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Abstract

Consider a weighted branching process generated by a point process on
[0, 1], whose atoms sum up to one. Then the weights of all individuals in
any given generation sum up to one, as well. We define a nested occupancy
scheme in random environment as the sequence of balls-in-boxes schemes
(with random probabilities) in which boxes of the jth level, j = 1,2,... are
identified with the jth generation individuals and the hitting probabilities
of boxes are identified with the corresponding weights. The collection of
balls is the same for all generations, and each ball starts at the root and
moves along the tree of the weighted branching process according to the
following rule: transition from a mother box to a daughter box occurs with
probability given by the ratio of the daughter and mother weights.

Assuming that there are n balls, we give a full classification of regimes
of the a.s. convergence for the number of occupied (ever hit) boxes in the
jth level, properly normalized, as n and j = j, grow to co. Here, (jn)nen
is a sequence of positive numbers growing proportionally to logn. We call
such levels late, for the nested occupancy scheme gets extinct in the levels
which grow super-logarithmically in n in the sense that each occupied box
contains one ball. Also, in some regimes we prove the strong laws of large
numbers (a) for the number of the jth level boxes which contain at least
k balls, k > 2 and (b) under the assumption that the mean number of the
first level boxes is finite, for the number of empty boxes in the jth level.
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1 Introduction

1.1 Definition of the model

Let Py, P,, ... be nonnegative random variables with an arbitrary joint distribution
satisfying >~ Pr = 1 almost surely (a.s.). We interpret the sequence (P)gen as a
random environment. In the occupancy scheme in random environment, condition-
ally on (Pyg)ren, balls are thrown independently into an array of boxes 1, 2, ... with
probability P of hitting box k. To exclude the trivial occupancy scheme with one
ball, we always assume that the mean number of positive (nonzero) probabilities
is larger than one.

We call the model infinite occupancy scheme in random environment provided
that the number of positive probabilities is infinite a.s. When the random proba-
bilities (Py)ren follow a residual allocation model

PT = W1W2'...'W7«_1(1—W7«), TEN, (11)

where Wy, W, ... are independent copies of a random variable W taking values in
(0, 1), the corresponding infinite occupancy scheme is called Bernoulli sieve. This
scheme was introduced in [7] and further investigated in many articles. See [9]
and [11] for the surveys and [1, 6, 12, 17] for recent contributions. A list of other
popular random environments can be found in [3].

A nested occupancy scheme in random environment is a sequence of occupancy
schemes in random environments constructed as a successive refinement of the
partition of balls. The model was introduced in [2]. The other contributions that
we are aware of are [1, 8 13, 11]. Following [2] and [8], we now provide the
definition of the nested scheme. An important ingredient of the construction is
a weighted branching process with positive weights which is nothing else but a
multiplicative counterpart of a branching random walk.

Let V = U,en,N" be the set of all possible individuals of some population,
encoded with the Ulam-Harris notation, where Ny := N U {0}. The ancestor is
identified with the empty word @ and its weight is P(&) = 1. On some probability
space (2, F,P) let ((Py(u))ken)uev be a family of independent copies of (Py)gen-
An individual u = uy ... u; of the jth generation whose weight is denoted by P(u)
produces an infinite number of offspring residing in the (j + 1)th generation. The
offspring of the individual w are enumerated by uk = u;...u;k, where k € N,
and the weights of the offspring are denoted by P(uk). It is postulated that
P(uk) = P(u)Py(u). Observe that, for each j € N, 35,_; P(u) = 1 a.s., where,
by convention, |u| = j means that the sum is taken over all individuals of the
jth generation. For j € N, denote by F; the o-algebra generated by the weights

(P(w))ul<j-



The nested occupancy scheme in random environment is then constructed as
follows. For each j € N, the set of the jth level boxes is identified with the set
{u € V : |u|] = j} of individuals in the jth generation, and the weight of box
u is given by P(u). The collection of balls is the same for all levels. The balls
are allocated, conditionally on (P(u)),evy, in the following fashion. At each time
n € N, a new ball arrives and falls, independently on the n — 1 previous balls,
into box u of the first level with probability P(u). Simultaneously, it falls into the
box up of the second level with probability P(up)/P(u), into the box upq with
probability P(upq)/P(up), and so one indefinitely. A box is deemed occupied at
time n provided it was hit by a ball on its way over the levels. Observe that
restricting attention to one arbitrary level we obtain the occupancy scheme in the
random environment.

This process can be explicitly constructed as follows. For each j € N, associated
to u € N/ is the interval

L=| ¥ Pw. X P<v>),
[v]=4,v=<u |v|=7,v=u

where < is the alphabetical ordering’ on N/, and u < v means that either u < v
or u = v. Note that, for each v € V| the interval I,, has length P(u) and (Ix)ken
forms a partition of I,. More generally, ((1,)}u=;)jen forms a nested sequence of
partitions of [0, 1).
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Figure 1: Construction of the first three levels of a nested occupancy scheme in
random environment. The first ball hits boxes 3, 31 and 312, the second one hits
boxes 1, 11 and 113.

Let (U;) en be independent random variables with the uniform distribution on
0, 1], which are independent of (P(u)),ev. For each n € N, U, is associated to the

'That is, (a1,...a;) < (b1,...b;) if there exists ¢ < j such that a; < b; and a, = b, for all
r <.



ball n, which falls simultaneously in all boxes u such that U,, € I,. Observe that,
for all n € N, the number of balls hitting box u can be written as >7i | 1yy,er,}-
For j,n € N, put

KW (k) := Z, Les a ekl FEN (1.2)

|ul=J

In words, K7)(k) is the number of the jth level boxes that were hit by at least
k balls before time n. In particular, K := K{)(1) represents the number of
occupied boxes that is, those containing at least one ball in the jth level.

Observe that the random variables K7) (k) are constructed consistently for all
positive integer k, j and n. In particular, an immediate consequence of (1.2) is
that, with n fixed, the sequence (K{)(1));ey is a.s. nondecreasing, and with j and
k fixed, the sequence (K ) (k)),en is a.s. nondecreasing, too.

The process introduced above may be called a deterministic version of the
nested occupancy scheme in random environment. Let (/V;);>o be a Poisson process
of unit intensity with the arrival times Sy, Ss, ..., so that

Furthermore, we assume that the Poisson process is independent of both (P(u)),ev
and the sampling. As in much of the previous research on occupancy models, we
shall also work with a Poissonized version in which balls arrive at random times
St, So, ... rather than 1,2,.... A key observation is that in the Poissonized nested
occupancy scheme at time ¢, conditionally given (P(u))y,ev, the number of balls in
box w is given by a Poisson random variable of mean ¢P(u) which is independent
of the number of balls in all boxes v such that I, NI, = (). Similarly to the
deterministic version, we set

KO (k) = KQ(k), t>0, k,jeN. (1.3)

The so defined random variable represents the number of boxes at time ¢ in the
jth level of the Poissonized version containing at least k balls. In particular,
IC,gj )= IC,gj )(1) represents the number of occupied boxes at time ¢ in the jth level
of the Poissonized version.

Following [13], we call the jth level early, intermediate or late depending on
whether j is fixed, j = j, — oo and j, = o(logn) as n — oo, or j is of order
logn. The asymptotic behavior of K()(k) in certain late levels was investigated

in [2] and [14]. An extension of some results obtained in these two papers to a
multitype version of the nested occupancy scheme in random environment can be
found in [5]. According to Theorem 1 in [14], the nested occupancy schemes in

random environment get extinct in a level j,(n) of order a, log n. This means that
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in the level j > j,(n) every ball is in a distinct box, that is, KJ(") = n. This
shows that as far as analysis of the random variables K/)(k) is concerned, the
aforementioned classification of the levels is complete.

Our purpose is to provide a complete description of regimes of the a.s. conver-
gence for K, properly normalized, in the late levels. Our findings complement
the results obtained in [2], in which the a.s. behavior of K) (k) was analyzed under
the assumption j, = alogn+b+o(1) for a < a, and b € R. Additionally, assuming
that the mean number of the first level boxes is finite we derive the asymptotic be-
havior of the number of empty boxes, in the regime when this number is small with
respect to the total number of boxes. Last but not least, we investigate the a.s.
convergence of KU (k), k > 2 in some late levels j. Our main technical tools are
Biggins’ local limit type estimate for the Gibbs measure of the branching random
walk (Lemma 3.1) and its consequences (Propositions 3.2 and 3.4).

1.2 Standing assumptions

Throughout the rest of the paper, we prefer to work with the (additive) branching
random walk (BRW, for short) associated to the (multiplicative) weighted branch-
ing process (P(u))yev defined in Section 1.1. For u € V, put V(u) := —log P(u).
By convention, V' (u) = oo if P(u) = 0. The process V := (V(u)),ev is a BRW, that
is, in this process the daughters of each individual are positioned according to in-
dependent copies of a point process, centred around the position of that individual.
The value oo is treated as a cemetery state. Individuals at that position only give
birth to particles at co, and sums over |u| = j ignore individuals with V(u) = oc.
Note that the standing assumptions > >, P, = las.and E#{k e N: P, > 0} > 1
are equivalent to

YeV™W =1 as. and E< 3 1> > 1. (1.4)

lul=1 Ju|=1
We additionally impose a nonlattice assumption, namely, for all a > 0 and b € R,
P(V(u) €aZ +b forall u with |u|=1) < 1. (1.5)
For any 6 € R, define
L) :=E (Z e—HVW) and  \(0) :=log L(6)
Ju|=1
(A takes values in (—o0, oc]) and then put

0 :=inf{f € R: \() < oo}.

