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Abstract

Let (px)ren be a discrete probability distribution for which the counting function z
#{k € N : pp > 1/z} belongs to the de Haan class II. Consider a deterministic weighted
branching process generated by (pg)ren. A nested Karlin’s occupancy scheme is the sequence
of Karlin balls-in-boxes schemes in which boxes of the jth level, j = 1,2,... are identified
with the jth generation individuals and the hitting probabilities of boxes are identified with
the corresponding weights. The collection of balls is the same for all generations, and each
ball starts at the root and moves along the tree of the deterministic weighted branching
process according to the following rule: transition from a mother box to a daughter box
occurs with probability given by the ratio of the daughter and mother weights.

Assuming there are n balls, denote by IC%J ) the number of occupied (ever hit) boxes in
the jth level. For each j € N, we prove a functional limit theorem for the vector-valued
process (]C(L?ﬂuy e ,IC(LJE)THJ)UGR, properly normalized and centered, as T — oco. The limit
is a vector-valued process whose components are independent stationary Gaussian processes.
An integral representation of the limit process is obtained.
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1 Introduction

1.1 Definition of the model

Let (pr)ken be a probability distribution, that is, py > 0 for all k € N and ) , o, pp = 1.
Additionally, we assume that pg > 0 for infinitely many k. Also, denote by (7(¢))¢>0 a Poisson
process on [0,00) of unit intensity. Let S, S, ... denote its arrival times, that is,

m(t)=#{keN: S, <t}, t>0. (1)

In the classical Karlin occupancy scheme balls are thrown independently into an infinite array of
boxes 1,2, ... with probability pg of hitting box k. There are two standard versions of the Karlin
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scheme. In the first one that we shall call deterministic there are n balls thrown, in the second
that we shall call Poissonized the number of balls thrown is m(t). The typical question arising
in this setting is: what is the asymptotic behavior of various random sequences or functions
defined by the scheme as n — oo or t — oo.

Denote by 7 (t) the number of balls which fall into the box k in the Poissonized scheme,
so that m(t) = > ;- mx(t) for all ¢ > 0. By the known thinning property of Poisson processes,
the processes (m1(t))i>0, (m2(t))¢>0, .. are independent, and (1 (t))s>0 is a Poisson process of
intensity pi. Thus, the Poissonized scheme is more tractable than the deterministic scheme, for
the numbers of balls falling into different boxes are independent in the former, whereas it is not
the case in the latter. This explains a common approach used in most of the papers dealing
with the deterministic scheme. First, the scheme is Poissonized. Second, the problem at hand
is solved for the Poissonized scheme. Third, the Poissonized scheme is de-Poissonized, that is,
transfer is made of the results obtained in the Poissonized scheme to the original deterministic
scheme.

In this paper we are interested in a nested family of Karlin’s occupancy schemes or simply
nested Karlin’s occupancy scheme generated by (pg)ren which is defined as follows. Let R =
Unen,N™ be the set of all possible individuals of some population, where Ny := NU {0}. The
ancestor is identified with the empty word @ and its weight is p,, = 1. An individualr =7y ...7;
of the jth generation whose weight is denoted by p, produces an infinite number of offspring
residing in the (j + 1)th generation. The offspring of the individual r are enumerated by ri =
r1...rji, where i € N, and the weights of the offspring are denoted by py;. It is postulated that
pri = prp;- Observe that, for each 7 € N, er\=j pr = 1, where, by convention, |r| = j means
that the sum is taken over all individuals of the jth generation. We identify individuals with
boxes, so that the weights (probabilities) of boxes in the subsequent generations are formed by
the vectors (pr)yj=1 = (Pr)ren, (Pr)jrj=2; - --- At time 0, infinitely many balls are collected in the
box @. For n € N, at the time n in the deterministic scheme or the time 5,, in the Poissonized
scheme, a new ball arrives and falls, independently of the (n — 1) balls that have arrived earlier,
into the box r of the first generation with probability p. = p,, and simultaneously into the box
ri; of the second generation with probability p;,, into the box rijis of the third generation with
probability p;, and so on, indefinitely. A box is deemed occupied provided it was hit by a ball on
its way over the generations. Observe that restricting attention to the jth generation we obtain
the Karlin occupancy scheme with probabilities (py)|r—;-

For j € Nyn € Nand ¢ > 0, denote by IC,(lj) and Kt(j) the number of occupied boxes in the jth
generation when n or 7(¢) balls have been thrown, respectively. Assuming that the probabilities
pr. exhibit subexponential (Weibull-like) decay specified by condition (4 we shall prove weak
convergence of the infinite vectors (ICS), IC%Q), ...) and (Kt(l), 52), ...), properly normalized and
centered, as n — oo and t — 0o, respectively.

The reader may find it more convenient to think of the nested Karlin occupancy scheme in
the following way. Produce n infinite random words over a countable alphabet {1,2,...} by
generating the letters of the words independently, with p; being the probability of the letter k.
Then the random variable ICg ) counts the number of distinct prefixes of length j appearing at
the beginning of these n independent words. We thank one of the referees for this observation.

1.2 Main results

As usual, we write % to denote convergence in probability, and =, 4y and "4 to denote weak
convergence in a function space, weak convergence of one-dimensional and finite-dimensional dis-
tributions, respectively. Also, we denote by D := D(R) the Skorokhod space of right-continuous



functions defined on R with finite limits from the left.
Put p(z) := #{k € N : py > 1/z} for > 0 and note that p(z) = 0 for = € (0, 1] (unless
pr = 1 for some k € N). For each T'> 0 and j € N, put

' K9 _mpr®
KU\(T,u) := — 5 et uweR (2)
(Var K3))1/2

and ) )
Kiersn) = EKr o)

(VarK(Li)TJ)l/2

KO(T,u) = , ucR. (3)

Note that KU(T) := (KY(T,u))uer and KY(T) := (KU)(T,u)),ecr are random elements with
values in D. Here are our main results, Theorem for the Poissonized scheme and Corollary
[L.2 for the deterministic scheme.

Theorem 1.1. Assume that, for all X > 0,

p(M) — p(t) _
5 Tlog 07 Fllog ) B w

for some 8 > 0 and some £ slowly varying at co. If § = 0 we further assume that £ is eventually
nondecreasing and unbounded. Then

(KUT) oy = (Z)j21, T — o0 (5)

in the product Ji-topology on DN. Here, Zi, Zs,... are independent copies of a centered sta-
tionary Gaussian process Z = (Z(u))ycr with covariance

_ log (1 + e"“‘“')

EZ(u)Z(v) Tog 2 ,  u,veER.
Corollary 1.2. Under the assumptions of Theorem (1.1
(’C(j)(T))jzl = (Zj)j>1, T—o0 (6)

in the product Jy-topology on DN.

