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1. Introduction

Let (&;,M;)ien be independent copies of a random vector (&,n) with arbitrarily dependent
and almost surely (a.s.) strictly positive components. Denote by S := (S;);>0 the zero-delayed
random walk with increments &; for i € N, that is, So:=0 and S; :=&; +---+ & fori € N,
Define

T;:=S8i_1+mn;, ieN.

The sequence T := (T;);cn is called a perturbed random walk (PRW, in short).
Classical renewal theory is an area of applied probability dealing with nondecreasing ran-

dom walks S and various derived processes like

o the renewal process (R(t));>o defined by
R(t) := Z]l{siﬁt}’ t>0;
i>1

o the first passage time process (v(t));>o defined by
v(t):=inf{i e N:S; >t}, 1>0; (1)
e the undershoot t — Sy;y_1, the overshoot Sy, ;) —t and others.

A good overview of renewal theory can be found in [2, 12, 25] and more recent accounts [14]
and [20]. A survey of various results for PRWs T (with not necessarily positive & and 1)
and particularly counterparts of some renewal-theoretic results can be found in the book [14].
An incomplete list of more recent papers addressing various aspects of the PRWs includes
[1,9,17,22,23,24].

We proceed by recalling the construction of a general branching process (a.k.a. Crump—
Mode-Jagers branching process) in the special case in which it is generated by 7. At time
0 there is one individual, the ancestor. The ancestor produces offspring (the first generation)
with birth times given by the points of 7. The first generation produces second-generation
individuals. The shifts of birth times of the second generation individuals with respect to
their mothers’ birth times are distributed according to copies of T, and for different mothers
these copies are independent. The second generation produces the third one, and so on. All
individuals act independently of each other. See Figure 1 for an illustration.

Clearly, the random sequence T(/) defined by the birth times in the jth generation of the

process (j > 2) is much more complicated than the perturbed random walk 7!) = T’ defining
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FIGURE 1: A general branching process generated by 7'. Superscripts indicate generation numbers. The
shifts of birth times of the second generation individuals with respect to their mothers’ birth times are

distributed according to independent copies of T'. For instance, T7(2> — Tz(l) , T9(2) — T2(1> and Tg(z) — Tz(1>

are distributed as the first three smallest elements of 7. Note that, in general, T = (T )z i not monotone

due to the perturbations. For example, 7> > T3 because 1, > & +13.

the birth times in the 1st generation. It is natural to call (7)) ;>, iterated perturbed random
walk on a general branching process tree. If 1 = £ a.s., in which case T = § a.s., the term
iterated random walk on a general branching process tree may be used for the corresponding
sequence (S(/)) j>2. This should not be confused with iterated renewal processes treated in
[27]. In this paper we initiate a systematic study of TU) for Jj > 2 and its derived processes,
our primary purpose being obtaining counterparts of the classical renewal-theoretic results.

Now we introduce notation to be used throughout the paper. Put N(f) := ¥~ 1{7,<;, and
V(t) :=EN(t) fort € R. As usual, we shall write x; for max(x,0). Since 7; is independent of
S;_1, it is clear that

VIO =BU((-m)) = WG = [ UG-GW), 120 @

where, forr € R, U (1) :=Ev(t) = L;>0P{Si <1} is the renewal function and G(r) = P{n <1}.
Note that U(¢) =V () = G(t) = 0 for r < 0. Here and in what follows, we denote by u * v the
Lebesgue—Stieltjes convolution of two functions u and v of locally bounded variation. We also
use the notation u*U ), j € N, for the jth convolution power of u.

Fort > 0and j € N, denote by N j(t) the number of the jth generation individuals with birth
times < ¢ and put V;(r) := EN;(r). Then N (t) = N(t), Vi(t) = V(t) and

Vi = Ve = [ Viaaave), 722 20

For example, we have in Figure 1 Ny (1) = N(¢t) =3 and N»(¢) =7. Forr € N, let NJ(‘Z (t) be the
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number of successors in the jth generation with birth times within [T}, 4 T;] of the first gener-

ation individual with birth time 7. By the branching property, (Nj(.1_>1 (#))>o0, (Nﬁ)1 ())>0,-- -

are independent copies of N;_1 which are also independent of 7. The basic decomposition that
sheds light on the properties of N; := (N;(t));>0 and also demonstrates its recursive structure
is
Ni()= YN~ T) Ly, S22, 120, 3)
r>1

Further, let 701 := (7,V"
generation; Nl(r; (t) be the number of children in the jth generation with birth times within

)),Z 1 be some enumeration of the birth times in the (j — 1)th

1YY ¢+ T,Y"D] of the (j— 1)th generation individual with birth time 7, ). Again, by
the branching property, (N1(],) (£))r>0, (NI(Z; (¢))1>0,-.. are independent copies of (N(z));>0
which are also independent of 70U, With these ingredients we can write another recursive
decomposition of N; as follows

Nty =Y N -1V )1

r>1

1Ny j=2, t>0.

Note that, for j > 2, N; is a particular instance of a random process with immigration at random
times (the term was introduced in [8], see also [18]).
Our motivation behind introducing the iterated perturbed random walks is at least three-

fold.

1) For each integer j > 2, the sequence TU) and the process N; are a natural generalization
of the perturbed random walk T and the counting process (N(t)),;>o. It is interesting to
investigate to which extent the renewal-theoretic properties of T and (N(¢)) are inherited
by TU) and N ;. Thus, the activity undertaken in the present article can be thought of as

the development of renewal theory for the iterated perturbed random walks.

2) The sequence (T(j ) ) jen is a particular instance of a branching random walk in which the
first generation point process is (N(¢));>0, the counting process of a perturbed random
walk. Alternatively, and this is our preferred viewpoint, for j € N, TU ) can be interpreted
as the sequence of birth times in the jth generation of a general branching process.
Therefore, the results of the present article contribute towards better understanding
of how the births occur within a particular generation. Being of intrinsic interest for

the theory of general branching processes, this information also sheds light on the
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organization of levels (the sets of vertices located at the same distance from the root) of
some random trees (for instance, random recursive trees and binary search trees) that can
be constructed as family trees of general branching processes stopped at suitable random

times. We refer to [13] for more details and examples of the embeddable random trees.