>



The function A is strictly convex and decreasing on its domain, which particularly
contains the interval [1, 00) because A(1) = 0.

The speed of BRW is defined by v := 1nf9>0 . The term is justified by the
limit relation

1
lim —minV(u) =v as,
J=00 ] lul=j

see, for instance, Theorem 1.3 on p. 6 in [19]. We assume the existence of §* such
that
6N (6*) — A\(6*) = 0. (1.6)
Under (1.6), the minimum of @ is attained at point #*, that is,
A
v=— (9* ) = -\N(0").

Observe that N'(1) = —E X, V(u)e V) =
that P(u) € [0,1] a.s. for all |u| =1 and P(P(u
that

E P(u)log P(u) € [—o0 O), using
)=1) < 1. As A(1) = 0, we infer

0<1<6* and —XN(1)>v>0.

Here, we have also used the fact that 6 € [1,00) — —X(0) is strictly decreasing
and positive, as A is strictly convex and decreasing.
Put
N (a) := sup(—fOa — A\(#)) = —inf(fa + \(#)), a >0
0eR 6>0

and note that A* is the Legendre transform of 6 — A(—#). In particular, \* is a
convex function. It is a classical observation that, if there exists 8 > # such that
—XN(0) = a for some a > 0, then

N(a) = —(Ba+ X(0)) = 0N (9) — \(O). (1.7)
In particular, A*(v) = 0, with (A\*)'(v) = —6*. More generally,
N(#) =—a < (\)(a) = —0.
When 6 < 0, define a counterpart of #* on the negative halfline by
6. :=1inf{0 € (6,0) : ON'(8) — \(9) < 0} (1.8)

and put a_ := limy_9, . (=N (0)). Two other (mutually exclusive) properties of \*
which we use later on are the following.

PROPERTY A. Under the assumption A\(0) = oo, A* is a strictly decreasing func-
tion. In this situation, we put 6, = 6.



PropPERTY B. Under the assumption 8 < 0, A\* attains its minimum at point
—X(0). Furthermore, A* is negative on (—\'(0),a_).
For 6 > 0, put
W;(0) =3 eV and W) = lim W;(0) a.s.
Jul=i e
Observe that (W;(6), F;);>o0 is a nonnegative martingale, so that the limit random
variable W () is well-defined and non-negative almost surely.

Let v > 1. Using the convexity of z +— 27 on RT := [0,00) we obtain, for
0>0,
( 3 eewu))7 _ ( > ewu)e(enwu))7 < Y e EDrvVe
|u|=1 Ju|=1 |u|=1

Choosing v > 1 sufficiently close to 1 that satisfies v(6 — 1) + 1 > €, so that
particularly L(v(6 — 1) +1) < oo, we infer E(W;(6)7) < co. Hence, irrespective of
whether § < 0 or A(0) = oo, we conclude with the help of Theorem 1 in [3] that

W) >0 as. forall 6 € (0,,0") and W(#) =0 a.s. forall § > 6.
Recall that 6, = 6 if A\(0) = oc.

2 Main results

We formulate in this section our main results which are concerned with the almost
sure asymptotic behaviour of K{) := K{)(1) the number of occupied boxes in
the late levels 7 when n balls have been thrown. More precisely, we investigate a
regime in which j = j, satisfies

logn ~aj, n— oo

for some a > 0. It turns out that the asymptotic behavior of KY) depends heavily
upon the value of a, which can be partially explained by the fact that KV) ~ K fg?u I
in this setting, is an increasing function in a. We call the parameter a the density
of balls in the jth level. We expect that in the levels of low density most balls fall
into distinct boxes, whereas in the levels of higher density more and more balls
fall into the same box, so that the total number of occupied boxes do not increase
any longer proportionally to the number of balls.

Put ®(x) := (2m)~ ! [° exp(—y?/2)dy for x € R, so that ® is the standard
normal distribution function. Put

{—“2) if 0* > 2,
a, =

2

. 2.1
v= ) fpr <9 (2.1)

Our first main result is Theorem 2.1.



Theorem 2.1. Let a > 0, b € R and fir 0 > 0 such that a = —N(6). Also, let
(Jn)nen be a sequence of positive integers.
(1) If a < a, and lim,,_,oo(logn/j,) = a, then KU =n a.s. for n large enough.
(I) Let a, < a < a.:=—N(1).

(A) Ifa < —N(2) and j, = atlogn + O((logn)*/?) as n — oo, then

) 2 )
KUn) = — M/Q()nZe’\(Q)J"(l +o(l)) as. as n— oo. (2.2)
(B) If a=—N(2) and
. logn—aj,
M, gz (2.3)
then as n — o0,

, O —ba/N'(2))/2 .

Kln) — ) ( (a/X"(2)) )W(2)n26’\(2)9”(1 +0o(1)) as. (2.4)

" 2
(C) If a > —=N(2) and the sequence (jn)nen satisfies (2.3), then as n — oo,

0  X(0)jn
KUn) — p — I'2-10) 7ab2/(2,\//(9))W<9)n M)

n 0(0 — 1)(27T>\//(9>>1/26 T(l +0(1)) as. (2.5)

(III) If a = a. and the sequence (jn)nen satisfies (2.3), then
K9 = &( = b(a/N'(1))?)n(1 +0(1)) as. as n— oo.

(IV) Ifa. < a <@ := limg_,max,0)(—A'()) and the sequence (j,)nen satisfies (2.3),
then
6 A (0)jn
i = LO=0)  azpaxionyy g /e
g’

n 9(270\//(9))1/26 (1+0(1)) as. as n — oo.

Remark 2.2. We intend to show that in the settings of cases (II) and (IV) of
Theorem 2.1, the a.s. growth of n — KU») and KU, respectively, is sublinear, the
principal contribution being n®®*°M for some a(a) € (0, 1).

Let a > 0, we fix 6 > 0 such that a = —X(0). Let (jn)nen be a sequence of
positive integers satisfying j,, ~ logn/a as n — oo. Then

: M@
nferOin = ="ty oo,

which implies that « is given by

_A(a) ifa>-=N
()::{ ( fa>—X\(2)

2 \@)a ita< -y “ED
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Further, in view of (1.7),

A (a) 6N (0) — \(0)
a XN(@O)

and the function g : 6 € (0,00) — ON(0) — A(0) — N (0) satisfies g(1) = 0 and
g'(0) = (0 — 1)\"(A). This in conjunction with the strict convexity of A\ implies
that, for 0 # 1, g(6) > 0 or equivalently

ON(0) — M) > N(0).

Thus sup,.qa(a) = 1, with the supremum being attained at a = —\'(1).

Remark 2.3. In case (II) of Theorem 2.1, the limit of the martingale appearing in
the asymptotic expansion of KU is always positive almost surely. Let a > a, and
0 be such that a = —\'(0). By convexity of A, there is the following dichotomy.

o If 0" > 2 (in particular W(2) > 0 a.s.), then a, = —@ <v<=MN(2). In
this situation, the cases # > 2, § = 2 and 6 < 2 corresponds to cases (IIA),
(IIB) and (IIC) of Theorem 2.1, respectively.

o If0* <2 thena, =v < —% < —X(2). In this situation, 0 < 6* < 2, so

that the assumptions of case (IIC) hold.

Theorem 2.1 provides the strong laws of large numbers (SLLNs, for short)
for K in all late levels j = j, of order logn. In particular, case (I) a < a,
corresponds to the levels of the very low density, in which balls fall into distinct
boxes with overwhelming probability. According to the terminology of the already
mentioned article [11], the nested occupancy scheme gets extinct in these levels.
Case (I) is treated in Section 4.1. Case (II) corresponds to the levels of the low
density that we call presaturation levels. The terminology stems from the fact that
in these levels most balls fall into distinct boxes, but some of them may share the
same box. Therefore, the SLLN for the number of occupied boxes is mainly driven
by the number of available balls. Case (II) is further divided into three subcases
(ITA), (IIB) and (IIC), in which K exhibits different asymptotics. Case (II) is
analyzed in Section 4.2.

Case (IV) a., < a < @ corresponds to the levels of the high density that we
call postsaturation levels. The motivation for this term is that in these levels
most balls fall into the same collection of boxes, so that the number of occupied
boxes in these levels is small with respect to the number of balls. It is explained
in Remark on p. 1595 of [2] that the a.s. asymptotic behavior of K/ is mainly
driven by the number of the jth level boxes whose hitting probabilities are of
order e77/¢ < 1/n. Case (IV) which is mostly a generalization of Theorem 1



in [2] is treated in Section 4.4. Case (III) a = a. corresponds to the levels of the
moderate density that we call saturation levels. The a.s. growth rate of the number
of occupied boxes in these levels is of order cn for some ¢ € (0,1). Case (III) is
treated in Section 4.3.

