defined by

U, (t)=inf{s >0: Uy(s) >}, t>0.

The limit process W((,x ) is rather non-standard. This statement is justified in Section 4. As an appetizer,
we only mention here that W((,x) is a Feller Brownian motion with a ‘jump-type’ exit from 0.

Theorem 1.2 states that the result of Theorem 1.1 continues to hold, with the sequence S replaced by
either S or S.

Theorem 1.2. Assume that B¢ = 0, 0% = Varé € (0,00) and that condition (1.2) holds. If the initial
values satisfy

Jor some x > 0, then

Su(lvt))
( ov1/2 )vzo = (Wa(x,1))i20. v — 0.
If
5,(0) p
V1/2 - X, V—>00

for some x >0, then

(Sv(Lth)

ovl/2 )z>0 = (Wa(x,1))i>0, v — oo.
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We note in passing that the case when 7 has a finite mean is much easier to deal with. The scal-
ing limit for S, S and $ is then a reflected Brownian motion, see [18,19]. Corollary 8.4 in [10] is
a functional limit theorem for (v=1/28(|vt]));s0 as v — oo with the weak limit being an oscillating
Brownian motion. Here, (8(n))nen, differs from (S(n)),en, defined in (1.1) in that S(0) = 0 and, for
n €Ny, §(n+ 1) := 8§(n) + w,y provided that S(n) = 0, and w, wy,... are ii.d. real-valued random
variables which are independent of (& )xen and (177)jen, BE =En =Ew =0, Varé < oo, Varn < co and
Varw € (0,0).

We believe that, at the expense of much heavier machinery, the assumption of positivity of 1 could
have been relaxed. It seems that Theorems 1.1 and 1.2 should continue to hold whenever the distri-
bution of 17 (possibly taking values of both signs) belongs to the domain of attraction of an a-stable
distribution, @ € (0,1).

Some ideas of the present work borrow heavily from Itd’s excursion theory as presented in the
book [5]. In particular, our argument is very different from that exploited in [10]. To make the link
visible, observe that the excursions between consecutive crossings of zero of the Markov chain under
consideration coincide with the excursions of a random walk driven by £. Since £ has a finite second
moment, these excursions should be close in some sense to those of a Brownian motion. Thus, the limit
process has to behave like a Brownian motion in the upper half-plane. The distribution of the jumps 71,
12, ... into the positive halfline belongs to the domain of attraction of a stable distribution on [0, c0).
In particular, the sum of these jumps, properly scaled, converges weakly to a stable subordinator. The
additional contribution to the limit process is, roughly speaking, made by the composition of the sum
of jumps and the number of crossings of 0 up to time n. Even though neither of the composed processes
converges weakly under Donsker’s scaling, their composition does indeed exhibit growth at the ‘magic’
square-root rate.

In the article [21] a functional limit theorem similar to ours is proved in a much simpler situation
where £ and 7 are integer-valued and ¢ is bounded from below by —1. As far as we know there are
no other functional limit theorems that would make an explicit link between random walks with a
random-jump reflection at 0 and W((,x). Also relevant to the present work are the papers [15,27,28] and
references therein, in which functional limit theorems are obtained for processes merged together from
certain excursions.

The authors of [21] invoke a representation arising in a generalized Skorokhod reflection problem
(see [20] for more details concerning this problem) as a principal tool. The approach of the cited paper
fails in the present setting of real-valued random variables & and 7, for no reduction to the generalized
Skorokhod reflection problem seems to be possible. As a remedy, we offer a novel argument which
forms the main achievement of the paper.

The remainder of the paper is structured as follows. After some preliminary work Theorems 1.1 and
1.2 are proved in Section 2 with the help of more general Theorem 2.1. The proof of Theorem 2.1 is
given in Section 3. Properties of the limit process are investigated in Section 4. Finally, the Appendix
collects auxiliary results concerning the Jj-convergence of deterministic functions.

2. Proofs of Theorems 1.1 and 1.2

2.1. Preliminary discussion

Let Xi, Xp,... be independent copies of a real-valued random variable X. Throughout the paper, we
adopt generic notation Sx := (Sx(n)),en for a random walk with increments Xi, that is,

Sx(n):=X;+...+X,, neN,
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Also, we put
vx(t):=inf{k e N:Sx(k)>t}, =0,

so that (vx(¢));>0 is the first-passage time process for (Sx (1)) en-
By Donsker’s theorem,

Se(Lve])
(£057) ., = W v
Condition (1.2) ensures
Su(Lvt])
e (2 @
a(v) /=0
where a : [0,00) — (0, 0) is any function satisfying limy,_ vP{n > a(v)} = 1. Equivalently,
Sy (Le(a?v)t])
(—n 2 ) = (Ua®))iz0, v — 0o, (2.2)
ov 20

where ¢ is generalized inverse of a”. Furthermore, in view of independence of £ and 7,

(S.;r(Lth) Sp(Le(a?v)i])

A )z>0 = (W(O),Ua(t)i20, v — o0 2.3)

in D? in the product J;-topology, where W and U, are assumed independent.

2.2. Reduction to the case of nonpositive starting point and x =0

Below we explain that, without loss of generality, we can assume that the starting point x of the limit
processes is 0 and that S5,(0), $,,(0) and S, (0) are a.s. nonpositive. We only provide a detailed argument
for S,,, for the reasoning for the other two processes is completely analogous.

If $,(0) < 0 a.s., then necessarily x = 0. Assume that S,,(0) > 0 a.s. As a preparation for what fol-
lows, we formulate Proposition 2.1 which follows from Proposition A.l given in the Appendix and
Skorokhod’s representation theorem.

Proposition 2.1. For n € Ny, let X, be a strong Markov process and T, an a.s. finite stopping time with
respect to the natural filtration of X,. Assume that

o (Xu(- Atp)y 1) = (Xo(- A 19),70), n — oo, in the product Jy-topology in D*;
o X,(-+71n)=> Xo(-+719), n > 0 inD.

Then X,, = Xy, n — o in D.