Remark 1.3. A typical example in which condition holds is given by Weibull-like probabilities
pr = Cexp(—k®), k € N, where a € (0,1). In this case, p(x) = |(log(Cz))/*], where |a]
denotes the integer part of real a, so that condition holds with S =a~! —1 and £(t) = a~!
for t > 0. A counterpart of relation expressed in terms of pg can be found in Proposition

41l

Remark 1.4. A function h : (0,00) — R is said to belong to de Haan’s class II with the auxiliary
function g if, for all A > 0,
h(At) — h(t)

R log A, (7)

and g is slowly varying at co. See Section 3 in [4] for detailed information about class II.

Not only does condition tell us that p belongs to the class II, but also puts restrictions on
the auxiliary function. The explicit form of the auxiliary function is essentially used in the proof
of Proposition when showing that the counting functions of probabilities in generations 2,



3,... belong to the class II, as well. Apart from this, the extra information provided by the
explicit form is not needed. For instance, weak convergence of the first coordinate in could
have been proved under the sole assumption with p replacing h and an auxiliary function ¢
diverging to infinity. We state this explicitly in Corollary Note that this is a result for the
Karlin occupancy scheme.

Corollary 1.5. Assume that, for all A > 0,

lim p(A) — p(t) = log \,
{—00 g(t)

where g is slowly varying at oo and limy_,o g(t) = 0co0. Then
KT = Z and K(T) = Z, T—
in the Jy-topology on D.

In Theorem [I.6] we provide an integral representation of the limit process Z and prove that
there is a version of Z with continuous sample paths.

Theorem 1.6. Let W (dz,dy) be a white noise on the horizontal strip R x [0, 1] whose intensity
measure is the standard Lebesgue measure. Put

1
- - _ _a—(z—u)
)= Gogayire /M,ﬂ (Lo ety —e(=e"C™)) W(dz,dy),  weR

Then Z := (Z(u))yuer is a stationary centered Gaussian process whose covariance function is
given by

~ log(1+ e~lu=vh
N log 2

Cov (Z(u), Z(v)) , u,v € R.

Furthermore, the process Z has a version with sample paths which are Hélder continuous with
exponent o, for every o € (0,1/2).

Finally, we provide asymptotic formulae for the expectations and variances appearing in ([2)
and .
Proposition 1.7. Under the assumptions of Theorem [I.1], for all j € N we have

. ) J
EKQ(;) ~ EIC(J) (F<B+ 1))

N B+ (4T
Y TagEr )WDY, T o

and

. . J o )
Var K ~ Vark) ~ (logrz(;((g(f 5)1)) TiGD-1(y(T))I, T — o

The formula for EK (J%) follows by combining below and Theorem 1 from [20] (with

e

v = 0), while the formula for Var K(EJT) will be derived in Corollary The fact that analogous

results hold for ]C(Li 7| instead of KB(JT) will be justified in Section@




2 Relevant literature

For n € N and ¢ < n, denote by IC,,(7), K,, := K& and K244 the number of boxes containing at
least 4 balls, the number of occupied boxes and the number of boxes containing an odd number
of balls, respectively, when n balls have been thrown. We start by giving a brief review of articles
dealing with one-dimensional and functional central limit theorems for the just introduced (and
related) quantities arising in Karlin’s occupancy scheme. Some other aspects of the model are
discussed in the survey [14].

As far as we know, there are only few articles in which functional limit theorems for Karlin’s
occupancy scheme were proved. We think it is quite a surprising fact in view of almost 50 years
long history of the model. Under the assumption

p(x) ~az%(x), x— o0 (8)

for some a € (0,1) and some ¢ slowly varying at oo, in [I0] functional central limit theorems
for the processes (KC|n¢))ielo, 1) and (Kﬁgﬁ)te[o,l]a properly normalized and centered, as n —
oo were obtained. The weak limit for each process is a fractional Brownian motion. These
results complement the one-dimensional central limit theorems for K, and X299 due to Karlin
(Theorems 4 and 6 in [20]). Note that an ultimate version of the one-dimensional central limit
theorem for K,, was given in [I3] under the sole assumption that lim,,_,, Var K,, = co. Note that
the last limit relation may hold even if condition fails to hold. Theorem 2.1 in [17] provides
a local central limit theorem for /C,,. In [I0], see also [11], functional central limit theorems
were proved for certain randomized versions of (KC|,)¢epo,1) and (IC‘E;E}?J )i, In [8], under
(8), a functional limit theorem for the process (KCjp¢| (1), .-, K nt) (9))sefo,1) (¢ € N), properly
normalized and centered, was obtained. The limit is an ¢-dimensional self-similar Gaussian
process. A recent extension of this theorem which particularly covers the case « =1 in can
be found in [9].
When the condition
p(z) ~ Uz), @00 (9)

holds which is the situation we are focussed at, much less was known. In particular, to the
best of our knowledge, under @D, functional limit theorems for KC,, or K, properly scaled,
centered and normalized, have not been proved so far. Under the assumption that the function
> k>1 Pk Lip, <1/z} 1s regularly varying at oo of index —1 which entails @D it was proved on p. 380
in [I] that the Poissonized version of (ICp(1) — K, (2),...,Kn(i) — Kn(i + 1)) (i € N), properly
normalized and centered, converges in distribution to an i-dimensional Gaussian vector. On
the other hand, there is a huge literature addressing various aspects of the Karlin occupancy
scheme in the rather particular geometric case pr = p(1 — p)¥~!, k € N. This interest is partly
motivated by a connection to the leader election problem and mathematical tractability which
results from possibility of explicit (but tedious) calculations. We refrain from giving a survey,
a selection of relevant articles can be traced via the references given in Section 1.2 of [5]. We
only mention that the Poissonized version of the number of occupied boxes centered by its mean
(without normalization) only converges in distribution along subsequences. This explains the
fact that condition is not satisfied by the geometric distribution. We note in passing that
no normalization and centering for IC;j ) exists which would ensure convergence in distribution.
This implies that condition given below can hold for no j, the fact that can alternatively
be checked by a direct calculation.

There is a version of the nested Karlin’s occupancy scheme, called nested occupancy scheme in
random environment, in which the distribution (pg)ren is random. Such a model was introduced



in [2] and further investigated in [6], [7], [I5], [I8], [19]. In [2] and [19] the asymptotics of the
number of occupied boxes K,gj ) and related quantities was analyzed at the generations j of order
logn. Some results of the last two cited papers apply to the nested Karlin occupancy scheme.
We are not aware of any articles which would treat the generations j with j = j, — oo and
jn = o(logn) as n — oo of the nested Karlin occupancy scheme.

