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We work under the Aidékon—Chen conditions which ensure that the
derivative martingale in a supercritical branching random walk on the line
converges almost surely to a nondegenerate nonnegative random variable
that we denote by Z. It is shown that EZ 1{7<,) = logx + o(logx) as
x — 0o. Also, we provide necessary and sufficient conditions under which
EZ 1{z<x) =logx + const+o(1) as x — co. This more precise asymptotics
is a key tool for proving distributional limit theorems which quantify the rate
of convergence of the derivative martingale to its limit Z. The methodological
novelty of the present paper is a three terms representation of a subharmonic
function of, at most, linear growth for a killed centered random walk of fi-
nite variance. This yields the aforementioned asymptotics and should also be
applicable to other models.

1. Introduction: A branching random walk and the derivative martingale. We con-
sider a discrete-time supercritical branching random walk (BRW) on the real line R. The dis-
tribution of the branching random walk is governed by a point process Z := Z?’Zl §x; onR.
The number of offspring, N = Z(R), is a random variable taking values in Ng U {400} :=
{0,1,2,...} U{+4o0}.

It is convenient to associate the evolution of BRW with that of some population of indi-
viduals. At time 0, the population starts with one individual, the ancestor which resides at the
origin. At time 1, the ancestor dies and simultaneously places offspring on the real line with
positions given by the points of the point process Z. The offspring of the ancestor form the
first generation of the underlying population. At time 2, each particle of the first generation
dies and has offspring with positions relative to their parent’s position given by an indepen-
dent copy of Z. The individuals produced by the first generation particles form the second
generation of the population, and so on.

More formally, let Z = {J,>o N" be the set of all possible individuals. The ancestor label
is the empty word &; its position is (&) = 0. On some probability space, let (Z(u)),cz be
a family of independent copies of the point process Z. An individual of the nth generation
with label u = u - - - u, and position S(u#) produces a random number N (1) of offspring at
time n 4 1. The offspring of the individual u are placed at random locations on R, given by
the positions of the point process

N(u)

sy * Z) =Y 85w+,
=1

where Z(u) = Z?’:(LI‘) (SX].(M) and N (u) is the number of points in Z(u). The offspring of
the individual u are enumerated by uj = uy---u,j, where j € {1,..., N(u)} (assuming
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that N(u) < oo) or j € N (if N(u) = o0o) and the positions of the offspring are denoted
by S(uj). No assumptions are imposed on the dependence structure of the random variables
N(u), X1(u), Xo2(u), ... for fixed u € Z. The point process of the positions of the nth gener-
ation individuals will be denoted by Z,, so that Zy = §o and

N(u) N(u)
Zn-H = Z Z 6S(u)-Q—Xj(u) = Z Z (SS(uj), n € Np.
lul=n j=1 lul=n j=1

Here and hereafter, |u| = n means that the sum is taken over all individuals of the nth gener-
ation rather than over all u € N". The sequence of point processes (Z,),eN, is then called a
branching random walk. Throughout the article we assume that EN € (1, oo] (supercritical-
ity) which implies that the population survives with positive probability. Notice that the se-
quence of generation sizes in the BRW forms a Galton—Watson process, provided that N < oo
almost surely (a.s.).

In what follows we always assume that

N
(1.1) EY e ¥i=1.

i=1
On the other hand, the situation is not excluded that £ Z,N: e V¥ = oo forall y # 1. Put

W, = Z e SW e,
|lul=n
and let F,, be the o -algebra generated by the first n generations, that is, F,, = o (Z(u) : |u| <
n) where |u| < n means that u € N¥ for some k < n. It is a straightforward consequence of
(1.1) and the branching property that the sequence (W,,, F)neN, 1S a nonnegative martingale
and thus converges a.s. to a random variable that we denote by W. This martingale is called
additive or Biggins’ martingale.
In addition to (1.1), we shall assume that

N
(1.2) EY e XiX;=0
i=1

which means that we are focussed on the so called boundary case. Observe that, under (1.2),
we have W = 0 a.s. (see, for instance, Theorem on page 218 in [28]). Putting

Zy = Z e SWSw), neNp,
|lu|l=n

we obtain another martingale (Z,, F,)nen, Which is known in the literature as derivative
martingale. Leti:= +/—1 and y € R. Differentiating formally,

Z e—(l—iV)S(M)/E Z e~ (1=iY)S()
|lul=n lul=n
in y and putting y = 0 yields iZ,, which justifies the term “derivative martingale.”
Put
_ N
W= e % (X))
i=1
Here and hereafter, we use the standard notation: for x e R, x4 :=x Vv 0, x_ :=(—x) V0
and log, x :=log(x Vv 1). It is well known (see, e.g., Proposition A.3 (iii) in [1]) that the a.s.
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limit Z := lim,_, » Z, exists and is nonnegative and nondegenerate, that is, P{Z > 0} > 0,
provided that conditions (1.1), (1.2),

N
(1.3) o?=E) e ¥iX? <00
i=1
and
(1.4) EW, (log, W1)* +EW; log, W) < oo

hold. Further, according to Theorem 1.1 in [12], under (1.1), (1.2) and (1.3), condition (1.4)
is also necessary for the existence of Z > 0 which is positive with positive probability.

In some of our main results we shall assume that the distribution of the displacements of
the BRW is nonarithmetic, that is, for all d > 0,

(1.5) P{Z(R\dZ) > 0} > 0,

where Z is the set of integers.

Conditions (1.3) and (1.4) are standard assumptions which are imposed in articles dealing
with the derivative martingale; see, for instance, [1, 2, 12]. The additional assumption (1.5) is
often needed for proving distributional convergence or convergence of moments; see [1] for
an analysis of the maximal displacement in a BRW. Conditions (1.1), (1.2), (1.3), (1.4) are
our standing assumptions throughout the paper, sometimes referred to thereafter as Condi-
tion S. Condition S in conjunction with the nonarithmeticity assumption (1.5) will be called
Condition Sp;.

2. Main results.

2.1. Tail behavior of the derivative martingale limit. Our purpose is to provide a two-
term asymptotic expansion for EZ 1{7<y) as x — oo. While investigating the relevant liter-
ature, we have realized that even the first order asymptotics of that expectation is not given
under optimal assumptions. Thus, we start by filling up this gap.