Let k € N. Next, we discuss the a.s. asymptotic behavior of KU (k) the
number of boxes in the late levels 7, which contain at least k balls. Note that in
low levels j, most balls cluster together. As a result, K" (k) and K»)(1) are of
the same order of magnitude. We focus here on the levels j, = logn/(=X(k)), in
which a phase transition occurs for the asymptotic behavior of K U»)(k). Below that
level, the behavior of KU») (k) is driven by the asymptotic behavior of the number
of ‘large’ boxes (and was studied in [2]), whereas above that level, it is driven by
the number of available balls. In some sense, Theorem 2.4 is a generalisation to
k € N of part (III) of Theorem 2.1 dealing with the £ = 1 case.

Theorem 2.4. Let b € R, k € N be such that k € (0,6%) and (jn)nen @ Sequence
of positive integers satisfying

1 "(k)j

iy 1087+ N(k)jn

=b.
n—00 (log n)1/2

Then, as n — oo,

K™ (k) = ,j!wuc)cp (_b (5" 2) nfARinem (DN W Tlosm (1 4 o(1)) - aus.

The proof of Theorem 2.4 is given in Section 4.3.

Assume that A(0) < oo, that is, the mean number of the first level boxes is
finite. Then all boxes in low enough levels are occupied with high probability.
We refer to this situation as freezing. For j € N, denote by Z; := #{|u| = j :
P(u) # 0} the number of available boves in the jth level. Then LY := Z; — K{)
is the number of empty bozes in the jth level. Theorem 2.5 is a strong law of large
numbers for LY for the levels j in which freezing occurs. Recall that the quantity
0, is defined in (1.8).

Theorem 2.5. Assume that § < 0. Let —N(0) < a < a_ = limy_,g,+(—N(0)),
b € R and pick 0 € (0,,0) satisfying a = =N (0). Also, let (jn)nen be a sequence of
positive integers such that

li logn_ajn b
im ———— =,
Then
y 1—‘(_9) 2 1" nge)\(e)Jn
lim LUn) — — — 7 —ab? /O (9) (1 + o(1 N .
o, T (27r)\”(9))1/2€ () j,l/Q (I+0(1)) as. as n— o0



Theorem 2.5 tells us that LU») diverges to oo sublinearly a.s., with the rate of
divergence being smaller than e*®Jn the growth rate of Zj,. The former claim
follows by the same reasoning as given in Remark 2.2. To justify the latter claim,
write nferin = =A"(@in(+o(1) and note that by Property B in Section 1.2,
—X(a) < A0) whenever a € ( N(0),a-). As a consequence, the a.s. growth
rates of K{Un) and Z;, are of the same order e*®7». This demonstrates that the
theorem does indeed treat the levels j, in which freezing occurs. The proof of
Theorem 2.5 is given in Section 4.5.

3 Branching random walk estimates

Throughout this section we work with the BRW V as given in Section 1.2. In
particular, we always assume that conditions (1.4) and (1.5) hold. For all 6 €
(0.,0%) and j € N, define the random measure

Z(J . Z o0V (W) )j(sv(u)

lul=j

Note that the total mass of Zéj) is W;(#), and that Zé]) = Zéj)/Wj(H) is a random
probability measure on R which is called the Gibbs measure of the BRW with
inverse temperature 6. Choosing a point according to the law Z, 79 can be thought
of as sampling the position of an individual u in the jth generation of the BRW
with probability proportional to eV (. The asymptotic behavior of Zéj) for 6 > 6*
has been explored in [15, 16]. In the present work we need some uniform estimates
on Z for 6 € (0.,0"). These are presented in Propositions 3.2 and 3.4 and
Corollary 3.5 below.
For 6 > 0,, put

_ 1 y?
9o(y) = WWGKP<_ 2)\,,(@)7 y €R,

so that gy is the density of centered normal distribution with variance A\”(6). For

0 € (0.,0%), Biggins [3] showed that the random measure Z(gj), properly scaled,

converges a.s. to the normal distribution with density gs. Specifically, we recall
the case p = 1 of Theorem 4 in [3], in the form presented by Bertoin in Lemma 4
of [2] (for a BRW satisfying (1.4)). The result is a local limit theorem for the

random measure Zéj ) as j — oo.
Lemma 3.1. The limit relation
hm ‘]1/22 ((x = N(0)j — h,x — N(0)j + h]) — 2hW (0)ge(5 %z ‘ =0 as.
(3.1)

11



holds uniformly in x € R, in h in bounded sets, and in 6 in compact subsets of

0,,6%).

Recall that a function f : R — R* is called directly Riemann integrable (dRi)
on R, if
(a) Xonez SUP(—1yh<y<nn f(y) < 0o for each h > 0 and

(b) imp oy h3ez (Sup(nfl)h§y<nh f(y) — infp-nyn<y<nn f(y)> = 0.
In this article we need the following extension of Lemma 3.1.

Proposition 3.2. Let 6 € (0,,0*) and f : R — RT be a directly Riemann inte-
grable function on R. Then

lim sup
j—o0 yeR

G2 Y e VMO £ X (0)] +y — V(u))

[ul=j

—W(G)gg(yjfl/Z)/Rf(:c)dx =0 as. (3.2)

Remark 3.3. Proposition 3.2 is an extension of Corollary 4 in [3] and Corollary 1
in [2]. The former result only treats dRi functions of compact support. The latter
result is concerned with a subclass of dRi functions having a prescribed rate of
decay at +oo and investigates the sums of the form

> e VIO F(N(0)) + ¢ — V(u)

u|=4
for sequences (c¢;) converging to a finite limit. Last but not least, unlike in the
cited results, the convergence dealt with here is uniform in y.
Proposition 3.4 given next is an a.s. central limit theorem for the random

measure ZQ(J ) as Jj — 00. Werecall that ‘a.e’ is a shorthand for ‘almost everywhere’.

Proposition 3.4. Let 0 € (0,,0") and f : R — R be a bounded, a.e. continuous
function. Then, for any C >0, a.s.,

Y e A(e)jf(_)\,(ei-{/; V(u)+y)_W(Q)/Rf(y—x)gg(x)dx =0.

lul=3

lim sup
Jmeoy<C

If, in addition, f has a compact support, then the asymptotic relation holds uni-
formly in y € R.

A specialization of Proposition 3.4 with f(z) = 1(_s,¢(x) in combination with
a simple additional argument yields the following corollary to be exploited in the
proof of Lemma 4.2(2).

12



Corollary 3.5. Let 0 € (0.,0*) and 6 € (0, —N(0)). Then, for any C >0,

Z o0V (W=A0)j 1{V(u)26j+y} _W(Q) =0 a.s.

ul=j

lim sup
I y|<Cj/?

The proofs of Propositions 3.2 and 3.4 and of Corollary 3.5 are given in Ap-
pendix A.

4 Results for the Poissonized version. Proof of
Theorem 2.1

All the statements of Theorem 2.1 will be proved along similar lines, with the help
of a Poissonization method, that we now describe. We shall work with the random
variables IC,E])(k), t >0, k,j € N defined in formula (1.3). In other words, we
shall investigate a nested occupancy scheme in random environment in which the
number of balls has a Poisson distribution with mean ¢. By the thinning property
of Poisson processes, conditionally on the BRW V), the numbers of balls in different
boxes of the given level are independent, and the number of balls in the box u has
a Poisson distribution of mean te~"(®,

We shall write P(-) := P(:|V) for the conditional law given V and E and Var
for the corresponding (conditional) mean and variance, respectively. It can be
checked that

Z (bk V(u

lul=j

and Var/Ct =) dulte — o(te™V ™)), (4.1)

lul=j

oo z'

where ¢p(2) = e 30, 5 =e? ( z_yk-lz ) Invoking the results of Section 3
we shall provide the a.s. asymptotic behav1or of these quantities as t — oo. Then,
using the Bienaymé;TchebyChev inequality and the Borel-Cantelli lemma, we shall
prove SLLNSs for ICt] ) (k). At the last step called depoissonization, we shall get back
to the original deterministic scheme and deduce the claimed SLLNs for K from
the already proved SLLNs for ICt (k‘) The main technical tools for this final step
is the SLLN for the Poisson process V; ~ t a.s. as t — oo and the monotonicity
properties of nested occupancy schemes.

4.1 Levels of the very low density. Proof of Theorem 2.1(I)

We consider in this section the number of occupied boxes in the levels of the very
low density.

13



Lemma 4.1. Let e > 0 and t; == e for i € N. Then
J J

hmlC ()—O a.s.

]*}OO

Proof. By (4.1),

_ Z ¢2 axj—ejt/2— V(u))’ jGN,

ul=J

where ¢o(z) =1—e " —xe ® for x > 0. The inequality 1 —e™* < z, x > 0 implies
that ¢o(x) < 2%, 2 > 0.
We first assume that 6* > 2. Then 2a, = —A(2) and, as a consequence,

IEICt < Z e20xd— 2e51/2-2V (u) __ — 6—2531/2Wj(2)7 j € N.

lu|=j7

Recall that (W;(2), F;);>0 is a nonnegative martingale. Hence, W;(2) converges
a.s. as 7 — oo. This entails

ZEICt(j)(Q) <00 as.