3 Informal derivation of the limit process

We start with some preparations. Let j € N. First we give a representation for Kt(J ) to be used
for several times. Denote by T; the time at which the box r with |r| = j is filled for the first time.
Observe that 7, has an exponential distribution with parameter p,, that is, P{T; > t} = e P!
for t > 0, and that the collection (7}) consists of independent random variables. For the box
r with |r| = j, put

Ir|=j

G, := —logp; — logT:.

Then the collection (G;)
distribution, that is,

r|=; consists of independent random variables with the standard Gumbel

P{G, <z} =exp(—e™®), z€eR.

Assume that the number of balls thrown is 7(¢). Then the number of occupied boxes is given
by
Kt@ = Z Lin<y = Z L tog pr—Gii<logt} - (10)
[r|=3 Ir|=j
In the remainder of this section we provide an informal derivation of the limit process Z in
Theorem Also, we prove Theorem and identify the spectral density of Z in Proposition

For simplicity of presentation we only consider the first generation. When j = 1, we can
work with the collection (p, Tk, Gk)ren instead of (py, Ty, Gy)jpj=1 in which case reads

1
K = Kt( . Z Lin<ty = Z L{~ togpr—Gy<logt}- (11)
k>1 k>1

Essentially, K; is an empirical process generated by the deterministic points —logpg, £k € N
with independent random Gumbel shifts. In the following, we shall approximate K, properly
normalized and centered, by a combination of Brownian bridges. For t = e’ ™% the last centered
formula reads

Kervu = Z L togpr—Gr<T+u} = Z L= —togpp—T—u} = Z (1 - ]I{Gk<—logpk—T—u}) - (12)
E>1 k>1 k>1

Put f(t) := t9¢(t) for large t, with the same 8 and ¢ as in (4). According to formula (29),
Var K,r ~ (log2) f(T) as T — oo. Hence, we can work with the process K*(T',u) defined by

K,
K*(T,u) := —=°

T+u — EKeT+u _ Z H{G’k<—logpk—T—u} - P{Gk < - logpk -T - U}
7T) 2 7T

rather than K(l)(T,u). We now argue (in an informal way) that, for any A > 0, the process
(K*(T,u))ue|—a, 4] converges weakly as T — oo and identify the limit. To this end, take an
infinitesimal interval [z, 2 + dz] and consider all those k for which —logp, — T € [z, 2 + dx].
The number of such points is

pleTTerdey _ pTHey o (T +2)dx ~ f(T)dz, T — oo



in view of (4)). The contribution of such k’s to K*(T,u) is

Z I[{Gk<x—u} - P{Gk <z- u}

—logpr—T €[z, z+dz]

or, equivalently,

_ef(xfu)>

’

_ > {0 <exp(—e—(e=u)} — XD

E>1 f(T)
—log px —T €[z, x+dx]

where the random variables Uy, := exp(—e_Gk), k € N are independent and uniformly distributed
on [0, 1]. Recall that the number of points U, contributing to this sum is approximately f(7T")dz.
Since the uniform empirical process converges weakly to a Brownian bridge on [0,1] as T' —
00, we can approximate the latter sum by a process of the form \/@Bg(e_ei(ziw), where
(B2(t))tefo,1) is a Brownian bridge on [0,1]. This approximation makes sense for every small
interval of the form [z,x 4 dz], and, moreover, disjoint intervals correspond to independent
Brownian bridges. Thus, as T — oo, the process (K*(T,u)),cr can be approximated by an
“integral” of independent infinitesimal contributions of the form v/dzBY(exp(—e~(*~%)) taken
over all € R. Finally, note that the Brownian bridge BY can be written as BY(t) = B,(t) —
tB, (1), where (By(t));c[0,1] is @ Brownian motion. This naturally leads to a stochastic integral
representation of the limit process given in Theorem

Proof of Theorem[1.6, In what follows it is tacitly assumed that the a-variable ranges in R, and
the y-variable ranges in [0,1]. By the properties of the stochastic integrals with respect to a
white noise,

1 7ef(zfu) 767(171})
Cort2 200 = g [y (i =) (i e s
For a,b € [0, 1],

1
/0 (Il{yga} —a)(Lgy<py — b)dy = min(a, b) — ab.

Assume without loss of generality that v < v. Then e T > e 7" With these at hand,
fixing some x € R and integrating over y € [0, 1] we obtain

1 —(zF=v —(z—u —(z—v
Cov (Z(u), Z(v)) = log2/R<ee @=v) _ —em(@mu) e~ )) d.

The substitution ¢ := e™* transforms the integral into a Frullani integral

_ 1 S —te? _ _—t(e¥4ev) ﬁ . log(l _|_e—(v—u))

which completes the proof of the first claim.
Since, as u — 0,

1
log (1 + e7|“|) =log(2 — |u| + o(u)) = log 2 — §\u| + o(u),

the second claim is justified by the Kolmogorov-Chentsov theorem. O



Recall that the spectral density of a stationary process with covariance function r is a
Lebesgue integrable on R function f whose Fourier transform is r, that is,

r(t) = /Reitzf(x)d:x, teR.

Proposition 3.1. The spectral density of the process Z is given by

o) =g (o o), s ERVOL, f0) =

" 2log2\72?  wsinh(nz) " 12log?2’

Proof. The function r; defined by r1(t) = log(1+e~I) for t € R is continuous. Also, it is positive
definite as the covariance function of a stationary process. Therefore, it is the characteristic
function of a finite measure u (of total mass log2). Moreover, the function r; is integrable
which implies that p has a density f; which is given by the inversion formula

1
o7

fi(z) /Re_imm(t)dt, z €R.

By the Taylor expansion with the Lagrange form of the remainder,

N—-1 (_1)n—1
ri(t) =log(1+e M) =>" Te—"ltl + Ry(t), teR.

n=1

Here, |Ry(t)] < %e_N“' for t € R, whence, for every z € R, limy_yo0 fR e RN (t)dt = 0. As a
consequence,

1 —itx (_1)n—1 —nlt| 1 (_1)n—1 / —itx ,— 1 (_1)77,—1
fl(-’lf) 27T/Re Z n € 271-2 n Re e WZ 552_{_”2
n>1 n>1 n>1

Applying the partial fraction expansion

11 (—1)
_Z_9 _\TH)
sinhz 2 ZZ 22 4+ m2n2’
n>1

we arrive at the claimed formula for f = f;/log 2.