THEOREM 2.1. Assume that Condition S holds. Then,

2.1 EZ1{z<x) ~logx, x— o0.
To formulate our main result, put
N N
(2.2) W= e Lixz0, W=D e Lix<g)
i=1 i=1
and Xpip := minj<;<y X;, so that Xy, is the position of the leftmost individual in the first
generation. Further, we introduce the following conditions:
(2.3) EW;" (log, W;T)® + EW) (log, W1)? < oo,
- —\3
(24) EW; (logW,) LN | (14X X Xmin=i 1, gy o) < O©  for some Co >0

and

N
(2.5) EY e *i(X)? < oo.
i=1

In what follows, we refer to the union of (2.3), (2.4) and (2.5) as Condition S*.



ON THE DERIVATIVE MARTINGALE IN A BRANCHING RANDOM WALK 1167

THEOREM 2.2. Under Condition Sy,, we have
(2.6) EZ1iz<yy=logx +c+o(l), x— 00
for a finite constant c if and only if Condition §* holds. Formula (2.6) particularly entails
2.7) xli)ngox]P’{Z >x}=1.

We proceed with a number of remarks.

REMARK 2.3. (1) We start by giving one particular example in which condition (2.4)
holds true. Assume that the number of the first generation individuals positioned on the nega-
tive halfline is bounded a.s., that is, ZlNzl 1ix, <0y < Cop a.s. for some Co > 0. Then, Z,'N:1 (1+
X; — Xmin)eXmin=Xi 1y, _o) < Cp a.s. which entails (2.4). Of course, if YN | 1y, <0} =0a.s.,
then (2.4) holds trivially.

(2) A sufficient condition for (2.6) is

EW, (log, W1)? +EW; (log, W)? < oo.

Observe that it has a form similar to (1.4).

(3) Inafrequently encountered and mathematically tractable setting, the random variables
X1, X2, ... (displacements) are independent and identically distributed and also independent
of N (the number of offspring). Direct calculation reveals that Conditions Sy, and S* are
ensured by

EN € (1,00),  EN(log, N)* < o0;
Ee X' =(EN)"!, Ee X1 X, =0, Ee X1 X? < o0;
the distribution of X is nonarithmetic

and

(2.8) EN(log, N)* <oo,  Ee X1(X))’ < oo,

respectively. Alternatively, but a bit informally, this can be seen by identifying the nth gener-
ation of the BRW described above with the (n + 1)st generation of a BRW driven by a point
process Z* := Ndy, (the correspondence is set by replacing the position of each parent in
the latter BRW with the position of its children). Thus, neglecting the numbering of gener-
ations one may replace, for instance, the condition EW; (log W1)? < oo which is a part of
(1.4) with ENe—%1 (log, Ne X1)2 < 0o. The latter is equivalent to EN (log N)? < oo and
Ee~X1(X1)2 < o0.

2.2. The rate of convergence of the derivative martingale to its limit. Recall that the
characteristic function of a general nondegenerate 1-stable distribution v takes the form

t+— exp(iar — blt|(1 +iBsgnt(2/m)log|t])), teR,

where a e R, b > 0 and B € R, |B]| <1 and that v is uniquely determined by the generating
triple (a, b, B). The Lévy spectral function M* of v is given by M*(x) = by|x|~! for x <0
and M*(x) = —byx~! for x > 0, where by, b > 0 are defined by b = (by + by)mr/2 and
B = (by —b1)/(by + b1). When by =0 and by > 0 so that 8 = 1, the distribution v is called
spectrally positive.

As an application of Theorem 2.2, which is a result on the tail behavior of Z, we state a
one-dimensional limit theorem. Set F o, := o (F, : n € Np), and note that Z, the a.s. limit of

. . P d . .
Z,, is an F s-measurable random variable. As usual, — and — will denote convergence in
probability and in distribution, respectively.
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THEOREM 2.4. Assume that Conditions Sy, and S* hold. Then, for every bounded con-
tinuous function f R — R,

29)  E(f(n"2(Z = Zy + (27 logn) W) Fn) = E(f(ZL)| Fas), n—> 00
which particularly entails
(2.10) n2(Z = Zy + (2 " logn)W,) S ZL, 1 — oo.

Here, a random variable L is assumed independent of F~ and has a 1-stable distribu-
tion with the generating triple ((c +1 — y)(2/(7102))1/2, (7T/(2(72))1/2, 1), y is the Euler—
Mascheroni constant, and c is the same constant as in (2.6). Thus, the distribution of L is
spectrally positive with characteristic function

Ee'" = exp(i(c + 1 — y)(2/(wa?)) "t
— (/) e|(1 +isgn(r)(2/m)log t])), 1 €R.

Plainly, Theorem 2.4 is a result on the rate of convergence of the derivative martingale to
its a.s. limit.

REMARK 2.5. Mimicking the proof of Theorem 2.4, one can also show that, for every
bounded continuous function f : R — R, on the set of survival {Z, (R) > Ofor alln € N},

@2.11) E(f(nzl/z (Z—Z,+ (27" 1ogn)Wn))(fn> EEr), no .

n
As a consequence, a counterpart of (2.10) holds, namely, conditionally on the survival,
1/2

n

(2.12) (Z = Zy+ (@2 ogn)W,) S L, n— o0,

n

We omit further details.

The rest of the article is structured as follows. In Section 3.1 we explain our approach
which is based on a novel look at a Poisson equation on the halfline. Also in the section is a
brief survey of some earlier papers dealing with a general Poisson equation. In Section 3.2
we compare our results to similar ones available in the literature. In Section 4 we introduce a
standard random walk associated with the BRW and lay down the frequently used notation. In
Section 5, which is the core of our work, we prove a representation of subharmonic functions
of, at most, linear growth for killed centered standard random walks with finite variance. As
a corollary we show that, actually, such functions grow linearly. While Theorems 2.1 and 2.2
are proved in Section 6, Theorem 2.4 is proved in Section 7.2. The Appendix collects several
Abelian and Tauberian theorems related to the de Haan class of slowly varying functions and
some auxiliary facts about standard random walks, Lebesgue integrable and directly Riemann
integrable functions.