Let (vy)nen be any sequence of positive numbers which diverges to +co as n — co. We intend to
apply Proposition 2.1 with Xj,(-) := .S:vn(l_vn-J)/(O'vi/z), Xp:= W((,x) and 7, :=v;'T,, , where T, is the
first entrance time of S’Vn into (—o0,0]. For each x > 0, the process W((,x) is a strong Markov process, see
Theorem 3.11 in Chapter II of [5], and, for x # y, Wc(,x) and W((,y ) have the same transition probabilities.
It can be seen from the definition that W((,x)(t A1) =x + W(t A 19), where W is a Brownian motion,

that is, W((,x ) behaves as a Brownian motion until hitting 0. It is known that, with this choice, the first
limit relation of Proposition 2.1 holds. The process with translated time (S, ([vat] + Ty, ));>0 has the
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same distribution as (S, ([vat])); >0 in which S, (0) has the same distribution as S, (T, ) < 0 a.s. and
is assumed independent of (& )xex and (77;);en. According to Proposition 2.1, we can thus identify the
two processes in the subsequent proof.

Left with showing that

S, (T,
Sonv) B (2.4)
172
Vn

we fix any b > 0 and note that on the event {7\, < bv,}

$0,(T,)
e

maxy <pv, +1 €kl
< 2

(here, the present assumption S, (0) > 0 a.s. plays a crucial role). Further, the relation

max P
%ﬂkﬂ -0, n—o o (2.5)
vn

is a consequence of Efz < oo. With these at hand, write, for any £ > 0 and any b > 0,

P{|3,, (T, )| > evh/*} =P{....T,, <bvp} +P{....T}, > bv,}

n =

<P{ max |&]|> sv,ltﬂ} +P{T,,, > bvn}.

k<bv,+1

Hence,
lim suanwP{IS'Vn (T, > sv,]l/z} <P{ry > b},

where 1 is the first entrance time of W((,x) into (—o0,0]. Since 7y is a.s. finite, we arrive at (2.4) on
letting b — co.

2.3. Passage to an equivalent model

Recall that we assume that S,,(0) < 0 a.s. and that x = 0. For notational simplicity, we shall omit the
index v in the notation, if there is no ambiguity. Also, we shall write W (¢) for W, (0,¢).

Consider a possible realization of the first five elements of the sequence S: §(0) <0, S(1) = S(0) +
m <0,52)=50)+m +m2>0,53)=80)+n1 +m +&>0,54)=50)+m +m +&3+& <0,
S(5) = S(0) + 1 + mp + & + &4 + 5. We observe that the variables &, &, 173, 14, and &5 are missing
in this realization. More generally, for a given k € N any particular realization involves either & or
but not both. Thus, the presence of missing variables is an intrinsic feature of the model. We prefer
to work with an equivalent model whose construction uses the whole collection (&, 7z )k en With no

gaps. To this end, we define a new sequence S:= (§(n))neNO = (S:v (n))nen, and an auxiliary sequence
(T(n))nGNo by

(0):=8,(0), T(©0):=1

Chn

and, forn e N,

(n) + §n+l—7~‘(n)’ é(n) >0, (2.6)

. §
S(n + l) = {S:(n) + UT(n)’
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and
T(n+1):=1+#{1 <k <n:Sk)<0}.
Observe that
S(n) = Se(n—T(n)) + S, (T(n)), neN. 2.7)

The sequences S and § have the same distribution. In view of this Theorem 1.1 follows if we can prove
a counterpart of (1.3):

(§(Lth)

e NGRS .

Further we formulate and prove a general result and obtain Theorems 1.1 and 1.2 as corollaries.
Let /1, {»,. .. be (possibly dependent) positive random variables which may depend on (&; )k exr, Sy (0)
and/or S,(0).

Put

S¢m):=0+...+, neN.
For v > 0, let S = (S (n))nen, be a sequence satisfying S;(0) = S,(0) or §:(0) = $,(0) and
Sy(n) = S¢g(n—T,(n)) + S¢(T(n)), n €N, (2.9
where T,,(0) := 1 and, for n € N,
Ty(n+1):=1+#{1<k<n:S;(k)<0}.

Theorem 2.1. Assume that B¢ =0, 0% := Var& € (0, 00),

. Sig|(n)
nh_r)rgo S0n) =0 as. (2.10)
and that, for some positive function b,
Se(Lvt]) Se(Lb(v)e
(Pl SAOID) o W Uaso v e @.11)
ovl/2 ovl/2 Jiz0

in the product Ji-topology in D, where W and U, are as in Theorem 1.1. Assume that S;;,(0) < 0 a.s.
and

S;0) p
vvl/2 =0, v (2.12)
Then
Sy(Lvel)
( ovl/2 )tZO = Wa()izo, v— oo, (2.13)

The proof of Theorem 2.1 will be given in Section 3.

2.4. Proof of Theorem 1.1

In the setting of Theorem 1.1 we apply Theorem 2.1 with { = ng, §* = S (see (2.7) and (2.9)). Since
relation (2.10) holds according to the strong law of large numbers for random walks, and (2.11), with
b(x) = ¢(02x), is nothing else but (2.3), Theorem 1.1 follows from Theorem 2.1.
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2.5. Proof of Theorem 1.2

By the definitions of § and S,

S(k) - S(k)| < , N as.
oglgn' (k) = S( )l_oglifl;(nlgkl ne as

In view of (2.5) and Slutsky’s lemma we conclude that if one of the processes (S:T(VLIV/ZJ)),ZO and

(%)Qo converges weakly, then so does the other and the weak limits of the processes are the

same. Hence, we only treat(SV(le/tZJ))t>o

While doing so we apply Theorem 2 1 w1th a particular choice of (¢,) that we are now going to

explain. To this end, define sequences S = (S(n))neN0 and (T(n))neN0 by
3(0):= 8,0, 7(0):=1
and, forn e N,

§(n +1):= {S(n) + é:n+1—1‘"(n)’ ;(n) >0,

N7 (n)> (n)<0
and
T+ 1):=1+#{1 <k <n:5k)<0}.

Put ©; =0,

@; :=inf{l>0;_; :8() <0}, i>2 (2.14)
and then, fori € N,

¥i :==5(0y),
(2.15)

G:=8@i+ ) +yi=ni+7i.

The random variable ®; is the time of the i-th visit of S to (=0,0]. The random variable 7; is the

(i — 1)-th overshoot of § into (—c0,0]. Observe that since the random variables vy, ys,. .. are i.i.d., so
are {1, {»,.... A.s. nonnegativity of y; entails ; > n; a.s. Furthermore, {; = n; a.s. if and only if y; =0
a.s. This simpler situation of zero overshoot into (—o0,0] occurs in the setting of [21], where £ is an
integer-valued random variable with £ > —1 a.s., and 7 is a positive integer-valued random variable.