3) Renewal theory for perturbed random walks is an inevitable ingredient for investigation
of nested occupancy scheme in random environment generated by stick-breaking. Refer-
ring to [6, 15] for more details we only mention that the latter scheme is a generalization
of the classical Karlin infinite balls-in-boxes occupancy scheme [11, 19]. Unlike the
Karlin scheme in which the collection of boxes is unique, there is a nested hierarchy
of boxes, and the hitting probabilities of boxes are defined in terms of iterated stick-
breaking. Assuming that n balls have been thrown, denote by K, (j) the number of
occupied boxes in the jth level which is the basic object of interest. It turns out that
whenever j = j, = o((logn)'/?) (the case of fixed j is included) the distributional
behavior of K,(j) as n — oo is the same as that of N;(logn), when the underlying

perturbed random walk 7 is appropriately chosen.

We call the jth generation early, intermediate or late depending on whether j is fixed,
j=Jj{) — o and j(t) = o(t) as t — oo, or j = j(¢) is of order ¢. In view of Proposition
2.1 given in Section 2.1 there are no other regimes because N;(t) = 0 a.s. for large enough
t whenever j = j(¢) grows faster than z. Assume, for the time being, that j is a late genera-
tion and that T is a collection of random points, not necessarily the perturbed random walk.
Nevertheless, we retain the notation N; and V;. In this case the asymptotic behavior of V; and
N; is well-understood. For instance, a delicate counterpart of the key renewal theorem for V;
which includes both a version of the elementary renewal theorem and a version of Blackwell’s
theorem can be found in Theorem A of [4]. For the corresponding a.s. result for N;, see
Theorem B of the same paper and Theorem 4 in [5]. A strong law of large numbers for N;(b )
for appropriate b > 0 is given in formula (1.1) of [4]. From these and the other results of this
flavor it follows that N; forgets what was happening in the early history and particularly in the
first generation. The behavior of N; is universal for a wide class of input processes (responsible
for the first generation). It is driven by limit theorems available for general branching processes
like convergence of the Biggins martingales, large deviations etc.

While the present paper deals with some intermediate generations, the early generations



6 V. BOHUN et al

which admit a much simpler analysis are treated in a separate paper [16]. The behavior of
the iterated perturbed random walks in the early and intermediate generations is very different
from that in the late generations. When j is a non-late generation, the process N; inherits,
for the most part, the properties of N, in a modified form. This statement is confirmed by
counterparts of the elementary renewal theorem (Theorems 2.1 and 2.2), the key renewal
theorem (Theorem 2.3) and Blackwell’s theorem (Corollary 2.1) which are our main results.
As far as early generations are concerned the claim is justified by results obtained in [16].
The remainder of the paper is structured as follows. Our main findings are formulated in
Section 2 and then proved in Section 3. Also, Section 2 contains two previously known results
concerning N; and V;. To our knowledge, all the results presented in this paper form the state-
of-the-art as far as the intermediate generations of the iterated perturbed random walks are

concerned. Finally, the Appendix collects the proofs of some auxiluary results.

2. Results

2.1. The height of a confined general branching process tree
Fort > 0, put

H(t) :=inf{j e N: N;(r) =0}

and note that N;(r) =0 a.s. for all j > H(t). We call the variable H (r) the height of a general

branching process tree generated by a perturbed random walk 7 and confined to the strip [0, 7].

Proposition 2.1. For eacht >0, H(t) <  a.s. Furthermore,

thﬁr{i@ = )l/ € (0,) a.s., 4)
where v:=sup{z > 0: (z) < 1} and pu(z) := infy~o(e® 1361;;25 ) for z > 0.
Proof. By assumption, P{n = 0} = 0. This entails lim,_,e E;z;ii = 0 and thereupon
le}fgl+ Hz) =0.
Also, lim,_,e ft(z) = limy_,04 EE:% = oo, This shows that y € (0, o).

Recall that, for n € N, (T,<"))r6N denotes some enumeration of the birth times in the nth

generation of the general branching process. Put B(n) := inf,> T,("). By the famous Biggins
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result (Corollary on p. 635 in [3]),

lim B()

n—eo n

=7 as. (®)]

Since, forn € Nand ¢ > 0, {H(¢t) > n} = {B(n) <t} and, according to (5), lim,,_,. B(n) = +o0
a.s., we infer H(t) < oo a.s.

Finally, we have B(H(t)) >t > B(H(t) — 1) a.s. The left-hand inequality ensures that
limy o H () = 40 a.s. which together with (5) proves (4) with the help of a standard sandwich

argument. O

Proposition 2.1 implies, in particular, that if

1iminf@ >yl

f—voo

then there exists an a.s. finite fo > O such that Nj()(¢) = 0 for all # > #y. This observation
justifies our classification of generations (early, intermediate, late). Furthermore, the analysis
of N; for the late generations can be restricted to the range in which j = j(r) grows not faster
than Y~ 't as t — oo.

It is seldom possible to find the constant y explicitly. Here is one happy exception. Let
(€,1) = (|logW],|log(1— W)
tion of the sequence (e~ 7i);cy is known as the Griffiths—Engen—McCloskey distribution with

), where W has a uniform distribution on [0, 1]. The distribu-

parameter 1. In this case, u(z) = ez for z > 0 which gives y = e~

2.2. Counterparts of the elementary renewal theorem for intermediate generations

The simplest result of renewal theory, called the elementary renewal theorem, tells us that
t
U)=Y P{Si<t} ~ =, 1o,
i>0 n
where m := E& < oo, see, for instance, Theorem 3.3.3 on p. 191 in [25]. Here and hereafter,
the notation f(¢) ~ g(¢) means that the ratio f(¢)/g(¢) tends to 1 as t — oo.

From (2) it follows that, without any assumptions on 7,

V() ~ =, t—eo. (6)

t
m
This is a counterpart of the elementary renewal theorem for the perturbed random walks.

In this section we state two results on the first-order behavior of the convolutions powers

V; of V. Our first result, Theorem 2.1, deals with ‘early intermediate’ generations satisfying
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j=j(t) = oo and j(t) = o(t'/?) as t — oo as well as early generations. At this point we
stress that even though both Theorem 2.1 and Theorem 2.2 hold true for early generations, the
assumptions of these theorems are too restrictive as far as early generations are concerned. We
refer to the companion article [16] for a proper version of the elementary renewal theorem in

early generations. Recall the standard notation x A y = min(x,y) for x,y € R.