3. Discussion.

3.1. Our approach. To determine the tail behavior of Z, we work with its Laplace trans-
form. Formula Chen conditions (6.9), written in terms of this Laplace transform, is an in-
stance of a Poisson equation. In view of this, our principal purpose is to develop an approach
toward understanding the asymptotics of solutions to a general Poisson equation

(3.1) K(x)=EK(x+n) —L(x), xeR,
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where 7 is a random variable and L : R — R is a given function. Especially, we are interested
in situations in which K exhibits a linear growth.
When En # 0 and E|n| < oo, (3.1) is called renewal equation. In this case

K(x):—A;L(x—I—y)U*(dy), x eR,

where, with 11, 12, ... being independent copies of n, U* is the (locally finite) renewal mea-
sure defined by U*(dy) = > y>oP{n1 + --- + m € dy}. Furthermore, the asymptotics of K
is well understood and driven by the key renewal theorem in which case

xgngu):—(En)”/RL@)dy

(depending on the sign of E# the limit is as x — —o0 or x — +00) or its relatives; see, for
instance, Section 6.2 in [23].

In this article our focus is on the centered case [En = 0 in which the renewal measure
(potential) U* is not locally finite. This makes things more complicated, and one has to find
a proper replacement for U*. This task was accomplished by Spitzer in Section 28 of [42] for
centered random walks on integers and then by Port and Stone in [37] in a general setting.
Assuming that the distribution of 5 is spread out (i.e., some convolution power of it has a
nontrivial absolutely continuous component) and that L is a bounded function of compact
support, these authors proposed a limiting procedure yielding the potential kernel A defined
by

AL(x):=fRL<x—y)a<y>dy—/RL(x—y)@(dy>+b/RL<y>dy—L<x), xeR.

Here, a : R — R is a continuous function satisfying limy_, tc(a(x — y) —a(x)) = :Fs_zy,
where s? = En?; ¢ is a finite measure and b is a constant. As a consequence it was shown in
Theorem 10.3 of [37] that any positive (or more generally bounded from below) solution to
(3.1) is of the form

(3.2) K(x)=AL(x) + <cs—2/RL(y)dy>x +d, xeR,

where d is any constant and |c| < 1. It is known that either K (x) converges to a positive
constant or behaves linearly as x — oo, depending on whether [ L(y)dy is zero or not.
There is an extension of the results discussed above to the case where L is not necessarily
compactly supported and rather satisfies an integral condition; see Theorem 3.1 in [9] or
Theorem 3.2 in [10].

While investigating a particular Poisson equation related to a smoothing transform (see
the beginning of Section 6.1 for the definition and some more details) Durrett and Liggett
in [19] were concerned with the asymptotic behavior of a given solution to (3.1) rather than
in description of the set of all solutions. These authors invented a novel approach based on
Feller’s duality principle (Lemma 1 on page 609 in [20]). This enabled them to employ the
key renewal theorem for describing the asymptotic behavior of the given solution. In a more
general setting, similar ideas were exploited by Liu in [27].

The main methodological achievement of the present work is an explicit formula, other
than (3.2), for solutions of, at most, linear growth to a Poisson equation on the halfline.
Among other things, this provides a way to easily obtain the precise asymptotic behavior of
those solutions. Roughly speaking, the idea is as follows. We are interested in the asymptotics
of a solution f at oo, so that the values f(x) for x < 0 should play no role. Thus, we regard
f as a solution to a Dirichlet problem: given the values of f on (—o0, 0] (which can be
thought of as boundary values) we intend to recover f on (0, co) which is nothing else but a
subharmonic function of, at most, linear growth for a recurrent standard random walk killed
upon entering (—oo, 0].
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3.2. Comparison to earlier literature.

COMMENTS ON SECTION 2.1. Theorem 2.1 provides an improvement over Theorem 2.18
in [19] and Theorem 4.2 in [27] obtained for Z being a fixed point of the smoothing transform.
In the former, relation (2.1) is proved in the situation that N > 2 is a deterministic integer,
that conditions (1.1), (1.2) and (1.5) hold and that IEWIV < oo for some y > 1. In the latter,
while N is random with EN > 1, the other conditions ensuring (2.1) are comparable to those
in [19].

Theorem 2.2 strengthens several results on the tail behavior of Z available in the litera-
ture. The best previously known sufficient conditions for (2.7) that we are aware of are in
Theorem 1.4 of [29]. In addition to Condition Sy,, the author requires

N N N N 5
E(Z e Xigy e X (Xi)+) log., (Z e Xi+log) e i (X,-)+> < o0.
i=1 i=1 i=1 i=1

To be more precise, in the last cited theorem it is claimed that
lim xP{Z > x} = b,
X—> 00

where b is the product of two positive constants expressed in terms of the minimal position of
BRW’s individuals over the whole population and the random variable Z. Our Theorem 2.2
reveals that b is actually equal to one, thereby giving an explicit relationship between these
two constants. Under stronger moment assumptions a relation like (2.7) was also proved
in Theorem 1.2 of [11] for Z being a fixed point of the smoothing transform. Last but not
least, a counterpart of (2.6) in the context of branching Brownian motion was proved in
Proposition 4.1 of [31]. Our condition (2.8) is reminiscent of Maillard’s condition.

COMMENTS ON SECTION 2.2. Limit theorems providing a rate of convergence have been
and still are quite popular in the area of branching processes. Surveys of the relevant literature
can be found in [24] and [32]. The latter article discusses, among others, limit theorems for
some models of statistical mechanics. A large selection of rate of convergence results for
more complicated branching processes, including branching diffusions and superprocesses,
can be traced via the references given in [38].

Theorem 2.4 is a counterpart of Proposition 2.1 in [32], obtained for the derivative mar-
tingale, which corresponds to a branching Brownian motion. Observing the martingale at
nonnegative integer times only yields a particular version of (Z,,, F,)xen, investigated here,
with 02 = 1. According to Theorem 2.4, the random variable L appearing in (2.10) has a
1-stable distribution with the generating triple ((c + 1 — y)(2/71)1/ 2 (w /2)1/ 2 1), whereas,
according to Proposition 2.1 in [32], the generating triple is ((c — y)(2/m)'/?, (x/2)V/?, 1),
that is, 1 is lost. The error in [32] is caused by missing the term xP{Z > x} which converges
to 1 as x — oo in the equality

X
/ P{Z>yldy=EZ1liz<(y+xP{Z>x}, x>0
0
(see formula (1.9) and Lemma C.1 in [32]).