Jj=1

and thereupon
hmIC ( )=0 as.

]—)OO

by the Markov inequality and the Borel-Cantelli lemma.
We now assume that 6* < 2, in which case a, = v and

EK(2) < e7%0"7 37 20V e N,

lul=j

By Lemma 3.1 in [19] applied to the BRW (V(u) — v|u|)uev, minj,—; V(u) > vj
a.s. for all j large enough. Using it in combination with §* < 2 and v = —\(6*)/0*
we conclude that

1/2

EICg)(Z) < e *UWi(0*)  as. for all j large enough.
As W;(0%) converges a.s. as j — 0o, we deduce once again that >4 EIC(])( 2) < o0
a.s. Flnally, another application of the Markov inequality and the Borel Cantelli
lemma yields
hmIC ()_0 a.s. O
Jj—00
Using Lemma 4.1 we now prove that a.s. no two balls fall into the same box in
the low density regime.
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Proof of Theorem 2.1(I). Let (j,)nen be a sequence of positive integers satisfying
lim,, o (logn/j,) = a with a € (0, a,). Also, let (¢;),en be the sequence defined in
Lemma 4.1. Then lim,,,(t;,/n) = 0o, so that N;, > n a.s. for n large enough, by
the SLLN for Poisson processes. Since, for each j € N, the sequence (K (2)),en
is a.s. nondecreasing, we obtain a.s. for n large enough,

Ki(2) < Ky (2) = K37 (2)

Invoking now Lemma 4.1 we infer lim, . KU (2) = 0 a.s. and thereupon
KUn)(2) =0 a.s. for large enough n because, for each n € N, the random variable
KUn)(2) takes nonnegative integer values. Since, for each n € N, the sequence
(KU (k))ren is a.s. nonincreasing, we infer that, for all k > 2, KU (k) = 0 a.s.
for n large enough. This in combination with the equality ;=1 K9 (k) = n a.s.
which holds for each n leads to the desired conclusion KU») (1) = n a.s. for n large

enough.
O

4.2 Presaturation levels. Proof of Theorem 2.1(II)

We consider in this section the number of occupied boxes in the presaturation
levels. Since in these levels most balls fall into distinct boxes, it is natural to
investigate the asymptotic behavior of the difference between the number of balls
and the number of occupied boxes.

Lemma 4.2. Let a € (a,,—XN(1)) and t;(y) = e“*¥ for j € N and y € R. Pick
0 > 1 satisfying a = —N'(0).
(1) If a < —N'(2) (equivalently 6 > 2), then, for any C' > 0,

lim sup
J—00 ly|<Cj1/2

Z9 _A(2)j i 1
(t1(0) 2B (N — KE,) = W) =0 s,

lim sup
I |yl <Cy/?

A . 1
(tj (y))_ze_/\@)] Var (th(y) — IC?S%?J)) — 2W(2>’ =0 a.s.

; W2 , .
and  Ni,) — ’ngy) = 2()(tj(y))26’\(2)7(1 +o(1)) as. as j— oo,
uniformly in y satisfying |y| < Cj

(2) If a = —N'(2) (equivalently 6 = 2), then, for any C' > 0,

/2.

i ‘ 2, 2iR (N, —IC(j)
i |y|?£1/2 (ti(y)) e ( t(v) tj(y))

W~y () )

=0 a.s,
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lim sup |(t;(y)) "% Var (N, — K7),)

J=ee <1/

—;W(Q)q)( y(\'(2)j)7?)| =0 as.

and Ny~ Ky = D —y(X(2)) ) ()PP 1+ o(1) s

as j — oo, uniformly in y satisfying |y| < Cj'/2.

(3) If a > —N(2) (equivalently 60 < 2), then

Jim sup (85 (y)) "¢ OV E (Mo = Kiy)
- g((;:f))w(@)ga(yj‘m) =0 as,
Jim sup 2(t5(y) Pe MO Var (N - KJ),))
— (260 — 2% + 1)IMW(9)gg(yj—l/2) =0 as.,
and - Ny, — Kilf,) = g(fjf))vv(e)g (i )52 () P (1 + 0(1)) as.

as j — oo, uniformly in y satisfying |y| < Cj/2, for any C > 0.
Proof. Let 1, be a random variable with the Poisson distribution of mean A > 0.
Then

E(ny = Lgpy>1y) = m(A) and - Var(ny — Ly, >13) = v(}),
where m(z) :=z —1+e *and v(x) ==z +e % —e 2 —2ze* for z > 0. In view
of these formulas, for j € N and y € R,

E(th(y) ’Ct () ) Z m(eaj+y—V(u)) (42)
lul=3
and
Var (th(y) — Ingy)) =) v(e“ﬁy’v(“)). (4.3)
=

CASE 6 > 2. For typographical ease, we write 9 for the integer part of . We start
with
-1 (_1)i€i(aj+y7V(u))

() _ — aj+y—V(u
E(th(y) - Ictj(y)) = il + D (e “)
=2 |u|=j ' ul=j
v—1 7
_ (_'1) ez(aj+y )HA(E W + Z mg aj+y V(u)) (4.4)
= Jul=j
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where g (z) 1= e *— Y0 f for x > 0. By convention, the empty sum 37, .
is equal to 0, if 9 € (2, 3). Further,

. -1 . . , .
> my(e V) = L oty > eV Ly )5 gy

. V! :
ul=j |ul=j
L HAIROT Y V@ NOigg (oY)
ul=7
where my(z) 1=z~ ( — oy et (—1)19%1? Lio1 ([E)) for x > 0. The function

x +— my(e®) is Lebesgue 1ntegrable on R. For instance,

i

os/o (—1)" 1y (e )dx—/l( )70 1( Zﬁl

> 0 1=0

>d.il:<oo

because

(—Uﬂﬂx“"l(e_”ﬁ — zﬁ: (_x)i) ~ = r — 0+

P (0 + 1)lalot’ ’
where {0} is the fractional part of 6. Further, the function z + (—1)"e%miy(e®)
is nonnegative and increasing on [0, 00), and the function z + (—1)"+1e%mi,(e?)
is nonnegative and increasing on (—oo,0]. Hence, we conclude with the help of
Lemma 9.1 in [10] that the functions z +— (—1)"Ty(e”) and x — (—1)"T1my(e?)
are dRi on [0, c0) and (—o0, 0], respectively. An application of Proposition 3.2 with
f(x) = (=1)"my(e”) Lpeo)(z) and then with f(z) = (—1)""my(e”) L(—oo)(z)
yields

1/2 Z e (u —)\(G)j/mﬂ(eaj—%-y—‘/(u))

lul=j

lim sup |7
j—)()o yG]R

—W(0)ge(y) /OOO my(e *)dx| =0 as. (4.5)

Assume that @ is integer, so that ¥ = 6. Then, by Proposition 3.4 applied to
f(x) = 1o (), € R, for any C' > 0,

=0 a.s.

lim sup
I7 <l

eV L s ajiy _WW)(I)( yX'(9))” 1/2)

|ul=j

(4.6)
Assume now that  is not integer, so that ¢ < 6 and thereupon —\'(¢) > —\'(0) =
a > 0. Here, the left-hand inequality is justified by the fact that —\" is a decreasing
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function on (6, c0). Invoking Corollary 3.5 with § = a = —=N(0) € (0, =N (¥)) we
obtain, for any C' > 0,

ST e VORI iy W () =0 as. (4.7)

ul=j

lim sup
700y <Cj/?

Combining (4.5) and (4.6) we obtain in the case of integer 6 (J = 6)

lim sup e~ aj+y)=A(9)j Z mﬁ(eaj-i-y—V(u))
Jj—00 |y|<C]1/2 |u‘:‘7
_ (_1)19W(19) ( ()\//@9) ) 1/2) — 0 as (4 8)
Il = 8. )

If 0 is not integer, we conclude with the help of (4.5) and (4.7) that

. . . —1)Y
lim  sup |e”M@WHTADT N g ety VW) (=1) W(ﬁ)‘ =0 as. (4.9)
I y|<Cg/ Jul=j v

having utilized the fact that the function s — as + A(s) is decreasing on [2, 6].
Getting back to (4.4) we first analyze the case f = 2 in which the first summand
on the right-hand side of (4.4) vanishes. Appealing to (4.8) with ¢ = 2 we obtain

lim sup e 2(aj+y)=A 2R (th(y) — ng%@/))

Iz 1y 1</

~W(@2)o( —y(N'(2)5)7?) /2‘ =0 as.