Theorem 2.1. Assume that either (i) EE? < oo and En < oo or (ii) EE? = oo, P{E >t} =
O(t™") and B(n At) = O(t*") for some r € (1,2), as t — o. Then, for any integer-valued
function j = j(t) satisfying j(t) = o(t"~1)/2) as t — oo, where we put r = 2 if conditions (i)
prevail,

t

Vi(t) ~ 1 — oo, )

Here,m =E& < oo,
Remark 2.1. The condition EE" < o for some r € (1,2) is clearly sufficient for P{& >t} =
O(t™"). Further, the condition En"~! < oo is sufficient for E(n At) = O(¢>7"), t — co. This

follows from
t
E(mAn = [ P >y)dy
L tN\2-r
< / (*) P{n > y}dy
0 \y
< / Y PP{n > y}dy
0
_ (r_ 1)71Enr71t27r.
Note that part (i) of Theorem 2.1 has already been obtained via a slightly different argument
in formula (4.6) of [6].

Given next is a quite surprising result which shows that the convolution power V; exhibits
a phase transition in the generations j satisfying j = j(z) ~ const -11/2 as t — oo. Here, further
moment and smoothness assumptions seem to be indispensable. In particular, we assume
that the distribution of & is spread-out, which means that some convolution power of the

distribution function 7 — P{& < r} has an absolutely continuous component.

Theorem 2.2. Assume that the distribution of & is spread-out, that EE3 < oo and En? < oo.

Then, for any integer-valued function j = j(t) satisfying j(t) = o(t*/?) ast — oo,

t 2
Vi(t) ~ ——exp (Yom] >7 t — oo,

m/ j! t
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where
EE? En
e ST BN H ol =5 =
W= [ AVO)—m) = fim(ve) ) = ®)
may be positive, negative or zero.
Remark 2.2. Assume that (§,1) = (|[logW|,|log(1 —W)|), where W is a random variable
having the uniform distribution on [0, 1]. Then, both & and 1 have the exponential distribution
of unit mean. Therefore,
Vi)=Y P{Sii+mi<t}=Y P{Si<t}=U()—1=1, 1>0,
i>1 i>1
where the last equality follows from U(t) = ¢+ 1 for t > 0, see, for instance, the bottom of
p. 211 in [25]. Thus, V() =¢ for t > 0 and
t Z‘j .
Vi(r) :/0 Vici(y)dy = o iz =20,
where the last equality follows by induction. This is in line with the asymptotics provided by

Theorem 2.2, for, in this case, p =0 and m = 1.

2.3. Counterparts of the key renewal theorem and Blackwell’s theorem for intermediate

generations

We start by recalling a few standard notions of renewal theory.

Let d > 0. The distribution of & is d-lattice if it is concentrated on the set (dn),cn, and not
concentrated on the set (dn),en, for any di > d, where Ny := NU {0}. The distribution of §
is nonlattice if it is not d-lattice for any d > 0.

A function f : [0,0) — [0,0) is called directly Riemann integrable (dRi) on [0,c0), if
(a) ©(h) < oo for each 7 > 0 and
(b) limy, ¢+ (ﬁ(h) —g(h)) =0, where

o(h):= h’; (n_1§:£y<nhf(y) and o(h):= h,; <n_1>1}rllgfy<nh

Blackwell’s theorem is the most important and complicated result of renewal theory. Here

is its formulation (see, for instance, Theorem 1.10 on p. 18 in [20]). Recall that U denotes the

renewal function.

Proposition 2.2. Let m = EE < o. If the distribution of & is nonlattice, then, for any fixed

h>0,

lim (U (t+h) — U(t)) = g

t—roo



10 V. BOHUN et al

If the distribution of & is d-lattice, then, for any fixed positive integer n,

lim (U ¢ +dn) — U (1)) = 2.

t—yo0 m
If m = oo, then both limits are equal to 0.

Thus, Blackwell’s theorem reads a bit differently for nonlattice and lattice distributions which
justifies the necessity of distinguishing between these types of distributions. The same di-
chotomy is also needed for the key renewal theorem, see, for instance, Theorem 1.12 on p. 30
in [20].

In renewal theory the key renewal theorem is usually obtained as a corollary to Blackwell’s
theorem, see, for instance, p. 241-242 in [25]. We proceed differently by first proving a coun-
terpart of the key renewal theorem (Theorem 2.3) and then obtain a counterpart of Blackwell’s

theorem (Corollary 2.1) as a corollary.

Theorem 2.3. Let f : [0,00) — [0,00) be a directly Riemann integrable function on [0,00).

Assume that either (a) or (b) below holds true:

(a) the distribution of & is nonlattice, the conditions of Theorem 2.1 hold and j(t) =

o(t"=1/2) as t — oo, with the same r € (1,2] as in Theorem 2.1;

(b) the conditions of Theorem 2.2 hold and j(t) = o(1*) as t — oo,

Then
(0= [ 7e-nave) ~ (¢ [F0w)va0. e o

wherem =EE < oo, and V;_(t) on the right-hand side can be replaced with t/=' /(m/~1(j —

1)!) in the case (a), or with t/=1 /(m/=1(j —1)!)exp (yomj?/t) in the case (b).

Remark 2.3. In part (b) of Theorem 2.3 one of the assumptions, coming from Theorem 2.2, is
that the distribution of & is spread-out. We note that every spread-out distribution is nonlattice
but not vice versa. To justify the second claim, observe that the distribution concentrated at

points 1 and v/2 is nonlattice but not spread-out.
Upon taking f(y) = 1 4)(v) in Theorem 2.3 we immediately obtain the following.

Corollary 2.1. Let h > 0 be fixed. Under the assumptions of Theorem 2.3

VD) V1) ~ Vi), t e (10)
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2.4. Some previously known results

In this section we collect two previously known facts concerning the asymptotic behavior of
Nj in the intermediate generations. They are borrowed from [15] and stated here for integrity
and the reader’s convenience. We write % to denote weak convergence of finite-dimensional

distributions.