4. A standard random walk associated with BRW. Under (1.1), denote by & a random
variable with distribution given by

N
4.1) Et(§)=E) e Xt (X;)

i=1

for any measurable bounded function 7 : R — R, where R := [0, 00). Note that (4.1) also
holds for real-valued ¢ whenever the left- or right-hand side of (4.1) is well defined, possibly
infinite.
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Observe that Condition S implies that E£ = 0 and E£? = 62 < oo. Further, we stress that
supercriticality in combination with (1.1) guarantees that P{£ = 0} < 1 (taken together with
E& = 0 the latter means that the distribution of & is nondegenerate, whence o2 > 0). Indeed,
assuming the contrary

N
1=PE=0}=E> e ¥ 11x,—0).
i=1
we conclude that N = 1 and X; = 0 a.s., a contradiction to supercriticality. Additionally, note
that Condition Sy, implies that the distribution of & is nonarithmetic, that is, concentrated on
dZ fornod > 0.

We denote by S := (S,)neN,» a standard random walk defined by S, — Sp : =& +--- +§,
forn € N, where &1, &, . .. are independent copies of & which are also independent of Sy. For
x € R, we denote by IP,, the distribution of the random walk (S,),cn, When Sp = x a.s. As
usual, we write [P for Py.

It is a well-known fact that the behavior of BRW is driven, among others, by the random
walk S. A classical example of this connection is the so-called many-to-one lemma which
can be traced back at least to Kahane and Peyriere [26, 36]. We quote it from Theorem 1.1 in
[41].

LEMMA 4.1 (Many-to-one). For each n € N and for any measurable bounded function
t:R" - RT,

E Z e_S(u)t(S(Ml),---,S(ul Mn)) =Et(S1,..., S0,

|ul=n

where u =uy---uy.

Let (tx)ren, be the sequence of weak descending ladder epochs, defined by 7p := 0 and,
for k e N, g :=inf{j > 141 : §; < Sy_,}. Also, let (0,),en, be the sequence of strict as-
cending ladder epochs, defined by o¢ :=0 and, forn e N, 0, :=1inf{i > 7,_1:S; > S5, ,}.In
view of [E§ = 0, all these random variables are a.s. finite. Under P, (S¢, )ken, and (Ss,)neNy,
being the sequences of weak descending and strict ascending ladder heights, form standard
random walks with independent nonpositive and nonnegative jumps having the same distri-
bution as S;, and S;,, respectively. Under PP, denote by U and V' the renewal functions of
(=S )keN, and (Sq, )nenN,, respectively, that is,

(4.2) Ux):=) P{=S; <x} and V(x):=) P{S, <x}, xeR.
k=0 k=0

Plainly, U (x) = V(x) = 0 for x < 0. Observe that U is a left-continuous renewal function,
which is a slight digression, for typically renewal functions are defined to be right contin-
uous. Nevertheless, the so defined U shares all the standard asymptotic properties of right-
continuous renewal functions.

5. Subharmonic functions of, at most, linear growth for the killed random walk.
Throughout this section we retain the notation S := (S,)en, for a standard random walk,
not necessarily related to the BRW. All the other notation introduced in Section 4 is also re-
tained but associated to the S as above. We shall assume, without further notice, until the end
of this section that the distribution of & is nondegenerate and that E& = 0 and E£% < oo (the
only exception is Lemma 5.3 in which finiteness of the second moment is not assumed). The
following formulae which are ensured by Lemma A.4(a), (b) will be often used:

5.1 w:=(=ES;)e€(0,00) and v:=ES,; € (0,00)
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and
(5.2) Jim (U)/x)=p~" and  lim (V(x)/x)=v"".
5.1. Auxiliary results. Set T :=inf{n € Ny : S, <0}, and note that t = 7; under P, for
x > 0, whereas T = 0 under PP, for x <0. For all x € R, denote by
o(x):=inf{n e Ny : S, > x}
the first passage of S into (x, 0c0). We now present an alternative formula for the renewal

function U.

LEMMA 5.1. Forall x >0,
pU) = lim yPolo(y) <t} = lim EcSo() Lion<r),

where p = —ES;, < co.

PROOF. When x =0, the second equality appears in the proof of Theorem (part (i)) in
[17]. Under the assumption that S is an integer-valued random walk, formula (1.6) in [15]
states that, for all x > 0,

ylgIgOyIP’x{Sk =y forsome k <t} =pulU(x).

This is a result similar to our first equality.
In full generality, these equalities can be found in [3]. Namely, equation (32) there gives,
forx >0,

nUx)=x —E,S;.

Then, the first equality follows from Corollary 4.4 and equation (35) in Lemma 4.3 (both in
the cited article) can be written as

yll)ngoEx(Sa(y) -y) ]l{a(y)<r} =0

which completes the proof of the second equality. [

Lemma 5.2 is a restatement of Proposition 4.1 in [3], which characterizes right-continuous
functions f : R — R, satisfying

fO)=Ef(x+8) Ly =Es f(S) Lis;>0p ifx >0,
(5.3) fx)=0 if x <0,
limsup(] f (x)|/x) < oo.

In words, the so defined f are harmonic functions of at most linear growth for the killed
centered random walk with finite variance.

For d > 0, we say that the distribution of £ is d-arithmetic if P{& € dZ} =1, and d is the
largest number with this property. With a slight abuse of notation, we say that the distribution
of & is O-arithmetic, if it is nonarithmetic, and that a function «(-) is O-periodic, if it is a
constant.

LEMMA 5.2. Assume that the distribution of & is d-arithmetic for d > 0. Then, if f satis-
fies (5.3), there exists a right-continuous d-periodic function k (-) such that f(x) =« (x)U (x)
for x > 0.
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In particular, note that any solution to (5.3) is a scalar multiple of the renewal function U,
provided that the distribution of & is nonarithmetic. When the distribution of & is arithmetic,
Lemma 5.2 is a particular case of Theorem 1 in [18].