Since § satisfies a counterpart of (2.9)
S(n) = Se(n— () + S(F(n)).  neNy

we conclude that $ is a particular instance of S* = S;; treated in Theorem 2.1. According to Theorem 2.1,
we are left with showing that (2.10) and (2.11) hold forour particular choice of (¢;). Since E|£| < +o0
and En = +oo0, we infer
S S
< Sl Sigi(m)
S¢(n) = Sy(n)

— 0, n—> o as.
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by the strong law of large numbers for random walks. This proves (2.10). Note that the sequence (¢;)
depends on (& ). This is allowed in the definition of (£;).

To check (2.11), we need an auxiliary result, Lemma 2.1, which shows that the standard random
walks S, and Sy behave similarly which particularly means that the contribution of the sum of the
overshoots is negligible in comparison to ;.

Lemma 2.1. Under the assumptions of Theorem 1.2,

S¢(n) P
Sy(n)

1, n— co. (2.16)

Proof. Put 7p:=0and, fori e N,
Ti+]1 = inf{k >Tp Sé:(k) < S§(Ti)} and Xi ‘= S§(Ti_1) - Sf(Ti).

The elements of the sequences (7;);en and (x;);en are called descending ladder epochs and descending
ladder heights of Sg, respectively. By construction y > 0 a.s. Further, the assumptions E£ = 0 and
Varé < oo entail g := Ey < oo, see, for instance, formula (4b) in [7]. Recall (y;);en from (2.15) and
note that (except for y; which is 0 a.s.) these are independent copies of a random variable y with
d
¥ =S (vy(m) —n.
We start by showing that

. P{y>ux}
Iim ——— =

Jim o= =0 2.17)

Denote by F, the distribution function of y and U, the renewal function for (S, (n))nen,, that is,
Uy(x):= 250 P{Sy(n) < x} for x € R. Then

P{Sy(vy(2) —z>x} = / (1-Fy(z+x-y)dU,(y), zx=0.
[0, 2]
Further, for any A > 0,

P{y>x}=E/{0 (1= R x-9) 0, 0)
.1

2.18
-E /[0 (0 R 2= U 002+ L ac) 218)
.

< (1 - FX(X))EUX(U) ]]-{nﬁAx} +P{77 > Ax}

having utilized monotonicity of F, for the inequality. By the elementary renewal theorem,
limy o0 x 7! Uy(x)= u~ ! and thereupon

EU/\((U)]l{nsAx} N Enﬂ{nsAx}
P{n > x} uP{n > x}”

Recalling (1.2) and invoking Karamata’s theorem (Theorem 1.6.4 in [4]) we infer

Enly<axy aAl~
~ X,
uP{n>x}  (1-a)u

X — &0,
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This yields

(1 - F/\/(x))EU/\/(TI)]]-{I]SAx} _
RS P> ) -

0, (2.19)

because E y < oo entails limy 00 (1 = Fy (x))x = 0.
It follows from (2.18) and (2.19) that, for any A > 0,

P P A
lim sup —{y>x} <1 —{7]> il =
x—o0 P{n>x} 7 x>0 P{n > x}

-

Since A > 0 is arbitrary, we arrive at (2.17). Thus, we have proved that given £ > 0 there exists xg > 0
such that

P{y > x} < eP{n > x}
whenever x > xp. Let 7j be a random variable with distribution

1, < Xo,
P{j > x} = T
eP{n > x}, X 2 Xo.
Then P{y > x} < P{} > x} for x > 0 and, as a consequence, for each n € N,
P{yi+...+yp>x} <P{Hh+...+h,>x}, x>0, (2.20)

where 71,7, . . . are independent copies of 7j. Since P{7j > x} ~ ex~*{(x) as x — oo, we conclude that
a counterpart of (2.1) holds for (S5(n))nen, .- Its specialization to v = 1 reads

S(n) da

Aan

eVUL(1), n— . (2.21)

Since € > 0 is arbitrary, we deduce from (2.20), (2.21) and one-dimensional version of (2.1) that

Sy(”) E}
Sp(n)

n— oo,

This completes the proof of Lemma 2.1. O

We shall show that (2.11) holds with b(x) = ¢(0-2x), where ¢ is the same as in (2.2). Recall the
definition of £ from (2.15) and note that the process (Sz(|#])— S, (1£]));>0 is a.s. nondecreasing. Hence,
forall 7 > 0,

Se(Lb(v)e]) — Sp(Lb()])

1€[0, 7] pl/2 pl/2 -

Se(LbWT]) 1 Sy(Lb)T))
S,(LbmT]) 1 i — 0, vooo, (222

where the limit relation is a consequence of Lemma 2.1 and one-dimensional version of (2.2). This
together with (2.3) proves (2.11). The proof of Theorem 1.2 is complete.

3. Proof of Theorem 2.1

For n € Ny, put
m(n) =~ min (S}(0) + S¢(k)
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and
R(n) := S;(0) + Sg(n) + Sy 0 vy o m(n), 3.1)

where V(1) :=inf{k e N: S;(k) > t} fort > 0.

Now we explain how the rest of the proof is organized. We start by proving in Lemma 3.1 that the
sequence R := (R(n))nen, can be obtained from S$* by a time-change. Lemma 3.2 states that relation
(2.8) holds with R replacing S*. Finally, Lemma 3.4 makes it clear that the time-change defined in
Lemma 3.1 is close to the identity mapping. Combining all these auxiliary results we arrive at (2.8),
thereby completing the proof of Theorem 2.1.

3.1. Convergence of the time-changed version of S*

In this section we show that R is a time-changed version of S*, and then we show that the scaling limit
of Ris W,.
Put

A(n) :=inf{k eN:k-T(k)>n, S*(k) >0}, neNj (3.2)

and note that, for n € N, A(n) < oo a.s. because {1, {3, . .. are a.s. positive.

Lemma 3.1. With probability 1
S*(A(n)) = R(n), neNy, (3.3)

that is, the sequence R is obtained from S* by the time-change.