Theorem 2.4. (Multivariate central limit theorem for (N;(t));>0.) Assume that s> = Var& €
(0,00) and En < eo. Let j = j(t) be any positive integer-valued function satisfying j(t) — oo
and j(t) = o(t"/?) as t — oo. Then, ast — oo,

: 1/2( ; ul — 1N dd o
((san{(tZ)LJj(t)uJ(L{SEJ(JM1))1/2 (Numw () =Vl (f)>> =5 ( /[Me 'dB(y)> ,

u>0 u>0

D

where (B(v)),>0 is a standard Brownian motion.

According to Proposition 3.1, Theorems 3.2 and 3.3 in [6], the centering V/ ;)| (¢) in (11)

can be replaced by its leading term

(O (L) im0,

provided that j(r) = o(¢'/). For functions 7 — j(r) which grow faster, this is not always
the case. Plainly, the possibility/impossibility of such a replacement is justified by a second-
order behavior of V;. It should come as no surprise that second-order results for V; require
more restrictive assumptions on the distributions of £ and 71 than the corresponding first-order
results. The following proposition which is concerned with the rate of convergence in the

elementary renewal theorem for V; was proved in Proposition 8.1 of [15].

Proposition 2.3. Assume that the distribution of & has an absolutely continuous component,

that EeP1% < oo, EeP2M < oo for some By, By > 0 and

EEZ  En
===l
% 2m? m >
Then
t/ jti =1
Vi) - —— o~ (12)

j'm/ (j—1)m/~1’
whenever j = j(t) = o(t'/?) as t — oo (j is allowed to be fixed).

Formula (12) can be thought of as a generalization of formulae (8) and (14). These provide the

second-order behavior of the functions V and U, respectively.
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3. Proofs

3.1. Preparatory results

Recall that U denotes the renewal function for (S,),cn,. According to Lorden’s inequality

which holds whenever EE? < oo,
Ult)—m 't <cy, t>0, (13)
where co := E&E? /m? and m = EE < 0. See [7] for an elegant proof. We also note that

lim (U(t) —m 't) = L

f—voo T om?

(14)

provided that the distribution of & is nonlattice and EE? < oo, see, for instance, Example
3.10.3 on p. 242 in [25]. Further, by Wald’s identity (see Proposition A10.2(a) in [2]) and the
definition of v(t) given in (1), t <ES, ;) =mEv(r) = mU(t). Thus,

Uity>n"'t, t>0. (15)
Since V(¢) < U(z) for t > 0 we infer
V(it)-n 't <c¢y, t>0. (16)

On the other hand, assuming that En < oo (whereas the assumption EE? < oo is not needed

here),
Vi -—nli= [ W) - - 0)a60) —n! [ (1-G0)ay
[0.7] 0
> —m”/ot(l —G(y))dy
> —n~'En (17)

having utilized U(¢) > m~'¢. Thus, we have shown that, under the assumptions E£? < oo and
En < oo,
V()—m | <cz, >0 (18)

where ¢;, = max(co,m~'En).

Let u,v,w : R — R be functions of locally bounded variation. Since the Lebesgue—Stieltjes
convolution
usv(t) = [pu(t —y)dv(y) for r € R will be frequently used in what follows, we recall its

elementary properties which follow immediately from the definition.
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Commutativity uv=vx*u.
Associativity (uxv)*xw =ux*(vxw).
Distributivity (u-+v)*w = (uxw)+ (vw).

Existence of the identity If z(r) = 110,00) (t), then u*z = z*u = u. Thus, the function z is the

identity with respect to the Lebesgue—Stieltjes convolution.

Further properties of the convolution operation can be found in Section 3.2 of [25] or Section

1.3.1 of [26].

3.2. Results on convolution powers of functions of a linear growth and proofs of Theo-

rems 2.1 and 2.2

The results presented here are concerned with the following purely analytic problem. As-
sume that a nondecreasing function f exhibits a linear growth, that is, f(¢) ~ at ast — oo for

some a > 0. Then, for fixed j € N,

Imposing various assumptions on the behavior of f(¢) — ar we shall extend these asymptotics

to the case when j = j(¢) diverges to infinity as ¢ — oo.

Proposition 3.1. Let f : R — [0, ) be a nondecreasing right-continuous function vanishing

on the negative half-line and satisfying
fO)=at+0(1%), t—o (19)

Sor some a > 0 and o € [0, 1). Then, for any integer-valued function j = j(t) such that j(t) =
o(t1=®/2) g5t — o,
fi) =) ~ =, 1.
Proof. According to (19) there exists C > 1 such that
—Ct+1)* < f(t)—at <Ct+1)*, t>0. (20)

For j e Nand ¢ > 0, put

)= [ H=00) —a) = [ =y =al=)df0)

[0,] [0,7]
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and note that

!
fi@t) = ’"jfl(t)"‘a/o fi-i)dy, j>2, t>0.
By virtue of (20), we conclude that

lri()] <Ce+1)%fi(r), jeN, t>0.

Using this bound and mathematical induction we obtain

Wi (1) < fi(r) <W; (1), jEN, 1>0,

2D
where WjjE is defined recursively by W;"(¢) := 1 and

Wi(1) = (:I:C(H— D*WE (1) +a /O t Wi 1(y)dy>

. jEN, t>0.
+

Here, we recall that x; = max(x,0) and note that taking the nonnegative part is only relevant
J

for W;~ ensuring its nonnegativity, whereas it can be omitted for W;"
It remains to show that

: (22)
To this end, we first prove by induction that

alth I 7\ d'CIi(t 4 1))+
W: < — , JEN, t>0.
jo= G ()

While for j = 1 this follows immediately because W," ()
works as follows

(23)

= C(t+1)% + ar, the induction step

alth I 7\ dCii (e 1)U
Wihi() <Clt+1)* <j,+2(,-) st

/!
i=0 b

t [ giyi Il i\ dCiTi(y 4 1) *U-D)+
va (aj{ﬂ:(g)“ SRR PR
: i=0

i!
i() acitl- 1(+1)a(j+1—i)+i a/‘HﬂH

j—1 ’HC/ i (t+ l)a(j—i)+i+1
- + -
i! (j+D! () o(j—i)+i+1
@it 1+l i(j)aicj+'i(f+1) (JH1=i)+i
<—FF .
(G+D! S\

Nat'cm l a(j—i)+i+1
il +l§(’) (z) i+1)! +1)
a1+l J j aicj+l—i(t+l)a(j+l i)+i J j acﬁ-l i ) o
L v o (j+1—i)+i
G 5 () i +,21< )G
7 a;+1t/+1 + J (]Jrl) aicj+1—i(t+1)oc(j+1—1)+z
=0

1

i!
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having utilized the binomial identity ({) + (i J 1) = (j fl) for the last step. Further, using j(¢) =

o(t) we obtain

LE 7\ dCIi(t 4 1)@=+ i a'CIi (g 4 1)U+
aiti =\ i i! (r+1 P
1

7!