Given next is a formula which represents the expectation of an additive functional of the
killed random walk in terms of renewal functions.

LEMMA 5.3. Not assuming that E€% < oo, for all measurable functions p : RT — Rt
and x > 0,

7—1
Exlgmsk) - /mx] dU () f[o’oo) AV (@) p — y +2).

where V is the renewal function defined in (4.2). Here, both sides of the equality may be
infinite.

PROOF. Setr(x) := f[o,oo) p(x 4+ z)dV(z) for x > 0. We use a standard decomposition
of S into cycles: for x > 0,

T—1

Jj=0 j=0
Ter1—1
=EY" > p(x+5) Lxt550...x45,0)
k>0 j=t
Th+1—1
=E Z Lixts,,>0) Z px+Sj)
k>0 Jj=Tk
Thr1—Tk—1
=EY lpis, -0 . plr+Sq+(S;—5y)
k>0 j=0
=EY L ar(— (=S))= [ rr=»due).
k>0 [0,x]

Here, the third equality follows from the fact that 0 < —S;, < —S;, <--- are the weak record
values of the sequence (—S;) jen,, whence, for any integer j € [Tk, Tx4-1 — 1],

Lix45,>0,....x45;>0) = Lix45;,>0,...x4+5;,>0) = Lix+5,, >0} -

To explain the penultimate equality, note that given S;,, for any y € R, by the strong Markov
Tet1— T, —1 -1

property, > =0 p(y + (S; — Sg)) has the same P-distribution as ) =0 p(y +S))
which, in its turn, has the same P-distribution as } ;- p(y + Ss,) by the duality principle
(see Lemma 1 on page 609 in [20]). In particular,

Th+1—T,—1
E( Z px+ Sy +(S;j—S)) ka> =r(x + Sg).
Jj=0

The proof of Lemma 5.3 is complete. [
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5.2. New results. In this section we extend Lemma 5.2 by characterizing right-continuous
subharmonic functions of, at most, linear growth for the killed random walk. More precisely,
given g : Rt — R™ a cadlag function and 4 : (—oo, 0] — R a right-continuous bounded
function, we aim at finding all right-continuous functions f that satisfy

@) =Ef(x+§) —g) ifx>0,

5.4) .
f(x)=h(x) if x <0

and

(5.5) limsup(] f(x)|/x) < oc.

The definition of directly Riemann integrable (dRi) functions which are mentioned below can
be found in Section A.3.

THEOREM 5.4. Assume that the distribution of § is d-arithmetic for d > 0. If solutions
f to (5.4) exist, then, for each x > 0,

T—1

(5.6) Ex ) g(Si) < oo.
k=0

Conversely, if (5.6) holds for some x > 0 and the function g is dRi on R, then there exist
solutions f to (5.4) with limy_, oo (f(x)/x) = 0. Furthermore, to any solution f satisfying
(5.5), there corresponds a d-periodic right-continuous function « (-) such that, for all x > 0,

T—1

(5.7 ) =k)Ux) +Ech(Sr) —Ex Y g(Sp).
k=0

REMARK 5.5. Assume that the distribution of & is nonarithmetic (the arithmetic case is
discussed in Remark 5.10), then, so is the distribution of Sy, ; see Lemma A.4(c). According to
Lemmas 5.3 and A.7(c), condition (5.6), holding for some x > 0, does not even guarantee that
the function g is Lebesgue integrable on R*. However, by Lemma A.7(d), it does under an
additional uniformity condition. Conversely, while by Lemma A.7(a), (5.6) may fail to hold
for each x > 0 if g is Lebesgue integrable, by Lemma A.7(b), direct Riemann integrability of
g is a sufficient condition ensuring that (5.6) holds for each x > 0. Summarizing, we think that
condition (5.6) alone is not sufficient for proving formula (5.12), given below, which states
that the remainder term E, Z,f;é g(Sk) exhibits a sublinear growth. This is the reason behind
introducing in Theorem 5.4 the additional assumption that g is dRi which in conjunction with
(5.6) guarantees that (5.12) holds; see Lemma 5.8.

REMARK 5.6. Our equality (5.7) is reminiscent of formula (5) in [14]. The authors of
the cited article construct a particular harmonic function for a multidimensional random walk
killed upon exiting a cone. In view of this similarity, it is likely that a counterpart of Theo-
rem 5.4 holds for solutions to a Poisson equation in a cone.

The proof of Theorem 5.4 consists of the three following steps. First, in Lemma 5.7 we
prove that condition (5.6) is necessary for the existence of a solution. Second, in Lemma 5.9
we exhibit a particular solution to (5.4) which is a subharmonic function of sublinear growth.
Third, in the proof of Theorem 5.4, using the linearity of (5.4), we show that any solution
to (5.4) is the sum of a harmonic function of linear growth and the subharmonic function
obtained at the second step.
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LEMMA 5.7. Assume that condition (5.6) does not hold for x = xo > 0. Then, no solution
to (5.4) exists.

PROOF. Assume on the contrary that there exists a solution to (5.4), and denote it by f.
We define g for negative arguments by g(x) :=Ef(x + &) — h(x), x <0. For n € Ny, in-
troduce M, := f(S,) — 22;5 2(Sy) and, for n € N, let G, denote the o-algebra generated
by &i,...,&,, with Gy being the trivial o-algebra. The sequence (M,, Gn)nen, is a Py -
martingale. Since, for each n € Ng, T A 0(y) A n is a stopping time with respect to the filtra-
tion (Gx)ren, then, for y > xo, the sequence (Mg (y)ans Gn)nen, is also a P, -martingale.
In particular,

(58) f(XO) = ExoMO = ExoMr/\a(y)An, n € Np.
We intend to show that
(5.9 nll>nolo IExojwr/\a(y)/\n = EX()M‘[/\U(y)'

Note that limy, s 00 M7 no(y)An = Mrao(y) Pxo-a.s. Hence, according to the Lebesgue domi-
nated convergence theorem, it is enough to check that

(5.10) Exo Sup|Mt/\(r(y)/\n| < Q.

n>0

To this end, write, for n € N,

Ao (y)—1
|Mr/\(r(y)/\n| =< |f(Sn)| Il{r/\r,r(y)>n} +|f(St/\o(y))| ﬂ{t/\o(y)Sn} + Z g(Sk)
k=0
< sup |f@)|+ S|+ |f(Se@)| +(zAT() sup g(z) Pyyas.
z€[0,y] z€[0,y]

having utilized the fact that S; € (0, y] on the event {t A o(y) > k} for the first and the last
summands, and f(x) = h(x) for x < 0 in combination with S; < 0 Py,-a.s. for the second
summand. To prove inequality (5.10), we have to show that the right-hand side of the last
centered formula (which does not depend on n) is P -integrable.