Proof. Since T increases by unit jumps only, the definition of A ensures that

An)=T(A(n))=n, neNy, (3.4)
whence
Se(k =T (k) lk=an) = Se(n), n € Ny. (3.5)
Thus, it remains to check that
ToAn)=vysom(n), neNy as. (3.6)

Fix n € N and consider the events A, := {S*(1(n) — 1) < 0} and AS = {S*(A(n)— 1) > 0}. We shall show
that

(D on A,;: (3.6) holds;

(IHonAG:ToAd(n)—ToA(n—-1)=0;

(IIT) on AG: vz om(n) < T o A(n).

These will guarantee that (3.6) holds by an induction in n. Indeed, T o A(0) = ¥, o m(0) = 1, that is,
(3.6) holds for n = 0. Assume that (3.6) holds for n = k — 1. The validity of (3.6) a.s. on Ay follows
directly from (I). To prove that (3.6) holds true a.s. on A¢, use (II), (IIT) and the induction assumption.
These yield

veom(k)<ToA(k)=ToA(k—1)=v;om(k - 1),

and the claim follows, for ¥, o m is a.s. nondecreasing.
Before going further we state as the claims two properties of the model.
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Claim 3.1.1. For k € Ny,
{T(k+1)>T(k)} ={S*(k) < 0}.

This is obvious, no proof is needed.

Claim 3.1.2. For k € N such that S*(k) <0, put
g(k):=inf{l € [2,k]: S*() <0, S*(I - 1) > 0},
d(k):=inf{r > k :S*(r) <0, S*(r + 1) > 0}.

Then, for k € N,
{S*(k) < 0} c {—S.f(i —TG)) = m(i = TG)) for i € [g(k), d(k) + 1]} . 3.7)

Proof. Put /= g(k) and r = d(k). As S*(l — 1) > 0 it follows that (/) = T(I — 1). Using representation
(2.9) we infer
Se(l =T(1) < =8;(T(1)) and Sg(I—1-T())>-S(T(1)).

The fact that S, is a.s. nondecreasing implies that the minimum of S¢ on the interval [0, [ — T(/)] is
achieved at [ — T(I). Finally, observe that the function i — i — T'(i) is constant on [[,r + 1], because
T(i+1)=T@)+1foriellr]. O

With the claims at hand we now prove (I), (II) and (III).

Proof of (I). Fix w € A,, and consider the number of elements of the sequence ({i)xen used in the
construction of ($*(j))1 <j<a(n)- In view of (2.9) this number is 7 o A(n). Further, note that §* o A(n) > 0,
that is, in the notation of Claim 3.1.2,

d(A(n) - 1) = A(n) - 1.
Recalling (3.4) and using Claim 3.1.2 with k = A(n) — 1 we conclude that
=S¢(A(n) = T(A(n))) = m(A(n) — T(A(n))) = m(n).
Since $*(A(n)) > 0 and S*(A(n) — 1) < 0, we infer
Sg o T(A(n)) > =Sg(A(n) = T(A(n))) = m(n),
S;oT(A(n) = 1) < =Sg(A(n) — 1 = T(An) - 1)) = m(n).

This implies that the number of elements of the sequence ({x)xen used in the construction of
(8*(jN1<j<an) s equal to ¥y o m(n), because it is the minimal number which makes S greater than
m(n). O

Proof of (II). Fix w € AS. It follows from Claim 3.1.1 that A(n — 1) = A(n) — 1. Also, Claim 3.1.1
guarantees that T(A(n) — 1) =T o A(n). Hence,

Todn—-1)=TMn) - 1)=T o A(n).
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Proof of (IIT). The subsequent argument works for both A{, and A,. Since S*(A(n)) > 0 a.s. and ac-
cording to (2.9),

Sy oToA(n)=8"0A(n) - Se(A(n) =T o A(n))
>m(A(n) =T o A(n)) = m(n),
applying v, to both sides of the last inequality yields
T o A(n) = vy o m(n).
The proof of Lemma 3.1 is complete. ([

Recall that S* = §; depends on the parameter v (hence, so does R = R,), that S;;(0) < 0 a.s. and

v1285(0) 5 0 as v — co.

Lemma 3.2. Under the assumptions of Theorem 2.1,

(Sg([va) Ry(Lvt])

ovl/2 > ogpl/2

)t>0 = (W(),Wa())r20, v— 0. (3.8)

Vg(av'/zt)

Proof. The process (W) o is the first-passage time process for (—S{(Lb(‘))”)
>

. A composi-

ovi2 )tZO p

S (ov! 1))
O.vl/Z

) o Recalling (2.11), an application of Proposition A.2 in combination
t>
with the continuous mapping theorem yields

tion of these is (

)

Se(Lvt]) —mingepo, 11(S5(0) + Se(Lvs))) Sy(7(av!/?t))
( ovl/2”’ ovl/2 ovl/? )tzo

= (W(t),M(t),Uy o Uy (1))r=0 (3.9)
in D3 in the product J;-topology, where, as before, (W,M) and U, are assumed independent, and

M(t) = —ming¢[g,,; W(s) fort > 0.
Our next step is to prove that, as v — oo,

Se(lvt]) S¢(vg(=mingepo, 1(S;(0) + Se(Lvs]))))
( vz’ ov1/2

) ., = W@UaoUs o MO)so  (3.10)

in D? in the product J;-topology. To this end, we intend to invoke Lemma 3.3 given next. Being of
principal importance for the proof of Lemma 3.2, Lemma 3.3 should also be useful as far as other
problems involving compositions are concerned, not necessarily related to the setting of the present
paper. The proof of this lemma is postponed to the Appendix.

For f € D, denote by Disc(f) :={a: f(a—) # f(a)} the set of discontinuities of f.