2 j—i
! C L
(j) (a) (t+ 1)(1-@)=D)
( j—i)Z(Ca—l)j—i(t+1)(1—05)(1'—/)
Cafl N
% (i)

_ Ca'P ( Ca'f -
S+ (t+1Dt-a) °

Thus, in view of the assumption j(¢) = o(r'~*)/2) we have

| /\

IN
~ ~ =
Il |
(=) —_ O

| N

j!
limsup —WJr( 1) <1. 24)

(—eo aJt]

We use a similar reasoning to prove that

joj =l i i (j—i)+i
W[(t)Z(WZ(.) dCe+ N ) , jEN, t>0. (25)
+

! !
N5 i!

While (25) is obviously true for j = 1, we obtain with the help of induction, for j > 2,

Wi (1) > =Cle+1)%W;( +a/W )dy

—C(r+1)*W/ (1) —l—a/o W, (y)dy

(gt o) o (i)
—C(z+1)“wj+(r)+a/0 (?l Z() acr (yt!l) >dy

i=0

Jei =l ici—i(¢ 1 1))+
—C(i+1)® (5"+Z(J.>a 1)
J! i—o \! 1!
t givi Il /N gici—i 1)eli—i)+i
+a/ <‘1.{—Z(J.>ac (yf,) )dy
o\ J =\l i!

@l T+l J j aiCj+1—i(t_|_1)oc(j+17i)+i
>
o (j+1)! F 0<i) i!

+Z () l+1C/ ’/(y_i_l)a(ji)ﬂdy)

a/+1t1+1 i <]+1> atcj+1—1(t+1)a(j+1—i)+i
Far i!

Y]

| \/
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We have used (21) and (23) for the second and the fourth inequality, respectively. Since Wi

is nonnegative we arrive at (25). Thus,
N
hmlnf‘—jW-_(t) >1. (26)
Combining (24) and (26) yields (22), thereby finishing the proof of Proposition 3.1. g

Proof of Theorem 2.1. 1t is enough to show that the function V satisfies all the assumptions

of Proposition 3.1 with a = m~! and @ = 2 — r, where r = 2 in case (i). We first prove that
Ut)=mn"'t+0*"), t—oo. 27)

CASE (i). In this case (27) follows from (15) and Lorden’s inequality (13).

CASE (ii). Let S; be a random variable with distribution
P{Sj € dx} =m "P{& > x} 1 (g (x)dx.
Note that, by formula (2) in [7],
EU(t—S5)=m"'t, 1>0. (28)
Then
U(t)-m = /[0 P18 > 1)U () ~ u” /Olp{sg > yHy, 1o,

where the equality is nothing else but (28), and the asymptotic relation follows from Theorem
4 in [28]. The cited theorem applies because EE? = oo entails [ESj; = co. Observe that P{S; >
ty=m"! [“P{& > yldy = O(t~""V)) as r — o as a consequence of P{& >} = O(¢™"). In

view of this we infer
t
Ut)—m 't ~ m_l/ P{S; > y}dy = O(>"), 1 o0
0

and thereupon (27).

It remains to check that under the assumption E(1 At) = O(¢>7") as t — oo,
V(t)=n"lt+0(*"), t— oo (29)
Since [j(1—G(y))dy = E(n At), an equivalent form of the equality in (17) is

V(r)—n~'r= M(U(t—y)—m_l(t—y))dG(y)—m_lE(nAt)
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With this at hand relation (29) follows because each summand is O(tz’r ) by (27) and the
assumption of the theorem, respectively.

d

The next result provides asymptotics of convolution powers f*U) for j = j(¢) which may

grow faster than ¢!/2

under the assumption that the function |f(z) — at| has a finite total
variation and satisfies an additional integrability assumption. We shall use a convention that,
for a function x : R — R, x*(0)(r) = Ljge(t), t € R. Also, we shall write #;(x) for the total
variation of x on the (possibly infinite) interval /. Finally, if x is a function of a finite total

variation on [a, b], —eo < a < b < o and y is a measurable function on /, we stipulate that
[0l = [ 50d (o).
[a,b] Jla,b]
where the integral on the right-hand side is understood in the Lebesgue—Stieltjes sense.

Proposition 3.2. Let f : R+ [0, ) be a nondecreasing right-continuous function vanishing

on the negative half-line. Assume that the function € defined by

e(t):=f@)—at, t>0, (30)
for some a > 0, satisfies
| ldet)| <o G1)
[0,¢)
Then, for any integer-valued function j = j(t) such that j(t) = o(t*?) ast — oo,
. JtJ 2
£ty = 70 (0) ~ o exp (”‘{) £ — oo, 32)
J! a

where Y 1= [jg o) d€(¥) = limy o (f(r) — at).

Proof. The function €, as the difference of two nondecreasing functions, has a finite total

variation on every finite interval. In particular, (31) entails

| 1aemi< [ laem+ [ side()] <o
[0,00) [0,1) [1,0)

Thus, € has a finite total variation on [0,0). Write

|, ey =—nlar= 1] ae(q

having utilized integration by parts for the last equality. Hence, (31) implies that

s [ e@a= [ videw)<e

0,%)

Aﬁdwfm®<w. (33)
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Now we modify (30) in a neighborhood of the origin, so that the essential properties of € given

by (31) and (33) are preserved. Put
ft)=(at+1p)++€@1)=:£()+€(), tER. (34)
Note that both summands can be nonzero in a bounded left neighborhood of the origin, yet

LBy <o and [ plIdEQ)| < (39)
R R

because t — €(t) — ¥ — £(¢) has a bounded support. The advantage of (34) is justified by two
facts:

(i) a simple formula for the convolution powers of ¢, namely,

. j j
() = (at—;'%m’ jeN, reR, (36)