Since h is bounded on (—o0, 0] by assumption and S; < 0 Py -a.s., we trivially in-
fer Ey,|h(S7)| < oo. Further, since, by assumption, f is a right-continuous function of,
at most, linear growth, there exists C > 0 such that | f(z)| < C(z + 1) for z > 0. Hence,
SUP, ¢,y | f (2)] < 00, and also

Exo| f(So3)] = CExySo(yy + 1) = C(vV (y — x0) + 1) < 00,

where V is the renewal function defined in (4.2). The last inequality is justified by (5.1). The
inequality sup,¢[g, ) &(z) < 00 is secured by our assumption that g is a cadlag function. So,
it remains to prove that

(5.11) Ey,(t Ao (y)) < oo.

Since the distribution of £ is nondegenerate, there exists § > 0 such that P{¢ > §} € (0, 1).
Set Ny :=[y/8], where z — [z] for z € R is the ceiling function. Then,

sup P{t Ao(y) <Ny} > sup IP’Z{ inf & > 5} = (P{¢ > 8})N-V =:0,€ (0, 1).
z€[0,y] z€[0,y] l<j=Ny

Now, an application of the Markov property yields, for k € N,

k k
PXO{‘E/\O'(y)>kNy}§(1— SEJ(I)p]PZ{t/\U(y)fNyD <1 —-0)".
z€[0,y
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This shows that the P -distribution of T A o (y) has an exponential tail which particularly
implies (5.11). Thus, formula (5.9) has been proved.
A combination of (5.8) and (5.9) gives

Ao (y)—1

f(xo) = Exof(sa(y)) ]l{a(y)<r} ‘HExoh(Sr) Il{a(y)zt} _Exo Z g(Sk).
k=0

Using Lemma 5.1 and the estimate for | f|, we arrive at
limsupEx()f(So—(y)) ]l{o'(y)<r} < C(limsupEx()Sg(y) ]l{o'(y)<‘[} —|—1) = C(U(X()) + 1).
y—00 y—>o0
Since 4 is a bounded function on (—o0, 0], we infer
yILIgOEXOh(ST) ]l{o(y)zt} = Exoh(Sr) =:C1 € (—00, )

by the Lebesgue dominated convergence theorem. Invoking the Lévy monotone convergence
theorem yields

Ao (y)—1 —1
Jim By >0 g(S)=Eg ) 2(Sk).
k=0 k=0
By assumption, the right-hand side is infinite. We conclude that, necessarily,
T—1
fx0) C(UKo)+ 1)+ Cr —Eyy Y g(Si) = —o0,
k=0

a contradiction which completes the proof of Lemma 5.7. [

LEMMA 5.8. Assume that condition (5.6) holds for some x > 0 and that the function g
is dRi on R™. Then, (5.6) holds for each x > 0 and

T—1
(5.12) xli)rg(}(IEX 3 g(Sk)) /x —0.
k=0
PROOF. We start by recalling that u, v € (0, 00), according to (5.1). By Lemma 5.3,

—1

(5.13) Ee Y g(S0) =/

k=0 [0,x
where r(x) = f[o,oo) g(x +z)dV(z) for x = 0. Thus, if

r(x—y)du(), x>0,
]

lim r(x) =0,
X—> 00
then using the first part of (5.2), relation (5.12) follows with the help of a simple (Stolz—
Cesaro-like) argument.
By Lemma A.7(b) we infer r(x) < oo for each x > 0 which implies that (5.6) holds for

each x > 0. The function V is subadditive on R (see, for instance, formula (6.3) in [23]).
Armed with this, we obtain, for each x > 0,

r(x) Sfu | EDAVE—)

(5.14) < Y s gWMVer—x)—Va—1-x)

nzLxJ+ln_15y<"

V() Y. sup g(y),

nzl_xj+l”_15y<"
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where z > | z] is the floor function. Since g is dRi on R™ and thereupon
o(l)= Z sup g(y) < oo,

n>1n—1=<y<n

the right-hand side converges to 0 as x — oco. [

LEMMA 5.9. Assume that condition (5.6) holds for each x > 0 and that g is dRi on R™.
Then, the function f, defined by

T—1
f@):=Ech(S)) —Er Y g(S), x€R,
k=0

is a solution to (5.4), and limy_, oo (f (x)/x) = 0.

PROOF. Let us check that f is a solution to (5.4) which exhibits, at most, linear growth.
Using the fact that, under P, x € R, (S — S1)ren has the same distribution as (S, — x),en,
and is independent of S and that, by definition,

(5.15) =0 P,-as.forx <0,
we obtain

fO)=Ef(x+&)—gx), x>0
Also,
fx)=hx), x=<0

by another appeal to (5.15) (in particular, [, le;(l) g(Sx) =0 for x < 0).

Next, we note that lim,_, o (f (x)/x) = 0 is a consequence of Lemma 5.8 and boundedness
of h.