Lemma 3.3. For n € Ny, let x,,, yo € D, y, be nondecreasing and yy continuous. Assume that
limy, 0 X = Xo and lim, e Yy = Yo in the Ji-topology in D and that if, for some t > 0, yo(t) €
Disc(xg), then #{u > 0 : yo(u) = yo(t)} = 1. Then

lim x, oy, = Xxp©° Yo (3.11)

n—oo

in the Ji-topology in D.
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It is known, see, for instance, Lemma 11.17 in [23], that, for any fixed a > 0,
P{#{u>0:Mu)=a} =1} =1. (3.12)

Since U, o Uy and M are independent processes, and the set Disc(U, o Uy,") of discontinuities of
Uy o U5 is a.s. countable, we conclude with the help of (3.12) that

P{#{u - M(u) = a} = 1 for a € Disc(Uy o U;;)} -1 (3.13)

Finally, we note that, for each v > 0, the process # = —minge[o, ;] S¢(Lvs]) is a.s. nondecreasing, and
the process M is a.s. nondecreasing and continuous. Thus, we have checked that Lemma 3.3 applies
to the processes discussed above or rather their versions whose existence is secured by Skorokhod’s
representation theorem. As a result, we obtain (3.10) and thereupon (3.8) because the summation op-
eration (with two summands) is continuous whenever one of the summands is a continuous function,
see, for instance, Theorem 4.1 in [25]. O

3.2. Convergence of the scaled S*
Note that the sequence A = A,, defined in (3.2) depends on v.
Lemma 3.4. Forall ty > 0,

Av(vatJ)_t‘go, v — oo, (3.14)

t€l0, 1]

Proof. For each v > 0, the sequence (1,,(n) — n), >0 is nondecreasing. Hence,

Al hlnd
v - v

sup
t€[0, 1]

>

and it suffices to prove that

Av(vatoJ) LAV (3.15)

for all 7y > 0.
It follows from (3.4) that

L), T\
- _(1_—/1\»(’1) ) , neN.

Since A, (n) > n a.s., it is enough to check that, for any £ > 0,

T,(n) P
sup -

n>gv N

0, v—ooo. (3.16)

Observe that, for § > 0,

[T <o} {830 = lé1] = ...~ 1€-tn)| + &1 + -+ Zion) >0}
(3.17)

S {S3O) - 1611~ -~ 1€l + 21 + ...+ Lion > O}
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By the strong law of large numbers for random walks and (2.10),

| e 1 ST R AP
lim =+00 a.s.
n—oo n
whence
T;
P{ sup Lm < 6} >
nzev M (3.18)
PLSIO) + inf (<& = .= &l + 1+ + Lan) > O) o 1,
nzgyv
as v — oo having utilized v='5(0) 5 0asv— oo. O
According to Lemma 3.1,
Ay (vt
muwpzsa@uwp=sj “?J%y 120, v>0.

The time-change 7 > v~ 4, (v¢) is discontinuous and nondecreasing (rather than strictly increasing).
Hence, negligibility of the distance in D between (v‘l/zS;“(I_th Nrs0 and (v 2R, ([vt]))rs0 as v — oo
cannot be deduced from the definition of the Ji-topology. Lemma 3.5 is designed to deal with this
technicality. Its proof is deferred to the Appendix.

Lemma 3.5. For n € Ny, let A, fn € D, A, be nonnegative and nondecreasing. Assume that, for all
T>0,

lim sup |4,(r)—t|=0 (3.19)

n=9 €0, 7]

and

lim f, 04, = fy (3.20)
n—0oo

in the Ji-topology in D. For n € N, denote by (t](cn))keN elements of the set Disc(1y,) and, for k € N, put
ui") = /ln(t](cn)—) and v]({") = /ln(t]i")). If, in addition to (3.19) and (3.20), for all T > 0,

Timsup  sup ()= fulu"-) =0, (3.21)
k21 seu(™ v"™)nlo, 7]
then
lim f, = fo
n—oo
in the Ji-topology in D.
For later needs, put

maxi<i<|nr] &

Y, t):= >
Vl( ) nl/2

neN, r>0.

The assumption E&2 < co ensures that

Y, =0, n—>o 3.22)
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in D, where 0(¢) := 0 for z > 0.
According to the Skorokhod representation theorem in conjunction with Lemmas 3.2 and 3.4, for
any sequence (v;)en Which diverges to +oo as n — oo, there exists a probability space which accom-

modates random elements ((S("),R(n) /l(n) ¥))nen satisfying, for n € N,
ST (Lvat]) RO (n)
g \Wnll) R, (Lvat]) Ay, (Lvat]) 7 d [ Se(lvat]) Ry, (Lvat]) ﬂvn(LvntJ)
12 1/2 ’ v on - 1/2 ’ 1/2 ’ v
Vn Vn n >0 n t>0

and

(n)
. S (l_VntJ)’ R ([vat J), A (Lt J)
oo\ 12 vl i

Yo |= (W), Wa(),2,0)  as.in D*, (3.23)

where (W, W,) is a copy of the process (W, W,,). Fix any w such that (3.23) holds. The aforementioned

new probability space also accommodates copies S, ) of Sy,,» for each n € N. Representation (3.3)
from Lemma 3.1 holds for these copies. We are going to apply Lemma 3.5 with

(n) (n)
£ult) = % and A, (1) := M, new, 0.
ov,

Vn

For this particular choice, condition (3.21) is justified by the convergence of the fourth coordinate in
(3.23) and the fact that the supremum in (3.21) does not exceed Yu(T). By Lemma 3.5,

*(n)
fim S L) i

1/2
n—oo O'Vn/

for the chosen w and thereupon a.s. This completes the proof of Theorem 2.1.

4. Properties of the limit process

In this section we discuss several properties of the limit process W(x)

= (Wq(x,1))s >0 arising in Theo-
rem 1.1 such as self-similarity, properties of excursions and a Markov property. We explain that W((,x)
admits a representation as the solution to a stochastic equation with reflection. Alternatively, it can be
thought of as a Feller Brownian motion on [0, c0) with a ‘jump-type’ exit from 0.

Let « > 0. We start by noting that the distribution tail of «n satisfies a counterpart of (1.2), with £
replaced by x~%¢. Since the slowly varying function ¢ from (1.2) does not pop up in the limit process
Wéx), limit relations (1.3) and (2.13) remain valid upon replacing (17,,)nen With (kn,,)nen. Further,
observe that the distribution of W‘(Ix) does not change when replacing in (1.4) the process U, with any
other drift-free a-stable subordinator (without killing) V,,, say. Indeed, the distribution of V,, coincides
with the distribution of (U,(ct));»0 for some ¢ > 0. An inverse a-stable subordinator V;~ has the
same distribution as (c‘lUl‘,_(t)),Zo. Finally, the composition of (Uy(ct));>o and (c‘lU(‘,_ ()0 is
(Ua 0 U (1))130 (for all w).