(ii) the function € decays sufficiently fast and, as such, is asymptotically negligible in the sense
that £ () ~ f*U) (1) as t — oo.
To check (36) we use mathematical induction. While, for j = 1, the formula is trivial, the

induction step works as follows: fort > —a~ 'y (j+1),

g*(jﬂ)(t) :/H% (a(f—y;ﬁ-Yoj)ide(y)
_a/t+j70a1 (Cl(l‘—y)+70j)jdy

—pa-! J!
at+y(j+1) Zj
fdz
0 J!
~ (at+p(i+ 1)

(j+ 1! ’

and ¢*UtD (1) =0fort < —a 'p(j+1).
As far as the point (ii) is concerned, using (34), commutativity and distributivity of the

Lebesgue—Stieltjes convolution yields

‘ . =l s
FOG=000+Y <J> (¢®+20) (), rer
i=o \k
We are going to show that the second summand is asymptotically negligible with respect
to £*)(¢) whenever j(1) = o(t*/3). Assume this has already been done. Then (32) follows
immediately because, for large enough 7,

. . JtJ 2\ J JtJ i
70 = o0 = 8 (14 81) = g (jrog (14+22)).
J: J! at

at
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i 2
The right-hand side is asymptotically equivalent to “;—’,J exp (%) whenever j = j(t) = o(t*/?)

ast —» oo,

Passing to the analysis of

we first check that

Ya(l+8) < C <o (37)

for an absolute constant C > 0. For ¢ € R,

0o

t+alyy

()0 = [E-naty)=a | | Ee-yay=a[ " "Ex)a

a7y —o°

Thus, (37) holds with C := a [ [€(y)|dy. Put
8ij(t) =V w (' 5EV), i, jENy, 1€R.

Then, for i, j € N, taking into account commutativity of the Lebesgue—Stieltjes convolution we

infer

8ij(t) :

s ((£*<f—1> « 2 UD) 4 (4*5))
W (CTV V)Y, (£8)
S (VB Y (05 E)

< é'v<§z>1,,>1(f)7 teR.

Here, we have used the fact that the total variation of the convolution of two functions is
bounded by the product of their total variations, see Theorem 1.3.2(c) in [26]. Iterating this

inequality we conclude that

LIOIES WEATYRG

=0
<Y (ljc)ékgo.j—Zk(t)+ ) <£>5j_kg2k—j,0([)a teR. (38)
k<j/2 jj2<k<]

Note that go j 2 (1) < ¥ (8*U-)) < (Y (8))/2* < €] for Cy := [ |dE(y)| < co. There-
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fore, the first sum on the right-hand side of (38) satisfies
Z (i) gkgo,j72k(t) < Z <£> Cvké{fzk
k<j/2 k<j/2

<(CCl +¢yY

jtj i/
:0<¢(1+W)), e
J! at

for b/ = b/") grows slower than arl ’ d (1 + 0 ) as t — oo for an arbitrary finite constant » > 0.

Now we analyze the second sum on the right-hand side of (38):

) (J)aikgzkj,o(f)z Y <J>5jk7/(oo,t](£*(2kj))
J/2<k<j k k

Jjj2<k<j

_ I\ ik pe2k— )

=) (k) )
J/2<k<j

. <j>5j—k (m+7’0(2k—.j))2k_j
jj2<k<j (2k—j)!
1<k<j/2 (j —2k)!

Here, the second equality follows from monotonicity of ¢ and the third equality holds for ¢

large enough. It is important for what follows that, for k < j/2 and ¢ > 0,
(ar + Y (j — 2k))/* < al 22k exn (U= 2k)?
X .
(j—2k)! — (j—2k)! at

CASE Y > 0. We obtain, forz > 0,
y (el 2 (08 (el
- \k (j—2k)! = ar ) &=, \k) T (28!
% Jj)? 1 ¢t
a

1<k<j/2 1<k<j/2
ad (Wi ( 1
jrep TN — 2K k! a2k
alt! Y2 ct
)il

< —exp

31(

S
)

k2K
k>1

j!
J! (
alti 7 Ccj3
Texp (a[) (exp <a2[2 —1].

The last factor converges to zero whenever j = j(t) = o(t*/3), whence the claim.

CASE )9 < 0. Arguing in the same vein it is enough to check that

1 i — 2k)? 2
2 () () (o)) -
1<k<j/2 a a at
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which is equivalent to
1(ER\ a1
L= Z o % exp(y0 / >—0(1), I — oo,
1<k<jj2 a<t at

Invoking the inequality exp (W) < exp (4|pwla~'k) for 1 < k < j and large enough ¢

we infer

at?

3 -1
[ < 1 <c] exp(4]10]a”") :

k &
) <exp (Lﬂgexp(4|}/0|al)> -1 =0, t—eco.

1
1<k<j/2 k!

The proof of Proposition 3.2 is complete. g

Proof of Theorem 2.2. We intend to apply Proposition 3.2 with f =V, a =m~'. To this

end, it is enough to check that, under the assumptions of Theorem 2.2,

J

Recall that V = U * G and denote by Id the identity function on [0, ), that is, Id(r) : =1, =
t Ljo)(t) for t € R. Then

m)ﬂd(V(y) —m'y)| < co.

s

Ven d=(U—-n"Id)*G—n"'Id*(1-G)).
Using this and integration by parts yields

yld(V(y)—mly :—/ yd#, o (V —m~'1d
J YAV == [ )

)

= Y o (V —m~'Id)dy
0,00) D)

The first summand is finite by Remark 3.1.7(ii) on p. 121 in [10] and the second is finite in
view of the assumption En? < co.
The explicit form of } follows from the decomposition
V(e)-m 't = [ ](U(t —y)—m '(t—y))dG(y) —m! [ ]de(y) —n'1(1-G(1)),
0,¢ 0,1
in which the first summand converges to (2m?)~'E&? by the dominated convergence theorem,

(13) and (14); the second converges to —m’lIEn and the third tends to zero as t — oo. Il



22 V. BOHUN et al

Finally, we give a general result on the behavior of f*(/) for arbitrary j = j(r) = o(¢). Un-
fortunately, this result can seldom be applied to the counting function V but is of independent
interest and has at least two merits. On the one hand, it gives a probabilistic explanation of a
rather mysterious appearance of the exponent in (32). On the other hand, it may be used for

guessing the behavior of V; for j = j(t) growing at least as fast as 23,

Proposition 3.3. Let (S;)jen, be a nondecreasing zero-delayed random walk with K(t) :=

P{§1 <t} fort € R. Assume that, for some a > 0,

F0 =a— [[(1-KG)d 120

Then

E(ar - S;)%

) = T jEN, 1>0.