Finally, we show that the function f is right continuous. By assumption, 4 is a right-
continuous bounded function. Hence, the function x + E,/A(S;) is right continuous by the
Lebesgue dominated convergence theorem. To prove right continuity of x > [E, ZZ;(I) g(Sx)
on (0, 00), we are going to use representation (5.13). For x, y > 0 and z € [0, 1],

gx+z+y =<y sup  g(x +y) Lpn—1,my (»)

n>1n—l+zsy<n+z
<> sup g+ ) Lp—1m () =t Le(y).
nzln—1§y<n+1
Also,
/[O LAV = s gl ) (V) = V(o= 1))
, 00

n>1n—l=<y<n+l
< V(I)Z sup gx+y) <oo,
nzln—l§y<n+l

where the finiteness is secured by the fact that g is dRi and the penultimate inequality is
justified by subadditivity of V on R. Hence,

lim rto= [ lim gtz NdVOI= [ g+ AV =r()
7—0+ [0,00) z—0+ [0,00)

by right continuity of g and the Lebesgue dominated convergence theorem. According to the

proof of Lemma 5.8, lim,_, o 7 (x) = 0, whence

r(x +z—y) Lox+() <clpox+11()
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forx >0,z €[0,1], y €[0, x + z] and a constant ¢ > 0. Thus, we infer

lim r(x+z—y) 1jox+(y)dU(y)
z—>0+ J[0,00)

= [ lim Gz =) Lo AU = [ rx=»dUe)
[0,00) 20+ [0,x]

by another appeal to the Lebesgue dominated convergence theorem. Thus, right continuity on

(0, o0) has been proved. One can also check that lim,_, o4+ E, Z,ﬁ;(l) g(Sx) =0 by a similar

reasoning. [J

REMARK 5.10. Assume that the distribution of £ is d-arithmetic for d > 0 and the func-
tion g is not dRi. Then, it can be checked (details are simple, hence omitted) that if (5.6)
holds for some x > 0, then }_, - g(x +nd) < oo and, thereupon,

7—1
Jlim (H (x +nd)/(nd)) =0 where H(y) :=E, I;) g(Sp) for y > 0.

However, this does not seem to imply limsup,_, . (H(x)/x) < oo, which is needed for
proving that f defined in Lemma 5.9 satisfies limsup, _, .,(| f(x)|/x) < oo, let alone
limy_, oo (H (x)/x) = 0. On the other hand, the assumption that g is dRi comfortably ensures
the latter.

We now turn to the proof of the main result of the section.

PROOF OF THEOREM 5.4. In view of Lemma 5.7, it remains to consider the case when
condition (5.6) holds for some x > 0 and g is dRi on R*. Then, by Lemma 5.8, (5.6) holds
for each x > 0. Hence, Lemma 5.9 applies and ensures that x - E,h(S;) — E, Z;;é g(Sy),
x € R is a solution to (5.4) of sublinear growth.

Let f be any solution to (5.4) for which (5.5) holds. Lemma 5.9 in combination with the
linearity of (5.4) enables us to conclude that the function f , defined by

T—1

)= f@) —Exh(S) +Er Y g(S), x€R,
k=0

satisfies
FO)=Efx+&)1gsy ifx>0,
fx)=0 ifx <0,

limsup(| £ (x)|/x) < 0.

In other words, f is a harmonic function of, at most, linear growth for the random walk
S killed upon entering (—oo, 0]. Therefore, the proof is completed by an application of
Lemma 5.2. 0O

As a consequence of Theorem 5.4, we conclude that subharmonic functions of, at most,
linear growth for the killed random walk exhibit exactly a linear growth rate (at least along
the closure of the group generated by the support of the distribution of &).
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COROLLARY 5.11. Assume that the distribution of & is d-arithmetic for d > 0 and that
the function g is dRi on RY. Let f be a solution to (5.4) satisfying (5.5) and k (-) the corre-
sponding d-periodic function from (5.7). Then,

nli)ngo(f(x +nd)/nd) =k(x)/u forallx €[0,d) ifd >0,
Jim (/) =x/u ifa=o.

Furthermore, if k (x) = « for all x € R in the case d > 0, then limy_, oo (f(x)/x) =« /L.
This result follows from Theorem 5.4, Lemma 5.9 and (5.2).

6. Proofs related to tail behavior. Recall that the random variable Z is the a.s. limit
of the derivative martingale (Z,, F,)xen,. In this section we prove Theorems 2.1 and 2.2
by investigating the asymptotic behavior of the Laplace transform of Z near zero and using
Tauberian theorems given in the Appendix.

6.1. Decomposition of Z. Let 1, n2, ... be independent copies of a random variable 7,
which are independent of Z = Z?’:l 8x ;. The mapping which maps the distribution of 7 to

the distribution of ZlN: 1 e~Xip; is an instance of smoothing transform. The distribution of 7
is a fixed point of this smoothing transform if

L
7)=Z€ ‘N,
i=1

where = denotes equality of distributions. Recent advances concerning fixed points of general
smoothing transforms can be found in [3, 4, 25, 35]; the list is far from being complete.
Denote by ¢ the Laplace transform of Z, that is,

P(s) = Ee ™%, §>0.

Below we provide an a.s. decomposition of Z over the individuals of any fixed generation.
The distributional version of formula (6.3), in the case k = 1, shows that the distribution of
Z is a fixed point of the particular smoothing transform. This fact reformulated in terms of ¢
reads

N
(6.1) () =E[[p(se™™), s=0.

i=1
As a preparation we recall from Lemma 3.1 in [41] that, under (1.1) and (1.2), we have

(6.2) lim inf S(u) =00 as.,

n—>00 |y|=n

that is, the minimal position of the nth generation individuals diverges to oo as n — co. Here,
the infimum is defined to be 4o0¢ if the population dies out by the nth generation. Further, for
u,v €L we write v > u if u is an ancestor of v, thatis, u =uy---upand v =uy---ug---u,
for some k € Ny and integer n > k. Given u € Z, set

Zyw):= Y. e COSI(Sw) —Sw)), neN,
lv|=n+|ul,v>u
so that (Z,,(1)),eN is a version of (Z,,),en. Then,
Zw):= lim Z,(u)
n—oo
is the a.s. limit of the derivative martingale defined on the subtree of Z rooted at u. For

fixed k € N, the random variables (Z(u)),=« are independent copies of Z which are also
independent of (S(u)) ju|=k-



1180 D. BURACZEWSKI, A. IKSANOV AND B. MALLEIN

LEMMA 6.1. Assume that Condition S holds. Then, for each k € N,

(6.3) Z=Y eSWZw) as.
lul=k

REMARK 6.2. In the situation where N < oo a.s., this fact was proved in Theorem 5.1
of [7]. However, we work under weaker assumptions, in particular, the case P{N = oo} > 0
is not excluded in the present work. Since we did not find an appropriate reference in the
literature, we give a complete proof.