Assume now that 6 € (2,3) in which case the first summand on the right-hand
side of (4.4) still vanishes. Invoking (4.9) with 9 = 2 we arrive at

lim  sup |e XTINAIE (N, () — K )—W(?)/Q’:O as.  (4.10)

t,
T700 </ )

Finally, if # > 3, then the first summand on the right-hand side of (4.4) is nonzero.
Furthermore, in view of the already mentioned monotonicity of s +— as + A(s) on
[2,6], its first term which corresponds to i = 2 dominates. As a consequence,
relation (4.10) holds but the driving forces behind this convergence are different
from those in the case 6 € (2, 3).

Passing to the analysis of the variance we write v(z) = m(z) + w(x), where
w(zr) =1-— — 2ze~® for x > 0. Using now (4.2) and (4.3) we conclude that
(4) a V(u
Var (Ntf@) = Kitn) = E(Nuw = Kilty) + ; w(e ).
ul=j
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Hence, in order to show that the variance exhibits (uniformly) the same asymp-
totics as the mean it is enough to check that, for any C' > 0,

lim sup e 2(@WHY)-AR)I > w(e“j+y_v(“)) =0 a.s. (4.11)

j—00 .
I yl<Cg1/? ul=j

Since, as x — 0+, m(x) ~ 2?/2 and w(x) ~ 23/3, we infer

lim (w(x)/m(x)) =0.

r—04

Thus, given ¢ > 0 there exists zo € R such that w(e”) < em(e”) whenever z < xy.
Using this zy we write

Z w(eajerfV(u)) — Z w<eaj+y7V(u)) 1{aj+y—V(u)§Zo}

|| =3 lul=j
+ Z w(eaj-f-y—\/(u)) ﬂ{aj+y—V(u)>I0} .

ul=j

We shall investigate the summands separately:

S w(e VI Ty vyeay < > me VTV 0)

ul=J ul=j

~ eW(2)c; e TN oo (4.12)

uniformly in |y| < €32, for any C' > 0. Here, ¢; = 1/2 if § = 2 and ¢; =
d(—y(N"(2)5)"1/?)/2 if § = 2, and the last limit relation follows from the al-
ready proved part for the mean. To analyze the second summand, put w(x) :=
27 (x) Lo o0y (z) for x > 0. The function = — @(e®) is nonnegative. Further,
since W(e*) ~ e as ¥ — oo, it is Lebesgue integrable on R. As z + e%@(e?)
is increasing on R, using again Lemma 9.1 in [10], we conclude that = — @(e”) is

dRi on R. Noting that

3 w(eaﬁyf‘/(u)) {0ty v (u)>m) = € @TVHOT S @(eaﬂyw(u)),
Ju|=5 [ul=j

an application of Proposition 3.2 with f(z) = w(e”) yields

lim sup
J]—00 y€ER

j1/26—6(aj+y)—>\(0)j Z w<€aj+y—V(u))

ul=7

1 {aj+y—V (u)>z0}

—W(Q)gg(yjlﬂ)/R@(em)dx =0 as.
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Recalling that the function s — as + A(s) is decreasing on [2, 0] we conclude that

lim sup e~ 2(ai+y)=A(2); Z w(eaj+y_v(”)) Liajty—viws>zy =0 as.
770 yeR lul=j

This in combination with (4.12) proves (4.11).
CASE 6 € (1,2). We use a representation

m (eajﬂ/—V(U))

eflaj+y—V(u))

Z m (eajﬂ'*V(u)) — Olaj+y)+A(©0)] Z o0V (W=A0)j

lul=37 ul=37

Observe that the function z — e~%m(e®) is nonnegative and that

—0x T _ o —0—-1 . —x —
/Re m(e)dx—/o ' (r—14e%)dx 90-1)

which can be checked by repeated integration by parts. Since z +— m(e”) is an
increasing function on R, we conclude that the function z — e %m(e®) is dRi

on R by Lemma 9.1 in [10]. Invoking Proposition 3.2 with f(x) = e~ %m(e*) we
obtain, a.s.

. 1/2 —0V (w)—A(6)j ( _ _1/2 m(e) _
Jim sup|j > e vy~ W (0)gelys— ") /]R oo dz| =0

ul=j
and thereupon, a.s.

et a0 S\ T@2-6 -
e IO (N = Kiy)) - 9((9— 1))W(0>ge(yj )

J

lim sup =0.

Jj—o0 yeR

Recalling the representation v(x) = m(x) + w(x) for x > 0 and noting that the
function z + e~ w(x) is dRi on R with

/ e P w(e)dr = / 7071 — e — 2ze7%)da = 2/ 271 — e ®)dx
R 0 0

02— 6)

Y SRS —22\ 1. _ Y
/Ox (22 = 1+ ™)z = (20 = 2) gy,

another appeal to Proposition 3.2 yields

lim sup |j'/2e= 0@V =207 yar (th(y) — IC@y (1))

J]—00 ye]R

—W(Q)gg(yj_l/Q)/Re_el’(m(e“’”) +w(e®))dx| =0 a.s.

20



It remains to prove the SLLNs. To this end, we treat the three cases simulta-
neously and write, for any o > 0 and y satisfying |y| < Cj'/2, for any fixed C' > 0
when 6 > 2 and y = y; € R when 6 € (1,2),

P {’th(y) - ’Ct(jzy) —E (th(y) - ngy))‘ > ok (th(y) B ,ngy))}
Var (N () — ngy)) Co

: ~ . , j—oo. (4.13)
BNy — K72 (B(Nyg) — K))

We have used the Bienaymé-Chebyshev inequality and then the already proved
asymptotics of the (conditional) mean and variance. Here, Cy = 1 when 6§ > 2
and Cy = 20 — 2 +1 when 6 € (1,2). Invoking once again the already proved part
of the lemma we conclude that in either of the three cases the right-hand side in
(4.13) is the general term of a convergent series in j. Hence, by the Borel-Cantelli
lemma, the strong laws of large numbers hold conditionally on the BRW V), hence
also unconditionally. O

The SLLNs for the Poissonized version given in Lemma 4.2 will now be used
to prove the SLLNs for the number of occupied boxes in the presaturation levels
of the nested occupancy scheme with n balls.

Proof of Theorem 2.1(1I). Let a € (a.,—N'(1)), b € R. Fix 6 > 0 and note that,
for each j € N, the sequence (n — K{)),cy is a.s. nondecreasing. Moreover, by the
SLLN for Poisson processes, Ni_sy, < n < N6, a.s. for n large enough. As a
consequence, a.s. for n large enough,

Na-éyn — ’Cgi)a)n <n— Kr(Lj") < Natoyn — /CE{Z)M- (4.14)

From now on, we investigate the three cases separately. Fix any v > 0.
CASE a < —X(2). We shall apply the SLLN from part (1) of Lemma 4.2 with
j = jn=a"tlogn+ O((logn)*/?) and y = logy — (j, —a~'logn). The so defined
y satisfies |y| < Cj1/2 for some C' > 0 and large n and t;,(y) = yn. Thus,
— Jn
n—oo ne (2)4n

2
= %W(Z) a.s.

Using this in combination with (4.14) we arrive at (2.2).
CASE a = —\'(2). We shall apply the SLLN from part (2) of Lemma 4.2 with

j=jn=a'logn + a’lb(log n)1/2 + o((log n)1/2)
and y = log~y + b(logn)'? — (j, — a ' logn — a~'b(logn)*/?).
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The so defined y = v, satisfies |y| < Cjl/? for some C > b and large n and
t;. (y) = yn. Furthermore, lim,, .o (ynj, /) = a'/2b. Hence,

N, — Kun) 2
S in %W(2)¢)(—b(a/)\”(2))1/2) a.5.

This together with (4.14) proves (2.4).
CASE a > —)N(2). Using (4.14) in combination with the SLLN from part (3) of
Lemma 4.2 with the same j and y as in the previous case yields (2.5). O

4.3 Saturation levels. Proof of Theorem 2.1(III)

We investigate in this section the a.s. asymptotic behavior of the number of occu-
pied boxes in the saturation levels. More precisely, the number n of balls thrown
and the levels j = j, satisfy logn ~ —X(1)j, as n — oo. In this case, a positive
fraction of balls share the same box, and the variables K,(Lj”) are no longer pro-
portional to n. Levels around the saturation levels of order logn/(—N'(1)) form
a transition for the nested occupancy scheme, between the sparse phases (I) and
(IT) and the dense phase (IV).

Let k € N, k > 2 and assume that X (k) is finite. More generally, a similar
transition occurs in the levels of order logn/(—\(k)) for the number of boxes
containing at least k£ balls. The precise statement is given in Theorem 2.4.

For 0 € (0,0%), put p(0) := A(0) — X (). Recall that the covariance of square
integrable random variables X and Y is given by Cov (X,Y)=EXY —-EXEY.
We write Cov for the conditional covariance given the BRW V. Formula (4.16)
which describes the a.s. asymptotic behavior of the conditional covariance is not
used in the present paper. It is given for completeness.