For all x > 0, the processes W((,x) are homogeneous Markov processes. Furthermore, these are Feller
processes, see Theorem 3.11 in Chapter II of [5] and for x # y, W((,X) and W((,y ) have the same transition
probabilities.
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It follows from the definition that W((Ix) behaves like the Brownian motion W until it hits 0. Thus,
Wc(yx) is a Feller Brownian motion, that is, a Markov extension of a Brownian motion after hitting 0.

Remark 4.1. In the theory of Markov processes one usually considers a process Y, say under the
collection of measures Py () := P(-|Y(0) = x) for x > 0. For our needs it is more convenient to work with
the collection of processes W((Yx ), indexed by the initial starting point x > 0, under a single probability
measure P. We hope this does not lead to a confusion.

By Theorem 1.1,

(v128(wen))ixo = (Walct)io

(' vey ' 28(en)is0 = (' PWo(1))i0

that is, the process W, is self-similar with exponent 1/2. Using this in combination with 1/2 self-
similarity of a Brownian motion started at x and stopped upon hitting 0 and the strong Markov property
of W((Ix) we conclude that, for any ¢ > 0 and x > 0, the process (Wéx)(ct))t >0 has the same distribution

1/2y/(c™2x)
as (c W, (t))tzo'

Now we describe the process W((yx) from the resolvent point of view. To this end, define the resolvent
U f(x):=E / B FW(s)ds, x> 0.
0
Denote by V4 f(x) the resolvent of a Brownian motion on [0, c0) killed at 0. It is known that

VA f(x) = / ey f0)dy, x>0,
0

where vA(x,y) := ‘/%(e“/ﬁ‘x‘yI - e_\/z_’”“y‘) for x,y > 0, see p. 56 in [5]. Invoking the general theory
of Markov processes one can show that

UL F(x) = VAF(x) + Bxe 90U £(0) = VAF(x) + e VAU £(0), x>0,

where o7 is the first hitting time of 0, see p. 57 in [5]. Note that this formula holds true for any Markov
extension of a Brownian motion after hitting 0. It follows from Theorem 3.11 in Chapter II of [5] that

dx
x1+af’

vtro=a [ v @

where

0 af2 _
Al:/O (l—e_xm) dx :(2/1) (1 a).

xl+a a

The last equality is obtained with the help of integration by parts.
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Remark 4.2. The book [5] only focuses on the case A = 1. However, the case A # 1 is analogous. Note
that the value of the norming constant A, can be derived from the equality U*1(x) = 47!, x > 0.

Remark 4.3. Equation (4.1) entails that the entrance law for W((,x) is given by
a - dx
ZQ/ZF(I - ) ./() P (x,dy)xHa,

see Chapter V, §2 in [5], where

(x=y)? _ (x+y)?

PY(x,dy) = @uty (e 2t —em 2 )dy

is the transition kernel of the semigroup for a Brownian motion killed at 0.

Summarizing, we conclude that the resolvent kernel r(x, y) of W, is given by

dz
Zl+a’

r’l(x,y)zv/l(x,y)+A31/ v’l(z,y)— x,y>0.
0

Now we are going to point out the distributions of (W(z),—ming¢o,,| W(s)) and Uy o Uy (t). Ac-
cording to Problem 1 on p. 27 in [11],

1

2)\? (2b-a)? 2t
P{W(t) € da, max W(s)e db} = — 2b—a)e”’ Y “'dadb, t>0,0<b, b>a.
s€l0,1] it

Asa consequence,

1

. 2\? Qb+a) /2t

P{W(t) eda, — min W(s)edb}=|—] (2b+a)e dadb, t>0,0<b,b+a=>0.
s€[0, ] 3

Notice that U, (US (7)) — ¢ is the overshoot of the process U, at ¢ > 0. It follows from the Dynkin-

Lamperti asymptotics (see, for instance, p. 135 in [14]) and self-similarity of U, o U;~ with exponent

1 (which is a consequence of (3.9) restricted to the third coordinate) that

P{ Uy o US (1) edx} _ sin(ra) 1(1,00) (%) 0
t r  (x—-1)2x
whence
t¥ si L(t.00)(x
P{Uqy o U, (1) edx} = sin(ra) Lo, )dx, x> 0.

Fis (x—1)x

Absolute continuity of this distribution particularly implies that, for all s > 0,
P{W¥(s) =0} = 0.

Thus, the process W((,x) spends zero time at 0 with probability 1.
Even though the distributions of (W(),—min,[o, ;) W(s)) and U, o Uy (¢) are known explicitly we

have been unable to find an explicit form of the transition density of W((,x).
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According to [20], there exists a unique pair of nonnegative processes (Wg’“),Lﬁf )) satisfying a gen-
eralized Skorokhod reflection problem

W) = x + W) + U (L), 12 0. 4.2)

X) . . . .
Here, the unknown process L((, )is as. continuous, nondecreasing and satisfies

L(0)=0and /

[0

o O6)50) 4L’ () =0. 3
Comparing (4.2) and (1.4) we conclude that W) = W (¢) and L (¢) = US o ((=x + M(¢))") for
t>0.

It follows from (4.2) and (4.3) (or just from formula (1.4), or the Itd excursion theory together with
(4.1)) that the increments of W\* coincide with those of W while W.*) is positive. If W is dis-
continuous at ¢, then Wy (x,7—) = 0 and Wy (x,t) = Ua(L((,x)(t)) - U(,(L((f)(t)—), that is, jumps from 0
are governed by the process U, and further controlled by an “inner” time given by Lff ), Further, if

(I(t9), r(tp)) is an excursion interval of Wc(,x) that straddles a point #y > 0, then W, (x,I(ty)) > 0 a.s. This
implies that there is a ‘jump-type’ exit from O rather than a ‘continuous’ exit.

Remark 4.4. An alert reader will notice that any right neighborhood ((ty), 7(#9) + £) contains an infi-
nite number of excursions with probability 1. Thus, the picture is similar to the behavior of the excur-
sions of a Brownian motion.