In particular lf]E:S? <ooand j= j(t) = o(r*/?) ast — oo, then (32) holds with yy = —ES].

Remark 3.1. In the setting of Proposition 3.3, assume that ES} < oo and j = j(1) = o(t3/*) as

t — oo, We state, without going into details (which become rather technical), that

E(at —Sj)i ~ altiexp (Wit /t+(n/2—%) 7 /12), t— e,
where Y = —ES; and ni= E:S?
The proof of Proposition 3.3 will be given in the Appendix.

3.3. Proof of Theorem 2.3

Our proof of Theorem 2.3 relies on counterparts for perturbed random walks of some stan-
dard renewal-theoretic results. We start by recalling that the renewal function U is subadditive,
which means that

Ux+y) <Ux)+U(y), xyeR.

This follows, for instance, from formula (5.7) on p. 58 in [12]. The counterpart of this
inequality for the function V' defined by
V(x)=EN(x) =Y P{Si-1+n;<x}, x€R
i>1
is

Vix+y)—V(x) <U®»), x,yeR. (39)
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Indeed, for x,y > 0,

Vix+y)=V(x) = EU+y—n)-Ux—n)) Ly +EU+y =) Licn<iy40)
< U (P{n <x}+P{x<n<x+y}) <U(®)

having utilized subadditivity and monotonicity of U for the penultimate inequality. If x,y < O,
then both sides of (39) are zero. Finally, we use monotonicity of V to obtain: if x <0andy > 0,
then V(x+y)—V(x)=V(x+y) <V(y) <U(y);and if x > 0and y <0, then V (x+y) — V (x) <
0=U(y)

Lemmas 3.1 and 3.2 below are counterparts for the function V of Blackwell’s theorem and
the key renewal theorem, respectively. Observe that the presence of the 7n; plays no role, and

the results are of the same form as for renewal function U.
Lemma 3.1. Let h > 0 be any fixed number.
(a) Assume that the distribution of & is nonlattice and m = EE < oo. Then

lim(V(t+h)—V(t)) =n 'h.

t—boo

(b) Assume that m = oo (the assumption that the distribution of & is nonlattice is not needed).

Then
Lim (V(t+h)—V(t)) =0. 41

t—ro0

Lemma 3.2. Let f : R — R be a dRi function on R.
(a) Assume that m < o and that the distribution of & is nonlattice. Then

lim [ S=ave) =a! [ roa

t—o0 [0,00

(b) Assume that m = oo (the assumption that the distribution of & is nonlattice is not needed).

Then
lim ft—y)dv(y)=0.

1=e.J[0,e0)
If f is dRi on [0,00) or (—o0,0], then the ranges of integration [0, o) and R should be
replaced with [0, t] and [0,00) or [t,o0) and (—eo,0], respectively.

The proofs of Lemmas 3.1 and 3.2 are postponed to the Appendix.
In some cases the precision of Lemma 3.2 is not needed. In this situation the following

‘light’ version, borrowed from Lemma 9.1 in [15], may suffice.
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Lemma 3.3. Let f : R — [0,0) be a dRi function on R. Then for some r > 0 and all x € R

/[0 e < 42)

If f is dRi on [0,00) or (—eo,0], then the range of integration |0, ) should be replaced with
[0, x] or [x,0) and then (42) holds for all x > 0 or all x < 0, respectively.

Having Lemmas 3.1, 3.2 and 3.3 at our disposal we are ready to prove Theorem 2.3.

Proof of Theorem 2.3. Fort =0, put g(t) := [jo ,, f(t —y)dV(y) and I := n~! [ f(y)dy. By
Lemma 3.2(a), given € > 0 there exists #p > 0 such that |g(r) — I| < € whenever ¢ > #;. Also,

by Lemma 3.3, g(r) < J for some J > 0 and all # > 0. Hence, for ¢ > 1), by the associativity

(f=Vi)(t) = (f+(VxVim1)(t) = (g% Vj-1)(7)

= g(t—y)dv;_1(y)
[0,7]

= g(t—y)dv1(y) + g(t—y)dvi_1(y)

[0,[7!0] (17t07l]

ST+e)Vi(t) +I(Vim1(t) = Vi—1(t —10))- (43)

‘We claim that
Vi1 (t) = Viy_y (£ — 1
fim i) 1(‘)/ ite)—1( 0):0. 44)
oo i(e)—1(t)

Note that (44) is not a direct consequence of the elementary renewal theorem, for the theorem

provides the asymptotics of V(,_, ) (t —to) rather than V) _; (t —9) which is actually needed
for (44). To prove (44) we write with the help of (39)

0<Vju)-1(t) = Vji)-1(t —10) = / (V(t=y) =V(t—t0=)dVj2(y) < U(to)Vj()-2(t),

[0,7]
for all ¢+ > 0. Thus, (44) follows from

lim =0,
1= Vi1 (1)
which is a consequence of Theorems 2.1 and 2.2 applied with j = j(¢) — 1 and j = j(¢) — 2.
Combining (43) and (44) we obtain
Vit
limsup M <.
e Vio1(2)
The converse inequality for the limit inferior follows analogously. The remaining statements

of Theorem 2.3 are secured by Theorems 2.1 and 2.2. O
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Appendix A. Proof of Proposition 3.3

Proof. Replacing K with ¢t — K(at) we can and do assume that a = 1, that is, f(f) =

fé K(y)dy or, in short, f = K *Id. Then, by the commutativity of the convolution,

. . ) —y)J . AV
f*(])(t) - ((Id)*m *K*U)) (t) :/ (r .y) dK*(J)(y) — M, t>0.
0. J! J!
If IE:S'? < oo, then j = j(t) = o(t*/?) as t — oo implies that
E(t—S;). ~ tiexp <y°tf> t = oo. (45)

This can be justified as follows. We first note that yy < 0. Further, in the decomposition
5\ 5 5\
il _ jlog(1-S; N J N
: < - t) =B g ) +E (1 - t> 1§t/ (46)
+ +
the second summand is bounded by 27/ and 27/ = o (exp <7%ﬂ)) as t — oo, for j%/t = o(j).