O
4 Auxiliary results
By Proposition given below condition ensures that
p(z) ~ (B+1)"Logz)? U(logz), x— oco. (13)

To facilitate application of Theorem [1.1| we give in Proposition sufficient conditions for
and expressed in terms of py.

Proposition 4.1. Assume that the sequence (py)ken is eventually nonincreasing.

(a) If
—logpy) ~ L@, = o0 (14)



for some b > 0 and some L slowly varying at co. Then
p(x) ~ (logz)’ (L7 (logx))’, @ — oo, (15)

where L¥ is the de Bruijn conjugate for L. In particular, relation is secured by with
b=p+1and L(z) = E#(az), that is,
—logp, ~ @/ @O p - . (16)

Here, lo(z) == (£(x)/(B + 1))/ (B+1),
(b) Assume that holds and that, for all u € R,

st ugt) _
e (17)

where s(x) 1= 1/pm for x > 1 and g is a nonnegative measurable function satisfying

g(t) ~ (B4 1P/ BETDB/EH) (o /BN EFD - o0

and
OBy~ l(t), - oo (18)
Then holds.

Remark 4.2. Condition (|18) is satisfied, for instance, by powers of logarithms and iterated
logarithms. Further, it is satisfied by £(z) = exp((logx)) if ¢ € (0,1/2) and not satisfied if
c€[1/2,1), see p. 78 in [4]. According to Theorem 2.3.3 in [4],

pim (i~ 1) st =0

for some Ao > 1 is a sufficient condition for ([18]).

Proof of Proposition[{.1. (a) Note that, as z — oo,

p(e”) =#{k>1:—logpy <z} ~ inf{k>1:—logpy >z} ~ inf{y>1:—logp, >z}
(19)
By Proposition 1.5.15 in [4],

inf{y > 1: —logp, >z} ~ 2 (L#(x))°, = — oo

which completes the proof of (L5). The second part of (a) follows from the first and the fact

that E##(JE) ~ lo(x) as x — oo, see Theorem 1.5.13 in [4].

(b) We note in passing that since s satisfies , it belongs to the class I', see p. 175 in [4].
Put s (z) := inf{y > 1: s(y) > z} for z > 1. By the argument leading to (19), the function

p — s is bounded. Thus, under the sole assumption , for all A > 0,

p(At) — p(t) o
e 1) B

by Theorem 3.10.4 in [4]. Thus, it remains to show that, under (16),

9(p(e) ~ UD), t— .



According to part (a), relation holds. Using this together with the assumptions imposed
on g and £ we obtain

g(p(e)) ~ (B+ D)FEED(B 4+ 1)~ 1P () B0 (p(e (o)) F+D)) 1/ (B+D)
~ P(0())P/EED (0(1))VBHD = 180(t),  t — 0.

O]

We recall that the Euler gamma function I' is defined by I'(z) = fooo y*~te~Ydy for > 0.
For j € N, put
pi(@) = 00 s il =4, pe> 1z}, @3>0,

In particular, p;(z) = p(x) for > 0. In Proposition we prove that p; satisfies a counterpart
of , thereby showing that, similarly to p, it belongs to de Haan’s class II. Also, we point out
the first-order asymptotic behavior of p;.

Proposition 4.3. Under the assumptions of Theorem [I.], for integer j > 2 and A > 0,

. piM) —pit)  _ T(B+DY
A5 Tog 17 T(Ulog )y — TG+ 1) 2

and
. p;(t) __(T@B+ny
t=o (log )i B+ (¢(logt))i ~ T(1+ (B +1))

(21)

Proof. Tt is more convenient to work with V;(t) := p;(e'), j € N, t > 0, where p; := p. Then (4)
and can be written in an equivalent form: for j € N and h € R,
Vit +h) = V;(1)

M (22)

where f; is a nonnegative function satisfying

T(B+1)) JB+j—1
LGB +1))

When g > 0, by Theorem 1.5.3 in [4], we can and do assume that f; is nondecreasing. When
B = 0, we can put f; = ¢; where ¢; is a nondecreasing on [0, c0) modification of ¢. Also, in
both cases, adjusting if needed f; at discontinuity points, the number of these being at most
countable, we can assume that f7 is right-continuous. The latter property is needed for a proper
application of Theorem 1.7.1 from [4] below.

We use the mathematical induction on j. If j = 1, then and are secured by .
Assume that and hold for j < k. Then also holds and entails with j < k
by the implication (3.7.6) = (3.7.8) of Theorem 3.7.3 in [4]. In view of with j = 1, given
e € (0, h) there exists tg > 0 such that V(t+h) — V(t) > (h —¢) f(t) whenever t > to. Here and
hereafter, we write V and f for V; and f;. Using

Vit = > Igserp= 3. O Lppsery = > VIt —[logp:]) Ljiogp <t}

fit) ~ (), t— oc. (23)

_ / Vit — 2)dVi(a),
0.1

10



we write

Vieer (£ ) — Vi (£) = /[0 L VR =) Vi)

+/ (V(t+h—2)=V(t—x))dVi(x) +/ V(t+h—y)dVi(y) =: Ax(t) + Bi(t) + Ci(t)
(t—to, ] (t, t+h]

and analyze the summands separately. We first show that the contributions of B and Cj are
negligible. By monotonicity of V' and the induction assumption,

By (t)+Ck(t) < V(htto) (Vi (t)=Vi(t—t0))+V (h) (Vi (t+h)=Vi(t)) ~ (V(h+to)to+V (h)h) fr(t)
= 0o(frs1(t)), t— oc.

Also, we note that by monotonicity of f
/( ] ft —2)dVi(z) < f(to)(Vi(t) — Vi(t —to)) = o(fr+1(t)), t— oo.
t—to, t

Now we pass to the analysis of the principal term Ay:

Ag(t) > (h—e)( f(t—x)de(x)—/(tt ﬂf(t—x)de(:c)> = (h—¢) /{0 ﬂf(t—x)de(az)

+o(fis1(t)) = (h = e)(f * Vi) (t) + o(fr41(1)), = o0,

[0, 1]

Put
o(s) = /[o,oo) e **df(z) and i(s) :—/ e *dVi(xz), s>0.