Lemma 4.3. Let k € N such that k € (8, 6%) and put tgm (y) = =N(k)j+y. Then,
for any C' >0,

lim sup

] 6—(¢(k)j+y)E]C((J£)
J700 <1/ b

() = ()10 =y GN () )W k)] =0 s,

lim sup

| e~ (6093 9) Yar k0
I y1<cj1/2 byl

0 (y)

(k) — (k) y(j)\”(k:))‘m)W(k)‘ —0 as.
and

K0, (k) = ()W (k) (= y(X" (k) ™) erBTV (14 0(1)) as. as j— o0

9 (y)
(4.15)

uniformly in y satisfying |y| < Cj*/2.
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Let positive integers { < k be such that {,k € (0.,0%). Then, for any C > 0,

lim sup e’(‘p(k)ﬁy)COV(’Cigzz)(y)(g)a’C(j)- (k)

Jj—o0 ly|<Cj1/2 tgk)(y)
— (k)0 - y(j/\”(k:))‘l/Q)W(k)’ —0 as (4.16)

Proof. Recall that, for k£ € N,
k-1

gzﬁk(x):l—e*wzx,—‘, x>0
i=0 v
and put hy(z) := e ¥ ¢y (e®) for x € R.
While dealing with the mean we always assume that integer k € (6, 0*). Invok-
ing (4.1) we obtain

B, (0) = 3 gule V) — coties
! ul=j
% ( Z €_kv(u)_>\(k)jhk(—A/(l€) + y— V(U)) I]-{V(u)g—)\’(k)+y}
ul=7
eV ak)i [ L
— X e OO (o (<N () = V()) Ty xihy )

e
1 —kV(u)—A(k)j
o 2o e T 1{V(u)>x(k>+y})-
=

The function hy, is nonincreasing on R because hy(logx) = (k — 1)! [ e~ *¥y*~1dy
for x > 0. Since hy(z) ~ e7¥ as x — oo, it is Lebesgue integrable on RT, hence
dRi on R*. An application of Proposition 3.2 with f(x) = hi(x) Ljp,c0)(x) yields

1/2 Z e V(u)— /\(k)Jhk( )\/(k’) +y V( )) :H-{V(u)gfx\’(k)j+y}

lul=3

lim sup |j
jA)OO yeR

=0 a.s.

— W (k)gr(yj ") /OOO B () da

Further, the function (k!)~! — hy is nonnegative and nondecreasing on (—o0,0). In
view of (k)™ —hy(z) ~ ((k—1)!(k+1))"'e® as # — —o0, it is Lebesgue integrable
on (—o00,0), hence dRi on (—oc0,0). By another appeal to Proposition 3.2, this
time with f(z) = ((k!)™! = hy(2)) L(—oo0)(2),

G2 eI ()T — by (=N (k)F + y — V(1) Lvwys—vi+u}

lu|=j

lim sup |j
Jj—o0 y€ER

W) gy 1/2)/0 (B! — hp(2))de| =0 as.

—00
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Finally, by Proposition 3.4 with f(z) = Ljg)(2), for any C > 0, a.s.

lim sup | 30 e ORI Ly e ~W(R)( - y(GN (k) T?) | = 0.

i=eo <o S

Comblning fragments together we arrive at the claimed asymptotic relation for
]EICt(k)( )(k)

For positive integer ¢ < k, put

Yo k() = dp(x)(1 — ¢e(x)), x>0 and myi(z) = e_kzl/zg,k(em), x € R.

Passing to the analysis of the covariance (and the variance) we assume that there
exist positive integer ¢ < k such that ¢, k € (0,,0*). We start with

Cov (/c%) (O /cg,z) MO l; G G )
ul|=j
— Wity o (HZ e FV =AW, 1 (= NG+ y — V(1) Ly <o vk)ite)
ul=j
|Z e HV(W-AR) (; mz,k(—/\/(k?)j +y— V(“))) Livw)>—N(k)j+y}
ul=j
; e VAT 1y s v )J-‘ry})
ul=j

Note that my p(x) = hi(z)(1 — ¢e(e®)) for x € R. We already know that hy
is nonnegative and nonincreasing on R. Since ¢, is the distribution function of
a gamma distribution with parameters ¢ and 1 (a.k.a. Erlang’s distribution) we
conclude that z +— 1 — ¢y(e”) is nonnegative and nondecreasing on R, too. Hence,
myg i is a nonincreasing function on R. Since

mep(z) ~ (k= 1)) Lexp(—((k — £+ 1)z + %)), x — oo,
it is Lebesgue integrable on R, hence dRi on R. By Proposition 3.2 with f(z) =
My, (%) Lio,oo) (),

G2y eI (<N (R)] 4y = V(W) Ly <y

lul=3

lim sup |7
]—)OO yER

_W(k>gk:(yj_1/2)/0 m&k(ﬁ)dx =0 a.s.

The function (k!)~' —my  is nonnegative and nondecreasing on (—oo, 0). In view
of (k)™ —my p(z) ~ cpre® as © — —oo, where ¢y = (2k + 1)((k + 1)!)~! and
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co.r = (k= 1)!I(k+ 1))~ for £ > 2, it is Lebesgue integrable on (—o0,0), hence
dRi on (—o0,0). Invoking Proposition 3.2 once again (with f(z) = ((k!)~! —
M, k() 1(—00,0)(2)) we infer

G2 eV (1) T —my (=N (k) j+y—V (1)) Livw)y<—x (64}

Ju|=j

lim sup
Jj—o0 y€ER

=0 a.s.

Wi ) [ ()~ e s(a))da

— o0

Finally, by Proposition 3.4 with f(z) = Ljg ) (%), for any C > 0, a.s.

=0.

3 Lvws—vmjrgy €V OTAEI - W(’“W( - y(j/\/'(k))_l/2>

|ul=j

lim sup
I7o0 y|<crr

Combining fragments together we obtain the claimed formula for the covariance
when ¢ < k and that for the variance when ¢ = k.
Formula (4.15) is an immediate consequence of the already proved asymp-

totics of EIC((M( )(k) and Var IC((k> -

the Borel(—gantelh lemma in conJunction with the a.s. convergence of the series
S (0) m

(k), the Bienaymé-Chebyshev inequality and

With Lemma 4.3 at hand, we are ready to prove Theorem 2.4.

Proof of Theorem 2.4. Let b € R and (j,)nen be a sequence of positive integers
satisfying, as n — 00, j, = (=N (k))"'logn — b(logn)'/? + O((logn)'/?). For each
j € N and each ¢ € N, the sequence (K\)(f)),en is nondecreasing. Fix § > 0.
Invoking the SLLN for Poisson processes and the aforementioned monotonicity we

conclude that a.s. for n large enough,
K () < E9) (k) < K5 (k). (4.17)

Fix v > 0. We intend to apply formula (4.15) with j = j,, = (=X (k)) ' logn+
N (k)" 'b(logn)'/? + o((logn)'/?) and y such that ¢ k)(y) = n. The so defined

(—
y = y, satisfies |y| < Cj}/? for some C' > b and large n. Also, lim,, o0 (ynj; V/?) =
(=N (k))'/2b. Hence, by (4.15), as n — oo,

K (k) = (k)W (k)@ (=b((= N (k))/ X' (k)2 ne®=G=DNEin (140(1))  as.

mn

This in combination with (4.17) proves Theorem 2.4. O
Part (III) of Theorem 2.1 is a particular case of Theorem 2.4 with £ = 1. Note

that A(1) =0 and W (1) =1 as.
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4.4 Postsaturation levels. Proof of Theorem 2.1(IV)

We now turn to the investigation of the number of occupied boxes K) in the
postsaturation levels j. In this setting, the a.s. asymptotics of K ) is driven, for the
most part, by the number of ‘large’ enough boxes. More precisely, assuming that
n balls are being thrown, there are jth level boxes of three types: (a) boxes with
sizes (hitting probabilities) of order smaller than 1/n contain 0 or 1 ball with high
probability; (b) boxes with sizes of order 1/n contain a Poisson number of balls with
high probability; and (c) boxes with sizes of order larger than 1/n. In the levels of
low density, most boxes are of size 0o(1/n), whence K ") ~ n. In the postsaturation
levels, the sum of sizes of the aforementioned boxes is asymptotically very small,
and most boxes are of large sizes. As a result, most balls fall into the same
collection of boxes, and the number of occupied boxes is small with respect to n.

The results obtained in this section are an extension of Theorem 1 in [2], in
which the case aj, = logn + b+ o(1) is analyzed. We shall treat a more general
case aj, = logn + b(logn)/2(1 + o(1)), with =\ (1) < a < @.

Lemma 4.4. Let a € (ac,a) and t;(y) = e for j € N and y € R. Pick
0 € (0,1) satisfying a = —N'(0). The following asymptotic relations hold a.s.

. o T(1—9 _
73t (y)) e M OIERY) gW(H)ge(yj 1/2)

I - —0
gggo ?ég J t5(y) 0
- ; 20 _1Tr(1—-9
tim sup /2(t, ()@ Var k), — B D= gy, 5702 o
J=0 yeR J 9
; rao—a6 . . .
and k3, = PO )00 02520, )1 4 o(1) (418)

as j — oo, uniformly in y satisfying |y| < Cj/2, for any C > 0.