The process L((,x ) is a continuous additive functional of the Markov process W((Ix ) whose points of in-
crease are supported by the set {s >0 : W((f)(s) =0}, see p. 68—69 in [5]. Thus, L(ax) is the Blumenthal-
Getoor local time up to a multiplicative constant. In particular, the process Lf,x ) is F:-adapted, where
¥ is a completion by sets of zero measure of the o-algebra generated by (W((,x) (5))sefo, 77- This claim,
which is not obvious, follows, for instance, from either of the following two representations for L((,x ),
The first one, in Theorem 4.1, is in terms of the number of jumps of W((,x). The other, in Theorem 4.2,

is in terms of the number of large excursions of W((,x) up to time 7.

Theorem 4.1. For any T > 0, the convergence

lirg &% (the number of jumps of W((,x ) on [0, t] which are not smaller than &)
&0+

. @ _7™
mee [Z ]1{Wé")<s)—w}f)(s—>28} =La"(0)
€0, ¢

S
is uniform in t € [0, T'| with probability 1.

Theorem 4.2. For any T > 0, the convergence

lir{)l &/ 2(the number of excursion intervals of W((,x) on [0, 1]
-0+

I((1-a)/2)

—a/2 7 (x)
(71'2“)1/2 € L(l’ (t)

whose lengths are not smaller than ) =

is uniform in t € [0, T| with probability 1.
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Proof of Theorem 4.1. The proof of this result can be found in [5]. We recall its main steps because
similar arguments are used in the proof of Theorem 4.2, and also for completeness.
Consider the Lévy-It6 representation of U,

Uy(t) = / / uN(ds,du), t>0.
s€[0,t] /[0, 00)

Here, N := 3, O(11. ,uy,) 18 a Poisson random measure on [0, 00) X (0, 00] with intensity measure LEB ® v;
O(z,x) is the probability measure concentrated at (,x); LEB is the Lebesgue measure on [0, c0), and v is
the Lévy measure given by

v(du) = au™" " 1o oy (u)du, u€R. (4.4)

For any € > 0,

the number of jumps of W((yx) on [0, r] which are not smaller than &

= the number of jumps of U, on [0, L((f )(t)] which are not smaller than &

= N([0, L& (0] x [£,00)).  (4.5)
By the strong law of large numbers for Poisson processes, for any fixed ¢ > 0,

lim *N([0, ] X [g,00)) =1 a.s. (4.6)

e—0+
because, for each 1 > 0, the process (N([0, 1] x [u~!,0))),>0 is an inhomogeneous Poisson process of
intensity u — u®t. As a consequence, relation (4.6) holds true with probability 1 for all rational ¢ > 0.

Since, for each & > 0, the process (e N([0, t] X [&,00))); >0 is a.s. nondecreasing, and the limit function
in (4.6) is continuous, we infer, for all 7 > 0,

lim sup |e*N([0, ] X [6,00)) —t|=0 as.
8—>0+IE[0’T]

(x)
@

This in combination with (4.5) and a.s. continuity of L;,’ completes the proof. O

Proof of Theorem 4.2. Let 61, 6,,... be independent copies of § :=inf{r >0 : 1+ W(r) = 0}. By
self-similarity of W and the fact that —W has the same distribution as W,

W20 L inf{r>0: u+W(E)=0} & inf{r>0: —u+W()=0}, u>0,

where 2 denotes equality of distributions. Using this in combination with formula 2) on p. 25 in [11]
we conclude that

u

P{u’0 edz} = e 12 1(0,00)(2)dz =: f(u,2)dz, z€R, u>0.

2z

We shall use the Poisson random measure N (or rather its atoms) defined in the proof of Theorem 4.1.
Recall that N and W are independent. We proceed by noting that

(the number of excursion intervals of W,(yx) starting in [0, #]
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d
whose lengths are not smaller than &) 150 = ( Z Z ]l{uiek &) )zzo'
<L) M

Further,

d
(Z 2. Luze, zs}) = ( / M(ds,dv)) ,
>0 [0,¢] /[&,00) >0

1 <t uy

where M is a Poisson random measure on [0, o) X (0,c0] with intensity measure LEB ® p, and p is a
measure on (0, c0) defined by

p(dz) = A )f(u, v(du)dz, zeR

with the Lévy measure v defined in (4.4). In particular,

I Y S _ od /w -1-g /00 P
v([g,00)) = e dudz = —— 7 T2dz e s 2 ds
( ) ‘/s /0 P ul+a z(ﬂ.za)l/z - 0

_ r((l - a’)/z)g—a/Z
- (7T2(1)1/2

b}

where the second equality follows by the change of variable s = u?/(2z).
The remaining part of the proof, which is similar to the corresponding part of the proof of Theorem
4.1, commences with checking the asymptotic relation: for any fixed ¢ > 0,

. /2 00 —M
815&3 M([0, t] X [e,00)) = (722)1/2 !

Observe that the number of excursion intervals of W((,x ) starting in [0, 1] whose lengths are not smaller
than ¢ exceeds at most by one the number of excursion intervals of Wé,x) belonging to [0, ] whose
lengths are not smaller than €. O

Appendix

In this section we collect a couple of technical results related to the Jj-convergence. We start with a
proposition which follows from the definition of the Jj-convergence in D. The result is used for the
justification of Proposition 2.1.

Proposition A.1. Forn e Ny, let f, € D. Assume that for a sequence (T, )nen, of nonnegative numbers
the following limit relations hold:

o lim,_,o T, = Tp;
e lim, o fu(- ATy) = fo(- ATo) in D;
o lim, o fu(- + 1) = fo(- + Tp) in D.

Then limy,, o fn = fo in D.

Proposition A.2, borrowed from Proposition 2.3 in [24], is used in the proof of Lemma 3.2. We write
D([0,00) x R) for the Skorokhod space of cadlag functions defined on [0, c0) X R<.
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Proposition A.2. Forn € Ny, let (an, Bn) € D([0,00) X RY). Assume that, for n € N, a,, are nondecreas-
ing, nonnegative and unbounded, that «q is increasing and unbounded, and that 1im,,_,o (@, By) =
(@, Bo) in the Ji-topology in D([0,00) x R?). Then limy_c0 By © @, = ooy inthe Ji-topology in
D(R?), where, for n € Ny and t > 0, a, (t):=inf{s 20 : a,(s) >t}

The function ;" is called generalized inverse of a;, or the first-passage time function of «;,.
We proceed with a classical characterization of the Jj-convergence which can be found in Proposi-
tion 6.5 of [9].