[0,00)
By the implication (1.7.1) = (1.7.2) of Theorem 1.7.1 in [4],

/[O )6_”’"(1(1“ Vi) (@) = p(s)en(s) ~ (DB + 1)+ s™BHDRe(1/s) 1 s =0+

Invoking now the implication (1.7.2) = (1.7.1) of the same theorem yields

(D(8+ 1)+
L((k+1)(8+1))

Combining fragments together we arrive at

VBRI~ (1), t— o0,

(f = Vi)(t) ~

Vi1t + h) — Viera (f)
fr41(t) =

More precisely, we first obtain the last inequality with A — & on the right-hand side and then
let € tend to 0+4. The proof of the converse inequality for the limit superior is analogous, hence
omitted. This completes the proof of , hence of . Relation now follows from
by another appeal to Theorem 3.7.3 in [4]. The proof of Proposition is complete. O

liminf; oo

Proposition [4.4]is of principal importance for what follows. It essentially states that whenever

the function p; belongs to the de Haan class II, so does t — IEKt(‘j ). We shall use the standard
notation x V y = max(z,y) and x A y = min(z,y) for z,y € R.

11



Proposition 4.4. Under the assumptions of Theorem [I.1], for A >0 and j € N,

000 (E)Y
P22 gty 1(elog D — 1G5 + 1) 8™ .

where ®;(t) := EKt(j) =2 =il - e ) for t > 0. In particular,

e (D(B+ D) (log 2™~ (U(log 1))
O (t) = pee P~ ( > , t—o00. 25
0=2 TG+ 1) : )
Proof. We shall prove in a form: for A >0 and j € N,
Di(At) — D,(t
lim 2;(0) = 5 (t) = log A, (26)

where g;(t) := fj(logt) for t > 0, and f; is a nonnegative function satisfying . Assume first
that A > 1. For any such an A and ¢ > 0, write

B00) = 25(t) = 3 (e ) =

(e—t/x _ e—At/x) dp;(x)

=i (1:20)
Nt
:/1 (e At/ 3 e Z ﬁ>pj(ac)dw

[ O [ e

Here, the third equality is obtained with the help of integration by parts and the fact that
limy 00 7 1pj(x) = 0 (according to Lemma 3 in [20] this limit relation holds true for any
counting function of probabilities; of course, in our setting it is also secured by the known
asymptotics of p;). The fourth equality results from the change of variables: y = At/z for the
first summand and y = t/x for the second. Invoking we infer, for A > 1,

@j()\t)—q)j(t):/otex(pj<)\t)—pj<t>)dw+0(l), t— oo

X X

because, by monotonicity of p;,

At At
At
/ e_xpj()dxﬁpj()\)/ e *dr — 0, t— oo.
t T t

Thus, we have to show that

i B 2) ()

= log . 28
t—00 gj(t) 08 (28)
By Proposition relation holds. This implies that given € > 0 there exists t; > 0 such

that
pi(At/x) — p;(t/x)
g9;(t/x)

<logA+¢

12



whenever z € (0,¢/t1]. Further, by Potter’s bound (Theorem 1.5.6 (a) in [4]), given A > 1 and
9 € (0,1) there exists t > 0 such that

bt/ _
95(t)
whenever t >ty and = € (0,¢/t2]. Hence,

pi(At/x) — pit/x) _
g;(t) -

whenever z € (0,t/to] and t > to, where to := t; V t5. Since [;°e (27 V 2%)dz < oo and, by
, for fixed x > 0,

(z70 v )

(log X + &) (z 7% v 2°)

i PIA/T) — pj(t/)
t—o0 gj (t)

invoking the Lebesgue dominated convergence theorem yields

. Jolt e (m(%) - Pj<§>>dx o,
t—00 g;(t)

= log A,

Noting that

t

[ ) (o [ w0 oo

we arrive at which shows that holds for A > 1. Replacing in t with t/A (A > 1) and
using the fact that g; is a slowly varying function we conclude that also holds for A € (0,1).
Since @/ is a nonincreasing function, Theorem 3.6.8 in [4] in combination with entail

g9;(t)

(L) ~ S

t— o0

which is equivalent to (25)). O

In Corollary we identify the covariance of the limit process Z. In particular, the result
suggests that the limit process is stationary. We recall that the covariance of random variables
X and Y with finite second moments is defined by Cov (X,Y) = EXY — EXEY.

Corollary 4.5. Under the assumptions of Theorem[1.1}, for u,v € R and j € N,

Gy (og2)(T(B+ 1) 5.5 :
Var K ~ . TIPTI=2(T))?, T — o0 29
9 ~ B (u(r)) (29)
and 0 )
hm COV (KejTJru? Keg"+v) — log (1 + 67‘U7U‘) (30)
T—o0 Var Kéj%) log 2
Proof. We shall prove that
Cov (K., K9, )
lim el et — og (1 + e vV, 31

13



where f; is a nonnegative function satisfying . Formula which states that
Var Ke(]T) ~ (log2)f;(T), T — o0

is an immediate consequence of with 4 = v = 0. Formula is then implied by and
(1)

We start by showing that, for s, > 0 and j € N,

S

Cov (KD, Ky =Y (e—($Vt>Pr - e—<$+t>Pr) —EKY), —EKY),. (32)

Ir|=j
Indeed, using we obtain

KOKD =3 U< 0 Wzyen = O Uncoy + O Ym<sy D, Nmy<n-

Ir1l=j Ir2|=j Ir[=j r1l=j Ir2|=j, ra#r1

Since the random variables Lir, <s} and E|r2|:j’ rotrs HTey <t} = Kt(j) —Lyr, <ty are independent
we infer

Cov (KD KDY = ST(B{Tr < sAt) ~P{T < s)P{Tr < t}) = Y (e—<svt>z’r - e—<s+t>Pr).

Ir|=j Ir[=j

The second equality in follows from IEKt(j) =2 (1= e ) for t > 0.
Putting in (32) s = e’ ** and t = e’ *V for u,v € R and T' > 0 and invoking Proposition
we infer, as T — 00,

j ' ©) ()
Cov (Ke(g")Jru7 Kég‘)ﬂ;) _ IEI(eT(e‘H~<3U) - EKeT(eu\/e”)
£(T) fi(T)

et +ev
etV e?

— log ( ) = log (1 + eI,

O

In Corollarywe provide a crude asymptotics of Cov (Ké? s KéJT')ﬂ) for ¢ # j. This result
is sufficient for one part of the proof of Theorem

Corollary 4.6. Under the assumptions of Theorem[1.1}, for u,v € R and i,j € N, i < j,

COV (K£?+u7 K,g’)+v)

fim Q) iz (33)
T=oe (Var Ky Var K 7 )1/2
Proof. We shall show that
Cov(K9, ., K9,) = O(fi(T)), T — oo, (34)

where f; is a nonnegative function satisfying with i replacing j. Since f;(T') ~ Var KilT) /log2

and, according to , Var Ke(ZT) = O(Var KéJT)) as T — oo, we conclude that ensures .
Arguing as in the proof of Corollary we obtain, for s,t > 0 and i,j € N, i < 7,

Cov (Kgi),Kfj)) = Z e %P1 Z (e—(t—8)+pr1pr2 — e PP,

|r1]=i Ir2|=j—i

14



Further,

Cov (K, K) <Y e 3 (T—ePnPe) <t pe P = td(s),

|r1|=i [ra|=j—i
where ®;(s) = EK for s > 0. In view of ([25),
®l(s) ~ s filogs), s— oo.