Proof. We start by noting that, for j € N and y € R,

K = (1),

|ul=j

We intend to apply Proposition 3.2. To this end, we use an alternative represen-
tation

E/C(j)

tj(y)(l) — M0)j O(aj+y) Z e‘ev(“)_)‘(e)jm(aj +y—V(u)),

|ul=j

where m(x) := (1 — e ¢ )e™% for x € R. Integration by parts yields

/Rm(x)dx = /OO g7 (1 —e™)de = F(lg—@))

0
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where the assumption 6 € (0, 1) has to be recalled. Since the function x — e®*m(z)
is increasing on R, we conclude with the help of Lemma 9.1 in [10] that m is dRi
on R. Hence, by Proposition 3.2 with f = m, the asymptotic formula for EXY)
holds.

The argument for the variance is similar. We start with

tj(y)

Var /ngy) = (1 — eftj(y)@_v(“)) o tiwe V@

ul=7
— MN0)j (aj+y) Z e—W(u)—A(e)jU(aj +y—V(u),
ul=7
where v(z) = e (1 — e )e % for z € R. Write v = v; — vy, where v, (z) =

(1 —e2)e % and vy(z) := (1 — e ¢ )e % for 2 € R. According to the previous
part of the proof the functions v; and v, are dRi on R. Furthermore,

/Rv(x)dx = /R(vl(:v) — vo(z))dz = Gl 1);(1 — 0).

Another application of Proposition 3.2 to f = vl and then f = vy enables us to
conclude that the asymptotic formula for Var IC ) holds.
SLLN (4.18) follows by the same reasomng as glven in the proof of Lemma 4.3.

We only state explicitly that Z]>1(E1Ct ) ) ! < 00 a.s. which is the most important
ingredient of the proof. ]

We are ready to prove part (IV) of Theorem 2.1.

Proof of Theorem 2.1(1V). Let a € (ac,a) and b € R. Fix v > 0. We shall use
relation (4.18) with j = j, = a *logn + a~'b(logn)Y? + o((logn)'/?) and y =
logv + b(logn)/2 — o((logn)/?). Then t; (y) = yn and lim, o (ynj; /%) = a'/?b.
Hence, by (4.18), as n — oo,

o I'(1—0)

7 W (0)go(a/?b)j,*nf eI (1 4 0(1))  as.

This in combination with the £ = 1 version of (4.17) proves part (IV) of Theo-
rem 2.4. [

4.5 Number of empty boxes at freezing

We assume in this section that A\(0) < oo, that is, the mean number of boxes in
the first level is finite. As a consequence, E Z; = e % for j € N. Furthermore,

W;(0)=e 7z, — W(0), j— oo as.
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If the number of balls thrown is n = e**¥ with @ > —\(0), then most available
boxes in the jth level will be occupied. Hence, to obtain a tight estimate on the
number of occupied boxes in the jth level, one has to investigate the asymptotlc
behavior of LY) the number of empty boxes in the jth level. Put L; 0 = L%j
where (IV;):>o is the same Poisson process as before.

Lemma 4.5. Let a € (—N(0),a_) and t;(y) = €“*¥ for j € N and y € R. Pick
0 € (0.,0) satisfying a = —N(0). Then

lim sup |1/2(t(y)) e N OVELY) —T(=0)W (O)go(yi )| =0 as.,
J—00 yeR J
lim sup |5'/%(;(y)) e JVar/Jt T — (1= 2N (=)W (0)go(yj %) =0 as.
Jj—o0 yeR

and £ = D(-OW B)anlug 5 2 (t,0) (14 o(1) as
as j — 0o, uniformly in y satisfying |y| < CjY/2, for any C > 0.

Proof. Observe that, for 7 € N and y € R,
Et W =) exp (—eaﬁy’v(“)) and

Jul=j
Var £}, = 3 exp (—e V) (1 — exp (—etvV®))

|ul=j
We represent the mean in an equivalent form
0(a, —0
EL,) = e/t |Z e~V Om(aj +y - V(w)),
ul=j

—e®

where m(z) = e=¢"e¢7% for x € R. The function z ~ e’*m(z) is decreasing on R

and o
/m(m)dx = / e e dy :/ e e dr = T(—0) < .
R R 0
Recalling that 8 < 0 we conclude that m is dRi on R by Lemma 9.1 in [10]. Using
Proposition 3.2 with f = m yields

lim sup =0 a.s.,

Jj—o0 y€ER

32 ) N VELD,) ~ W(B)go(yi ™) [ m(@)da

thereby proving the claim concerning the (conditional) mean. As far as the
(quenched) variance is concerned, we write

Var L’Ej(y) = TN N =V W=AOiy (g5 + y — V(u)),
ul=7
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where v(z) = e (1 — e ¢ )e % for x € R. The function v is dRi on R as the
difference of two dRi functions and

/ v(x)dz = (1 — 2)I(—6) < oo.
R
Hence, by Proposition 3.2 with f = v,

lim sup =0 as.

j—o0 yeR

32t ()) O Var £, = W (B)go(yi ) [ v(a)de

The SLLN for ,Cg zy) is secured by the already proved uniform asymptotic esti-

mates for the (conditional) mean and variance of Eg zy)' See the proof of Lemma 4.2
for details. ]

Theorem 2.5 will now be proved with the help of Lemma 4.5.

Proof of Theorem 2.5. Let a € (—X(0),a_) and b € R. Fix 6 > 0 and note that,
for each j € N, the sequence (LY)),cn is a.s. nonincreasing. By the SLLN for
Poisson processes, Ni—s), < n < Nis), a.s. for n large enough. Hence, a.s. for n
large enough, . ‘ o

Ldsn < LY < L35, (4.19)
Fix any v > 0. We shall apply the SLLN for Egzy) from Lemma 4.5 with j = j, =
a~'logn 4+ a~'b(logn)/? + o((logn)/?) and y = logy + b(logn)'/? — o((log n)*/?).
The so defined y = , satisfies |y| < Cj}/2 for some C > b and large n and

ti(y) = yn. Also, lim,, oo (ynj, /%) = a'/?b. Hence, as n — oo,

LG = A T(~0)W (0)ga(a'*b)j; Pn® P (1 4 of1))  as.

n

This in combination with (4.19) completes the proof of the theorem. [

A Appendix: proofs of Propositions 3.2 and 3.4
and Corollary 3.5

We prove in this section a uniform central limit theorem and a uniform local limit
theorem for the sequence of random measures (ZéJ ))jeN defined, for 0 € (6.,60%),
by

Z(SJ) _ Z e*W(“)*A((’)jév(u), jeN.

ul=j
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A.1 Proof of Proposition 3.2

For j e N, 0 € (0,,0") and y € R, we write 5;(6,y) := —\'(0)j + vy, so that
j1/2 Z 679V(u)*>\(0)jf(_)\/<9)j oy — V(U)) _ j1/2 /R+ f(ﬁj(&!/) _ m)Z(gj)<d:C).
ul=j
Our argument is similar to the proof of the key renewal theorem as given on
pp. 241-242 in [18]. We proceed via three steps, complicating successively the

structure of f.
STEP 1. Suppose first that, for fixed integer n and fixed h > 0,

f(t) = ]1[(n71)h,nh)(t)7 teR.
Then f(5;(0,y) —z) = 1 if, and only if, = € (5;(0,y) — nh, 5;(0,y) — (n — 1)h]
which entails, for large j,

372 [ F(8,(0.5) = 2) 25 (dw) = 1225 (85(0,) = nh, B0, ) — (n = DA,

Replacing in (3.1) h with h/2, then putting x = y — nh + h/2 and exploiting the
uniform continuity of gy we conclude that, according to Lemma 3.1,

572 /]R+ f(B;(0,y) — J:)Zéj)(dx) - W(G)ge(j—lﬂy)h‘ 0 as

lim sup
J—00 yeR

Since [p f(x)dx = h, we have proved that
32 L 1B 0,9) = )27 (dx) = W(B)goli™ ) [ fla)de

STEP 2. Suppose now that
F@) = Ljn—rynnm(t), tER,

neL

lim sup =0 a.s.

J—0 yeR

where (¢, )nez is a sequence of nonnegative numbers satisfying Y-, . ¢, < co. Then

32 [ FB(6,9) = )27 (d)
=3 Y @ ZP((B5(0,y) — nh, B;(0,y) — (n — 1)h)).

Combining the conclusion of Step 1 and the triangular inequality we obtain, for
each m € N,

m

323 e ZP (B0, y) — nh, 5;(8,y) — (n — 1)h))

n=—m

lim sup
J—00 yeR

=0 a.s.

~WOw( ) [T fade

—(m+1)h
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Given € > 0 choose m € N so large that },-,, ¢, < &. Using this together with
the previous limit relation yields

m

G237 e ZP((B5(0,y) — nh, B;(0,y) — (n — 1)h])

n=—m

lim sup sup
j—oo  yeR

~ WO ) [ f@)da] < W O)0) as (A

Invoking Lemma 3.1 with the same h and x as at Step 1 we conclude that a.s.
there exists jo(¢) € N such that, for all j > jo(¢) and n € N,

G229 ((8;(0.y) — nh, B;(0,y) — (n — 1)h]) < kW (0)gy(0) + <.