The first summand in (46) can be bounded with the help of the inequalities
—x—x*< log(1—x)<—x, x€][0,1/2] and 1—-x<e ¥, x€eR.

Indeed, we obtain, for j > 4,
= ]§2 ~ ]§2 )
—jS; J —jS; J _ —jS JS5t g
Ee /Si/t <1 - t2> < Ee /Silt (1 ~ 2 | Y5y SEe e Lisi<i2y

SIE(ejlog(lij/r) SEeﬁﬁj gEe*jgf/’.

Lis,<iyy) M5

For A >0, put ¢(1) := Ee 51 In view of ng < oo we infer
5 : wi ()Y
= o= (142 10(2))

The right-hand side is asymptotically equivalent to exp (> /t) as t — oo under the assumption

j = j(t) = o(t*3). Finally, the relation

- iS2 .
Ee/Si/" (@) =0 (Ee‘jsf/’) , t— o
t
can be checked using the equality Ee~/Si/ ’:S‘V? = aa—;z(qﬂ (l))’ in conjunction with the

A=j/t
assumptions j = j(t) = o(¢*/3) and ES} < o, O
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Appendix B. Proof of Lemma 3.1
PROOF OF PART (a). According to Blackwell’s theorem (Proposition 2.2),

lim(U(t+h) —U(t)) =m ™ 'h. (47)

f—so0
In view of (47), limy(U(t+h—7m)—=U(t — 7)) Loy = m~ % a.s. Recalling (39) we
infer

HmEU(t+h—1)=Ut =) Lo, g2y =m '

=300

by Lebesgue’s dominated convergence theorem. Another appeal to (39) yields
E(U(t+h=1)=U(t =) Ly _pagey UGB -1 < <1},
and the right-hand side converges to 0 as ¢ — co. Finally, by monotonicity,
EU(t+h—1n)Lycn<pny SUMBP{t <n <t+h},

and the right-hand side converges to 0 as ¢ — oo. Invoking the first equality in (40) with x = ¢
and y = h completes the proof of part (a).

PROOF OF PART (b). If the distribution of & is nonlattice, then, by Blackwell’s theorem,

im(U(t+h)—U(t)) =0. (48)

[—roo

If the distribution of & is d-lattice, then, by Blackwell’s theorem (Proposition 2.2), (48) holds
for h = nd, n € N. However, using monotonicity of U we can ensure that (48) holds for any
fixed 2 > 0 in both nonlattice and lattice cases. With this at hand, repeating verbatim the proof

of part (a) we arrive at (41).

Appendix C. Proof of Lemma 3.2

PROOF OF PART (a). We only prove the claim under the assumption that f is dRi on R which
is equivalent to the fact that f; and f_ (nonnegative and nonpositive parts of f) are dRi on R.
Thus, we can and do assume that f > 0 on R. Obviously, it is enough to show that

fim [ v =n! [ r0)ay
and that

im [ 70-3ave) =t [ o)

1= J(z,00
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The proof of the first relation with U replacing V can be found on p. 241-242 in [25]. We only
check the second limit relation by following closely aforementioned Resnick’s proof.
We proceed via three steps complicating successively the structure of f.

STEP 1. Suppose first that
F(t) = Lp—typum (1), <0

for fixed nonpositive integer n and & > 0. Then f(t —y) = 1 if, and only if, y € (r —nh,t —
(n— 1)h] which entails

/(M f(t—y)dV(y) =V(t—(n—1)h) —V(t —nh).

By Lemma 3.1(a), the last difference tends to m~'/ as t — oo, thereby proving that
0

lim [ fe-y)av) =nh=u" [ f0)dy

)

f—ro0 (1,00 J—oo
STEP 2. Suppose now that
FO) =Y cn iy (1), <0,
n<0

where (cn) is a sequence of nonnegative numbers satisfying Y, ¢, < . An argument

n<0

similar to that used in the previous step enables us to assert that
/ Fe—)av() = Y en(V(e— (n— 1)) = V(t —nh)).
<[7°°) n<0
Using Lemma 3.1(a) in combination with (39) we infer with the help of Lebesgue’s dominated
convergence theorem,

Yo=a [ " fOa

n<0

lim/( . ft—y)dV(y) =m'h

t—oo J(¢

STEP 3. Let now f be an arbitrary nonnegative dRi function on R (actually, for the present
proof it is enough it is dRi on (—oe,0)). For each & > 0, put
@)=Y sup  fO) Loty (1), <0

n<0 (n—1)h<y<nh

and

L,@0:=Y — inf  f) Ly (0), 1 <0

n<0 (n—1)h<y<nh
By the definition of direct Riemann integrability,

Y sup f())<e and ) inf  f(y) <eo

n<0 (n—1)h<y<nh n<0 (n—1)h<y<nh



28 V. BOHUN et al

for each i > 0. Thus, the functions f,, and f, have the same structure as the functions discussed

in Step 2. According to the result of Step 2,

lim /( T =a Y swp  f)=n ')

= (e n<0 (n—1)h<y<nh

and
lim t—y)dV(y)=n"'h inf =mn'c(h
lim (M[h( y)dv(y) 2;6 - 1)hgmhf(y) o(h)

for all 4 > 0. Since, for each & > 0,

zh(t)gf(t)gfh(t)v t<03
it follows that

m g (h) =liminf [ £, (t=y)dV(y)

e Jir,e)

< liminf ) ft—y)av(y)

[—ro0 (t’oo

< limsup )f (t—y)av(y)

t—oo (t,00

< limsup Falt=y)dv(y)

[—oo ([,oo)

= m_la(h).

We have limy,_,o1 (G(h) — c(h)) = 0 by the definition of direct Riemann integrability. Also,
it is known that lim,_,o4 &(h) = [°_ f(y)dy. Letting h — O+ in the last chain of inequalities
completes the proof of part (a).

PROOF OF PART (b). Use part (b) of Lemma 3.1 in place of part (a) and proceed as above.

This finishes the proof of Lemma 3.2.
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