T+u

Putting s = e and t = e for u,v € R and then sending 7' — oo we arrive at . O

The two results given next are needed for the proof of tightness in Theorem Corollary
[4.7] follows from Proposition [4.3] and Corollary [£.5] with the help of an additional argument.

Corollary 4.7. Under the assumptions of Theorem. for j €N and a >0,

Z efa|t+10gpr| ~ —— Var K(J)

a10g2 ot s o0

Ir|=j
Proof. Observe that

S eltttoenl = [ gratenlap@) = [ et [ et s,
OO) (Let]

Ir|=j = (o0

Integration by parts yields

Z o—alt+logp:| _ (pj(et) — eat/ ax“pj(x)d—x) + (e“t/ axiaﬂj(x)dﬁ - Pj(et))- (35)

It|=j (1,e’] x (e, 00) X
In view of and , for all A > 0,
i PIAD = pi() log A,

t=00 (log 2)~1Var Kt(j)

and the function ¢ — Var Kt(j ) is slowly varying at oo. Hence, by de Haan’s theorem (Theo-
rem 3.7.1 in [4]), each summand on the right-hand side of is asymptotically equivalent to

(alog 2)_1VarKéZ) as t — 00. O

Lemma 4.8. Fixz some A > 0. Let G be a standard Gumbel random variable, that is, P{G <
x} =exp(—e™ ") for x € R. Then there is a constant C' = C(A) > 0 such that

P{s+u<—-G<s+v}<C—u)e
for all u < v from the interval [—A, A] and all s € R.

Proof. The density of —G, namely, g(x) = e® exp(—e®) increases on the negative halfline and
decreases on the positive halfline. Moreover, we can find ¢; > 0 such the inequality g(x) < cre Il
holds for z € R. If s > A, then 0 < s +u < s + v and

P{s+u<—-G<s+v}<(v—u)gls+u)<(w—u)g(s—A) <cet(v—u)e?.

If s < —A, then s+ u < s+ v < 0 and a similar estimate holds true. Finally, if s € [-A, A],
then s+ u and s + v are contained in the interval [-2A4, 24] and

P{s+u<-G<s+v}<Cv—u),

where C 1= sup,¢[_o4,2.4] 9(2). O
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5 Proof of Theorem 1.1l

At the first step we prove for one coordinate. At the second step we derive in full
generality.
STEP 1. Fix j € N. Thus, now we are focussing at the relation

KU(T) = Z;, T— (36)

in the Ji-topology on D. The structure of the subsequent proof is standard: we prove weak
convergence of finite-dimensional distributions and then check tightness.

According to the Cramér-Wold device relation, weak convergence of finite-dimensional dis-
tributions is equivalent to the following limit relation

Zal Tuz —> Zaz (u;j), T — o0 (37)
forallk e N, all oq,...,o, € Rand all —oo < uj <...<up <oo. Foru R, T>0andr € N
(a box belonging to the jth generation), put
Br(T,'U,) = H{Tr§6T+u} —P{Tr S eT+u}.

In view of the left-hand side in is then equal to

Z|| ]Zz 1azBr(T7Ui)
(Val"Ke(T))l/Q

and as such is the normalized (infinite) sum of independent centered random variables with finite
second moments. Hence, in order to prove , it suffices to show (see, for instance, Theorem
3.4.5 on p. 129 in [12]) that

lim E(ia-K(j)(T u-)f—{g(iaz( > ZO‘ 19 Z log (1+e” (W—uz-))
T—00 — ’ » - £ 145 (W; g2

1<i<l<k

(38)

and

: =1 aZ (T ul)) )
e |§E< Var KJ) (o 1azBI<Tul>|>s<VarK§¥>l/2})

=0 (39)

for all ¢ > 0. Relation (38) immediately follows from Corollary In view of the inequality

(laal + - 4 10k ) Ljay 4t lag 50
K (laa] V...V fag])* Ty (v Viox)>3)
K207 Ljar /iy + o+ 0k Llalypy ). (40)

(a1 + ...+ ak)2 ]l{|a1+---+ak|>y}

INIA A

which is valid for real a1, ..., a, and y > 0, relation is a consequence of

(B:(T, u))?

W {|Br(T,u)|>5(VarK£%'2)1/2}) =0,

i, 3
r|=j
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where u € R is fixed. The latter holds trivially, for |B.(T,u)| < 1 a.s. whence the indicator
]1{|Br(T W> is equal to O for large T'. The proof of is complete.

Our next purpose is to prove that the family of laws of the stochastic processes (K(j ) (T))r>0
is tight on the Skorokhod space D[—A, A] for any fixed A > 0. To this end, we shall show that
there is a constant C7 > 0 such that

E(KY)(T,v) — KO(T, u))>(KY(T,w) — KU(T,v))? < Cy(w — u)? (41)

for all u < v < w in the interval [— A, A] and large T' > 0. Together with the already proved fact
that K() (T, 0) converges in distribution, this would imply the claimed tightness by a well-known
sufficient condition (see Theorem 13.5 and formula (13.14) on p. 143 in [3]).

For the box r with |r| = j, introduce the following Bernoulli random variables

Lr = ]]-{T+u<—10gpr—Gr§T+v}a Mr = ]]-{T+v<—logpr—Gr§T+w} (42)
as well as their centered versions
L,:=L,—EL, M, :=M, —EM,.

We note that all these random variables depend on u,v,w and T, the fact suppressed in our

notation. Let
i =P{L;,, =1} =EL,,, 2y = P{M,, =1} = EM,,.