As a consequence,

lim sup sup Z CnZQ(j)((Bj<67 y) —nh, B;j(0,y) — (n —1)h])

Jj—oo  yeR [n|>m

< > o (AW (0)ga(0) + ) < e(hW(0)ge(0) +£) as. (A.2)

Letting in (A.1) and (A.2) ¢ — 0+ we arrive at (3.2), with f considered at this
step.
STEP 3. Let now f be an arbitrary nonnegative dRi function on R. For each
h > 0, put
fh(t) = Z sSup f(y) 1[(n71)h, nh) (t)7 teR

nez (n—1)h<y<nh

and
[t =3 inf () Ljn—1)n,nn)(t), tER.

nel (n—1)h<y<nh

By the definition of direct Riemann integrability,

sup  f(y) <oo and » inf  f(y) < oo

nez (n—1)h<y<nh =7, (n=Dh<y<nh

for each h > 0. Thus, the functions f, and /, have the same structure as the
functions discussed in Step 2. According to the result of Step 2, for h > 0,

lim sup / Fi(8;(0,y) — )25 (dx) —W(Q)ge(yj‘l/Q)/ﬁ(w)dw =0 as.
J 70 yeR [JRT R

and
jlggoigﬂg /R+ £28i(0,y) — 2) 2 (dw) — W (0)go(yi~/?) /R [,(z)dz| =0 as.
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Now (3.2) follows from these limit relations and the inequality

/]R+ £(B5(0,y) — 2) 2 (dx)
< [ 76,0, ~ 029 ) < [ F6,0.5) - 07 (@),

after noting that

/fh Jdz=h>  sup  fly) — /Rf(x)dx, h — 0+

nez (n—1)h<y<nh

and

/f dx—hz inf  f(y) — /Rf(x)dx, h—0+.

(n—1 h<y<nh

A.2 Proof of Proposition 3.4

The proof will be divided into three steps. First, we treat indicator functions,
second, Riemann integrable functions of compact supports and third, general
bounded, a.e. continuous functions.

STEP 1. Assume that f(t) = 1o (t), t € R for fixed a,b € R, a < b. We intend
to show that

hm Z e V- f< X(e?ﬁ/g V(u) + y> = W(Q) /Ob_“ 99(y —a- x)dx

i
> Jul=j

0)/Rf(y—x)gg(x)dx a.s. (A.3)

uniformly in y € R.
Note that

vty (~XOF V@) N [ X®i =z |\
S e (e ) = [ () 280 ).

lul=J

We shall work with the integral on the right-hand side of this equality and start
with a representation

—X(@)j — X ()
/Rf(jl/Q + y> Zy" (dx)
[G—a)i' 2] ‘ A
= >z <(—/\/(9)J +yi? =9, =N (0)j + y' - tff)l])

n=1
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where t9) := aj/? +n ng a)j 1/2J for n € Ny. Using Lemma 3.1 with o = y;'/2

(tH) + tfﬁl) /2 and h = (tV) — n,l) /2 in combination with uniform continuity of
gp and noting that

b—a)j'/? :
2h = t(]) ——( — 1 —
[(b—ayz] T
we infer
tim sup 11228 (= X(6)] + 9"/ = ), =X(0) + yj"* — 1))
j—)OOyeR

—W(0)goly — /i) =0 as.

Therefore, given £ > 0 there exists an a.s. finite j, such that, for all j > j, and all
y €R,

[(FHU= )20 <c0- 0

L(b—a)j*/2] n(b—a
+W(0);~? ngl 9o y_a_L(bY)a)jl)/?J) (A.4)

Plainly, by the definition of the Riemann integral,

[(b—a)j*/?] (b—a) b—a
lim j~1/2 < _a_na>:/ —a—x)dx.
lim j nZ::l 90y o) = %W )
However, we still have to prove the uniformity. To this end, we exploit uniform
continuity of go. Putting, for § > 0, w(d) := sup, yer jz—yi<s 190(¥) — go(y)|, we
write

- L(b—a)i'/2] (b — a
sup /O gy —a—a)de — 5% ge(y—a—(.)ﬂ

yER n=1 L(b - a)] 1/2J
|(b—a)j /2] n(b=a)
_ —a)jl/2] —1/2 n(b — (l)
= sup (/fff 7 gely —a —x)dw — ge(y—a—.
|2 ey [~ )]
L(b—a)j/2] n(b=a)
_ (G- 7%] < Ca— ) < o ”(b_a)>)d
Sylel]g Z </<n 1(b—a) a—1r)—goly—a = a)jl/zj T

L(b—a)j1/2]

N <L(b i;)alpj _ j11/2)99<y —a— m>>‘

< (b-a) (M)Wubf;ﬁm] _j11/2>i2£ go(z) = 0, = eo
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This in combination with (A.4) yields

-\ i — ) b—a
limsup,_, | f M +vy Zé])(da:) < W(0) go(y —a —z)dz as.
j B 172 0

uniformly in y € R. An analogous argument proves the converse inequality for the
limit inferior, whence (A.3).
STEP 2. Assume that f is a Riemann integrable function on [a, b] which is equal
to 0 outside [a, b]. We claim that relation (A.3) also holds for such f.

To prove this, we note that given € > 0 there exist n € N and a partition
a=1xy<x1 <...<ux,=>such that

[Gul) ~ sande <c and [ - @)dr < (A5)

where, for = € [a, b),

Z max  f(2) I, 2 (2) and f Z min_ f(2) Ly, 20 ().

xz 1<z<x; :r:l 1<z<x;

According to the result of Step 1, uniformly in y € R,

}Ln& e —0V (u af (17/2"(104_@ —W(@)/Rin(a:)gg(y—x)dm =0 as.
|u|=j
and
Jim | 37 e VOmAOF (SEGEE —y / fu(®)go(y —2)dz| =0 as.
ul=j
Using
Z e~ 0V (u) f (w +y) < e~V () f(M +y)
|ul=j |ul=4
< Z e—GV(u)—A(H)jfn( A’((v?)l/2 ()—I—y)
|ul=j
we infer
> e f<ww>—w<e> [ $@gnly — 2)da
ul=j
<| 30 e MmO (SN )~ (6) [ F(@)galy — )
ul=4
| 3D e MO (SXGEV _y) —r(9) /R £,(@)goly — 2)dz
|ul=j
+ [ (Fule) = F@)galy = w)da + [ (F@) = Ful@))gly — 2)de. (A6)
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Observe that (A.5) entails

[Fa@)=F@)anly—2)ds < go(0)z and [ (£(2)=F, (2))goly—2)de < go(0)e.

With this at hand, letting in (A.6) j — oo and then ¢ — 04 we arrive at (A.3)
with the present f.

STEP 3. To treat arbitrary bounded, a.e. continuous functions f, we fix A > 0,
C € (0,A) and put, for x € R,

fa(z) = f(2) I_a,a(z) and  fa(z) = f(2) — fa(z) = f(z) Lr\-a, 4 (7).
According to the result of Step 2,

lim sup | Y e V=A@ g, (#—y)—W(@)/ faly—x)ge(z)dz| =0 a.s.
T yeR 5 K
Since

y+A
[ s =@z = [T fy—Dg@de » [ f- g, Ao
and the last integral is convergent, it suffices to show that

hm limsup,_,,, sup
lyl<C

T e VWO, (W—y)’:o as. (A7)

lul=j

Observe that, for y € [-C, C],
N (0
|fA<)+/2( y)| < i‘ég | @) L= xr0)j— v () g /2| 451/2)
< sup |f (@) L—xvo)j—viw>a—cyjirzy - (A8)

Further, since (W;(0), F;);en, is a nonnegative martingale,

Z o0V (W) =jA0) =W;0) — W), j— oo as.

ul=j

Also, according to the result of Step 1,

lim Z I]_{| N(0)j—V (v)|<(A-C)j1/2} = W(Q)P{|N9| S A— O} a.s.,

]4)00
[ul=j

where Ny is a random variable with density gg. Hence,

llm Z e 0)i ]]_{‘ N(0)j—V (w)|>(A-C)j1/2} = W(@)P{\N(ﬂ > A — C} a.s.

* Jul=j

This in combination with (A.8) proves (A.7).
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A.3 Proof of Corollary 3.5
On the one hand,

Z eIV (W) =A(D); ﬂ{V(u)26j+yj1/2} < Z'e—ﬂv(u)—/\(ﬂ)j

ul=j |ul=j

=W;W) - W), j— oo as.

uniformly in y € R. On the other hand, given A > 0, for j > (A/(=N(9) — §))?,
we infer

-0V (u)=A(9)j =9V (u)=A(09)j
Z e (w)=A(D)j IL{V(u)Z(Sj—&—yjl/Q} > Z e (W) =A(0)j ﬂ{v(u)Z—A’(ﬁ)j+(y—A)j1/2}

ul=J ul=J

S W) /

o0

go(z)dx, j— 00 as.
A

uniformly in |y| < C for any C' > 0. The last limit relation is ensured by Proposi-
tion 3.4 with f(z) = 1(_w,0(%), € R. It remains to send A to oo.
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