Proposition A.3. For n € Ny, let z;, € D. Then lim,_,o 2, = 20 in the Jy-topology in D if, and only
if, for any ug > 0 and any sequence (un)nen of nonnegative numbers satisfying lim, o u, = ug, the
Jollowing conditions hold.

C.i All limit points of (z,(un))nen are either zo(ug) or zo(ug—).
C.ii If limy,— 00 25 (up) = zo(ug), then limy,— e 25, (vy) = 20(ug) for any sequence (vp)nen satisfying
Vi = Uy for n € N and limy, 00 vy, = Uyp.
C.iii Iflimy, 00 25 (un) = 20(uo—), then limy, o 2,(vi) = 20(ug—) for any sequence (vy)nen satisfy-
ing vy, < up for n € N and limy, 00 vy = Uy.

Proposition A.3 will now be essentially used for the proofs of Lemmas 3.3 and 3.5.

Proof of Lemma 3.3. Fix any 79 > 0 and let (¢,),en be a sequence satisfying lim,,—,o ¢, = fo. Since
Yo is continuous by assumption, the Jj-convergence lim,,—,« Y, = Yo is equivalent to locally uniform
convergence. This entails lim, 0 Y, () = yo(t)-

To prove (3.11) we intend to show that Conditions C.i,ii,iii of Proposition A.3 hold with z,, = x,, o
Yn, Uy =t and uy = ty. While doing so, we use the other implication of Proposition A.3 with z,, =
Xpn, U = yu(ty) and ug = yo(fp), namely, the passage from the Jj-convergence lim,_,o X, = X to the
corresponding Conditions C.i,ii,iii.

Condition C.i. In view of lim,_, x,; = xp, Condition C.i of Proposition A.3 tells us that the limit
points of the sequence (x; © Y, (tn))nen = (xn(un))nen are either xg(ug) = xg o yo(tp) or xo(up—) =
xo(yo(to)—)- Thus, it suffices to prove that either xo(y(ty)—) = xg © yo(to) or xo(yo(to)—) = xo © yo(to—).
Indeed, if yo(fg) ¢ Disc(xp), then xo(yo(t9)—) = xo © yo(to)- If yo(to) € Disc(xp), then using the assump-
tions that yq is nondecreasing and that #{u > 0 : yo(u) = yo(z)} = 1 we infer yy(s) < yo(tp) for any s < 1,
whence xo(yo(fg)—) = xg © yo(fo—). It remains to note that, in view of right-continuity, Condition C.i
obviously holds true for 7y = 0.

Condition C.ii. Assume that lim,,_,c t;, = g and lim,, o X, © Y5, (£,) = X0 © yo(to). Let (s;,)nen be any
sequence satisfying s, > 1, for n € N and lim,,—,« s, = ty. Since y,, is nondecreasing, we infer

Vi = Yn(Sn) 2 yn(tn) =up, neN.

It has already been mentioned that lim, 0 y5(s,) = yo(fo) in view of continuity of yy. Thus, using
lim;,—,c X, = X¢ and invoking Condition C.ii of Proposition A.3 we conclude that

Xn © yn(sn) = xn(vn) — xo(uo) = xo © yo(to), 1n— 0.
Condition C.iii can be checked analogously. O

Proof of Lemma 3.5. Fix any T > 0. Let (t,)nen, be any sequence satisfying ¢, € [0,T) for n € Ny.
Assume that the limit lim,—, f;,(f,) exists. We shall use Proposition A.3.
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For a function x, denote by Range(x) its range, that is, the set of all possible values of x. To verify
Condition C.i of Proposition A.3 we have to show that lim,,_,o f;;(¢,) € {f(to—), f(f9)}. Assume first
that there exists a subsequence (,, )xen such that #,, € Range(4,, ) for all k € N. Without loss of
generality, we can and do assume that 7, € Range(4,,) for all n € N.

For n e N, put

Mn = /l;l_(tn)

(4, is right-continuous generalized inverse of A,) and note that
rlll_{rgofn(tn) = nlgrgo S © An(ptn).

In view of (3.19) it follows that lim,,—,« y,, = ty. Formula (3.20) and Condition C.i of Proposition A.3
imply that lim,—co fu © An(pn) € {f(20-), f(#0)}, whence

Jim f(tn) € {f (=), f(10)}-

Assume now that #,, ¢ Range(4,,) for all n € N (we do not need to investigate an intermediate situation
in which t,, ¢ Range(4,,) for some n and #,, € Range(4,,) for the other n; indeed, passing to a subsequence
we can ensure that exactly one of these alternatives prevails for all values of indices). Then, with the
same u, as before,

Un := An(pn =) < th < An(fn) =: vy, neN. (A7)

For each fixed n, there are two possibilities: either A,,(u) < uy, for u < py, or A, (1) = uy,, for p € [uy, —
&n, Un] for some &, > 0. Assuming that the first possibility prevails for all n € N, we select a sequence
(pn)nen satisfying p,, < up, for all n € N, lim,,_,o o, = fp and

nll_{lgo | fn(An(on)) = fu(un=)1 =0, nh_{rgo |2 (on) — un| = 0.
This is possible because
lim  fu(A,() = lim f,(t) = fu(un—).
HOpn— t—up—
Using (A.7) in combination with (3.21) yields

| fn(tn) = fa(Au(on)| < | fa(tn) = fuun =) + | fu(un=) = fu(An(pn)) = 0, n— oco.

Hence, lim,,—, f;(An(0n)) exists and is equal to lim,,_,« f;,(¢,). According to (3.20) and Condition C.i
of Proposition A.3 we have lim,,, f(t,) € {f(to—), f(t0)}-

Assume now that, for each n, there exists &, > 0 such that A, (u) = u, for u € [y, — en, un]. Let
(pn)nen be any sequence satisfying p,, € [, —&n, in) for n € N and lim,,_,o, p,, = ty. As a consequence
of t, € [un,vn) (see (A.7)), as n — oo,

| £ (tn) = faAu(on))| = | fu(tn) = froun)l < | fu(tn) = fo(un=)| + | fu(un—) = fu(un))| — 0.

Hence, lim,,_,« fn(1,(0n)) exists and is equal to lim,_,c f;,(f;). By the same argument as before we

infer limy, o fu(tn) € { f(to—), f(t0)}.

Conditions C.ii and C.iii of Proposition A.3 can be verified similarly. O
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