Recalling and using Lemma we have

b < Cv —u)eITHo8P | 2y < Cw — v)e T8l b p) e N, (43)

In view of ,

(Var K%)2(KO(T,v) - KO(T,u)) = Y Ly,

and
(Var K)VHKO(T,w) - KT, 0)) = S M,

so that is equivalent to

IE( Z Er1>2( Z Mr2)2 < Cl(w—u)2(VarKé§))2

Ir1l=j Ir2|=j

for all w < v < w in the interval [—A, A] and large T' > 0. Multiplying the terms out, our task
reduces to showing that

Y E [ErlLrngsz} < Oy (w — u)? (Var K92,

r1,ro,r3,rg ENJ

If r1 is not equal to any of the tuples ra, r3, r4, then Lr1 is 1ndependent of the vector (Lr37 Mr27 M s
and we can take Lr1 out of the expectation implying that IE[L L, M M ] = 0. More generally,
if one of the tuples ry,rs, 3,14 is NOt equal to any of the remaining ones, then the expectation

17



vanishes. In the following, we shall consider collections (ri,re,r3,14) in which every tuple is
equal to some other tuple.

CASE 1. Consider first the case when ry # rg. Then, either ro = ry and r4y = r3, or ro = r3
and r4 = r;. Consider the first case because the second one is similar. The corresponding
contribution is o o o

Y E [LHLTSMHMTS} - Y E [LHMH} E [Lrngg} .

r17£T3 r17£T3

Since L;, and M,;, cannot be equal to 1 at the same time,

E [zmm] — “EL,EM;, = —qo 2.

Analogously, E [ETS ]\Zg} = —(Qr32r5. 1t follows that

Z E [Zrlzrg,j\zrlj\zrg,} = Z Qry %1 Qr3rs < Z ar, Z Rro-

r1F#r3 r1#£13 |I‘1|=j |I‘2|=j

Invoking , we arrive at

S g Y < Cw- u)2( 3 e—|T+1°gPr|)2 < 8(log 2)"2C%(w — u)*(Var K9)?  (44)

Iril=j  [r2l=J Ir|=j

for all u < v < w in the interval [—A, A] and large T' > 0, where we have used Corollary |4.7| for
the last inequality.

Case 2. Let now 11 = r3. Then we must also have r2 = 14, for otherwise the expectation
E[Ly, Ly, My, M,,] vanishes. The corresponding contribution can be estimated as follows:

S E [EHEHMQMQ] - Y E [Eg} E [1\72} + Y E [Efﬂg}
r1,ro€ENJ r1#£r2 |r|=3
< Z Gry Zry + 2 Z G <2 Z ry Z zr, < 16(log 2)_26’2(w — u)Q(Var KE(}]T‘))2

r1#r2 |r|=3 |r1]=j [r2]|=j

for all u < v < w in the interval [—A, A] and large T' > 0, by . Here, we have used the

inequalities E[Efl] =q, (1 —q,) < q, E[M2] = 2,(1 — z,) < 2, and

r2

E|L2ME] = a:(1 = @) (=2)% + 2(1 = 2)*(—a)* + (1= g — 2)(—g0)*(—2)?
= ¢z (q + 2 — 3qe2r) < 2¢1 2.

The first equality stems from the fact that L, and M; cannot be equal to 1 simultaneously.
STEP 2. In view of the already proved tightness of the families of laws of coordinates on the left-
hand side of , the family of laws of the stochastic processes (K(j)(t))j>1, t > 0 is tight on DN
equipped with the product J; topology. Thus, according to the Cramér-Wold device relation,
it remains to prove convergence in distribution of the linear combinations of the coordinates
on the left-hand side of to the corresponding linear combinations of the coordinates on the
right-hand side of . To the end, we first show that, for all £k € N, all a1,...,ar € R and all
—o0o < U < ..o < U <09,

Ed

k
S KT u) -5 Y izi(uy), T — oo (45)
j=1 j=1
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Observe that the left-hand side is the infinite sum of independent centered random variable with
finite second moments as is seen from a representation

k
> KT uy)
j=1

. ( Ozlérl (T, ul) ag Z|r2|:1 Bnrz (T7 uQ) I 4 Ak Z|rk\:k—1 Brlrk (Tv uk))
=1 (Var Ké;lp))lﬂ (Var Kg))l/2 (Var Ké;f))l/Q 7

where an individual rir; with |r;| = ¢ — 1 is a successor of rj in the ith generation. Note that,
for the given ry, the variables Brl (T, uq), Z|r2|:1 Brm (T, usg), ... are dependent, yet the terms
of the series (which correspond to different rj) are independent.

To prove , we have to show that

k k
TILH;OE(Z% Tu] )2:E(;aj2j(u]~)>222a? (46)

J=1

and that the Lindeberg condition (a counterpart of ) holds. Formula is secured by
Corollary In view of and the proof for Step 1 the Lindeberg condition follows if we can
check that, for all e > 0 and all j € N,

: J) _ -
Th_rgo ((VarK ( Z Br1r2 (T, 0) ) 1{|Z|r2\=j—1Bflr?(T’O)‘X(V&rKiJT))l/z}) =0.
Ir1|=1 Ira|=j—1

) ) (47)
Here, a possibility of investigating By,r,(T, 0) in place of By, (T, u) for u € R is justified by
the regular variation of the function T'+— Var K (T), see (29). We shall prove that

8 4

lim (VarK%)™* Y IEJ( Y Buw(T, o)) —0

T—>oo .
r1]=1 [ra|=j—1

which obviously entails (47)). To this end, put ay,r,(T) := 1 — exp(—epy,r,) for 11,12 € R and
T > 0 and write

E( Y Bun(T, 0) 3 E(Buyn (T, 0)*

|r2|=7—1 ra|=j—1
+3 > E(Bry1, (T, 0))*E(Byyr, (T, 0))°
[re|=j—1,|r3|=5—1,ro#r3

= Z (1 — Qryry (T))(ar1r2 (T) - 30,?”2 (T)(l — Qryry (T)))

[r2|=5—1
+3 Z Qryry (T)(l = Qrirp (T>)ar1r3 (T)(l — Qryrz (T))
[re|=j—1,|r3|=j—1,ro#r3
2 (G-1) (G—1)\2
< Y (mann@ann(@4+3( Y A-ann(D)ann(D)) = Var kG V+3(Var K,Y)
\rzlz -1 ra|=7—1

< (1+3EKY)Var Kéi;jl)
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having utilized -, ;1 (1= arixy (7)) aryro (T) < 320, 12j—1 @rine (1) = EKe(jT;l) and monotonicity

r1

of t — IEKt(j U for the last inequality. Hence,

3 E( Y Bun(T. 0))4 < (1+3EEKS "WVar K9 = o((Var K%)%), T = o
Ira|=1 |raf=j-1

To explain the last equality, we recall that, according to ,
VarKe(%) ~ const TIPHI=L(U(T)), T — co.
Further, a combination of and Theorem 1 in [20] yields

EKS™ ~ pisi(”) ~ const TU-DED ()~ T - .
It remains to note that (j — 1)(8+ 1) < j8+ 7 — 1 when 8 > 0 and that, by assumption,
limp_,o0 £(T) = oo when S = 0. This finishes the proof of , hence of . To complete the
proof of Theorem combine now with the arguments given at Step 1.

Remark 5.1. While proving some functional limit theorems with discontinuous converging pro-
cesses (X (T,u)), say and continuous weak limits it may be sufficient to check tightness in the
space of continuous functions on [0,00). The simplest (if applicable) sufficient condition ensur-
ing such a tightness is: there exist constants v > 0 and ¢ > 1 and a nondecreasing continuous
function F' such that the inequality

E[X(T,u) = X(T,0)]" < |F(u) = F(v)|°

holds for all u,v > 0 and large T.
The latter inequality does not hold for the process K(j)(T). Indeed, with T fixed, v = 0 and
u — 04,
EKY(T,u) — KY(T,0)" ~ Cru

for a constant Cp. To check this, note that in the chosen setting the variable Ke(j})+u — KéJT) is
very close to m(e?+%) — m(e!), where 7(t) is the number of arrivals of the unit intensity Poisson
process in the interval [0, ¢], for which explicit calculations are possible.

6 Proof of Corollary

Plainly, for j,n € N and ¢t > 0, Kt(j ) = IC;]'()t) and conversely

K9 = k9. (48)

Here, in the first equality the random variable 7(¢) is independent of (Kq(f ))neN, whereas in the
second equality S, and (Kt(j ))tZO are dependent.

Dini’s theorem implies that the strong law of large numbers for standard random walks with
finite mean has a uniform version. For the particular standard random walk (S),)nen as in
it reads: for all a,b € R, a < b,

lim sup |S(T,u)—¢(u)]=0 as., (49)

T—o0 a<u<b
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where, for T > 0 and v € R, S(T,u) := log(e_TSLenuJ) and ¥ (u) = u. This in combination

with gives ‘
((K(])(T))

in the product Ji-topology on DN x D, where S(T) := (S(T,u))uck.

It is known (see, for instance, Lemma 2.3 on p. 159 in [I6]) that, for fixed j € N, the
composition mapping ((z1,...,2;),¢) — (x10p,...,xj09) is continuous at vectors (z1,...,x;) :
R/ — R’ with continuous coordinates and nondecreasing continuous ¢ : R — R. Since Zj is
a.s. continuous (see Theorem [1.6) and % is nondecreasing and continuous, we can invoke the
continuous mapping theorem to infer

i518(1) = ((Zj)jz1,9) T (50)

KD = ®5(S|eriu))
<< | (‘i’j(eTj))l/L2 J>u€R)j>1 = ((Zj(w)uer)jz1, T — oo

in the product Ji-topology on DN. Here, ®;(t) = EKt(j), VU,;(t) = Var Kt(j) for t > 0 and we have
used .
According to (29)), the function t — ¥;(e?) is regularly varying at oo, whence ¥;(e?) ~ ®;([e])
as T — oo. Furthermore, by Lemma 4 in [14], ¥;(|e!|) ~ Var K(Li)TJ whenever limy_,o ¥;(T) =
)

00. Summarizing, Var IC(LiTJ ~ U;(el) as T — oo.
Thus, we are left with showing that, for all a,b > 0, a < b

_ P
(W5 (t)) /2 Sprll%(Sm)—@j(tv)l = 0, t—o0 (51)
vE|a,
and .
Jim (qu<t>>—1/2£1[ipb]|q>j<w> ~EK{) | =0. (52)

Here, for notational simplicity we have replaced e’ with t and e* with v.
ProoOF OF (p1). Fix a,b >0, a < b and put n(at) := at A S|q for t > 0. Write, for x > 0,

sup ’(I)j(SLth) — ®(tv)| < sup Z e~ (S |1y )pr (1 e —“’\Pr)

v€[a, b] vE[a, b] Ir|=;
€ 37 O (et S0 (0 (5(at)+ sup [Sp 1) = 0 at))
I|=j vE€|a, b

x (l{supve[a’b] S| 0] —tv|<t1/2z} + ﬂ{supve[a’b] S| tw) ftv|>t1/290}) =: Aj(t’ Qj‘) + Bj(t7 l‘)

having utilized monotonicity of y — e~ ¥Pr for the second inequality.
We intend to prove that
At
lim 20 o (53)
t=o0 (W(t))1/?

To this end, we first note that
Aj(t,x) < ®j(n(at) + t/2x) — d;(n(at)) as.

It is shown in the proof of Lemma 4 in [14] that under the sole assumption that lim; oo ¥;(t) =
oo, the function ®’(t) = 2= pre” Pr satisfies

. (®5(1)?
A e
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With this at hand, arguing as in the proof of formula (13) in [I4] we obtain a.s.

@y n(at) £ 12) — 0s(n0r) _ ey By a®(afar)
(@, 2(0) — &) P (2T a1 (g (o) 2n(ar))

—0, t— oo.

n(at)
(54)
Here, we have used the limit relation
t
lim n(at) =a as. (55)
t—oo T

which follows from the strong law of large numbers for standard random walks. In view of the
equality V;(n(at)) = ®;(2n(at)) — ®;j(n(at)) and the fact that the function ¥; is slowly varying
at co we conclude with the help of and the uniform convergence theorem for slowly varying
functions (Theorem 1.2.1 in [4]) that

lim =1 a.s.

t—00 \I/j (t)
This in combination with proves .

Before we proceed recall one known corollary to Donsker’s theorem

t71/2 sup 1S|t) — to] 4 sup |B(v)|, t— o0,
v€la,b] vE|a, b

where (B(v))y>0 is a standard Brownian motion. Using this and we write, for any € > 0
and any x > 0,
P{A;(t, 2)+B;(t, ) (W (0)"?} < P{A;(8) > 271 e(W;(1)) P +P{B; () > 27 e(W5(1)) /%)

< o(1) +P{ sup ysw —tv] > t%22} - P{ sup |B(v)| >z}, t— .
v€|a, b] vEla, b]

Since the left-hand side does not depend on = we obtain on letting x — oo

Aj(t,x) + Bj(t,x) P 0.t o0
(;(t))1/2

and thereupon (51)).
PRrROOF OF (52)). It is shown in the proof of Lemma 4.2 in [I0] that, for v > 0 and large ¢,

@((tv))

()
D, —-E

Consequently, by monotonicity,

() <I>j(Lth) |tb]
sup |®;(tv) — EX <1+ 1+ —=
Jup [85(t0) —EKp,, lfa) lfa]

and follows.
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