PROOF. Let (t{)keN, be the sequence of strict descending ladder epochs, that is, 7§ := 0,
i :=inf{j eN:S; <0} and ¢ :=inf{j > 77| : 5, < Ser b for k > 2. Put

R(x):=) P{—Sz<x}, x€eR,
n>0
that is, R is the renewal function for the standard random walk formed by strict descending
ladder heights. Note that R(x) =0 for x < 0. For fixed o > 0, put

lul=n
and let A, := {S(u) > —afor all ever born individualsu} denote the event of nonextinction of
the branching random walk killed below —a. According to Lemma A.1 in [1], the sequence
(D,(,a), Fn)nen, forms a nonnegative martingale called truncated martingale. Furthermore,

by Proposition A.3 in [1], D,(,a) converges a.s. and in L' as n — 0o to a random variable that
we denote by D@, and D@ > 0 a.s. on A,.
By Lemma A.4(a), (b),

(6.4) xlgrolox_lR(x) =(-ES;») ' =m! > 0.
This, together with (6.2), enables us to conclude that, a.s. on Ay,

(@ _ 1 —S(u) — T —1,—S(u) _ -1

(6.5) D@ = lim doe R(S() +a) = lim > mle Su)y=m"'z
lu|=n |ul=n

(we note in passing that these random variables are not equal a.s. because ED® < oo,

whereas [EZ = 00). We extend the definition of the truncated martingale to the subtrees rooted

atu € 7 as follows: foralln e N,
Dr(,a) (u) := Z e_S(v)R(S(U) + Ol) H{S(uvl)z—oe,S(uv]vg)z—a ..... S(uvy--vy)>—al -
lv|=n+|ul,v>u

Fix u € Z. The sequence (e5® D'*) (u))nen has the same distribution as (D,(,,Siu)w))neN,

where for g > 0, (D,ﬁff ,,E)HGN is a distributional copy of (D,gﬂ )),,GN which is independent of

S(u); and for 8 < 0, D,(,ﬂ 2 = 0 for each n € N. From this we conclude that D,(f‘)(u) converges
a.s.and in L!, as n — 00, to a random variable D(“)(u), which satisfies

(6.6) DY)y =m e 5®WZw) as.on A,
and
6.7) E(D® ()| Fiu)) = E(D® )| Fiu) = e S R(S(u) + @) as.

Decomposing D,(,a) over the kth generation yields

D,(l“) = Z D(a_)k(u), n>ka.s.

n
lue|=k
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By Fatou’s lemma, for k € N,

D@ > Z D@wu)>0 as.
|u|=k

Also, for k € N,

ED® =R(@ =ER(S;+a)=E 3 e " R(S@) +a)=E 3 D@ ),
u|=k |ul=k

where the first and the last equalities follow from (6.7), the second equality expresses the
known fact that R is a harmonic function of the random walk S killed upon entering (—o0, 0)
(see Lemma 1 in [43]) and the third equality is a consequence of Lemma 4.1. The last two
centered formulae together ensure that, for k € N,

D@ = Z DY) as.
|u|=k

Using (6.5) and (6.6) yields, for each « > 0 and k € N,

Z= Z e SWZzw) as.on Ay,
|u|=k

hence just a.s., as (Ay)o>0 1s a nondecreasing family of events with limy— 0o P(Aq) =1. O

6.2. Asymptotic behavior of the Laplace transform. Recall that ¢ denotes the Laplace
transform of Z, and put

Dx)=e¢"(1—¢(e™)), xeR.
REMARK 6.3. Assume that Condition S holds. Then, according to Lemma 5.1 in [3],

x>0 1 +'(

<

Theorems 6.5 and 6.6, given below in this section, can be thought of as a strengthening of
(6.8).

Following Durrett and Liggett [19] and many of their successors, we put, for x € R,

N
G(x)= EZe_X"D(x +X;)—Dx)=EDMx+§&)— D(x)

i=l

- a%(ﬁ ple™ X)) — 14 é(l — ¢(exx")))v

i=1

where £ is a random variable with distribution defined in (4.1). To obtain the second equality,
we have used (6.1). For later needs we note the following:

LEMMA 6.4. (a) G(x) >0 for x € R;
(b) the function x — e¢~* G (x) is nonincreasing on R.

These two properties were given in Lemma 2.4 of [19] under the assumption that N is
deterministic. However, the proof of the cited result extends verbatim to the more general
situation treated here.



1182 D. BURACZEWSKI, A. IKSANOV AND B. MALLEIN

From the definition of G and formula (6.8), it follows that D satisfies

Dx)=EDx+&)—-Gx), xekR;

(6.9) D(x)
sup <
xeR 1+ |x|

0.
In particular, D is a nonnegative subharmonic function of, at most, linear growth for the
random walk S. Therefore, invoking Theorem 5.4, we can give an alternative formula for D.

Below we use the notation introduced in Section 4.

THEOREM 6.5. Assume that Condition S holds. Then, for each x > 0,

T—1
(6.10) D(x) = pUx) +E,D(S;) — Ey ZG(Sk)
k=0
and
(6.11) D(x)~x, x— oo.

Also, if the distribution of & is nonarithmetic, then the limit lim,_, o, Ex D(S;) exists and is
finite. If the distribution of & is d-arithmetic for d > 0, then the limit does not exist but

(6.12) Tim (E,D(S;) — 11 (x)) =0

for a bounded d-periodic function c11(-) which is not a constant.

Theorem 2.1 is an immediate consequence of (6.11) and Corollary 8.1.7 in [8] which states
that relations (6.11) and (2.1) are equivalent.

THEOREM 6.6. Assume that Condition Sy, holds. Then, Condition S* ensures
(6.13) Dx)=puUx)+c14+o(l)=x+c2+0(1), x— 00,

where ¢y = c1 + (2M)_1ES$ =c+ 1 —y, y is the Euler-Mascheroni constant and c is the
same as in (2.6). Conversely, the second equality in (6.13) entails Condition S*.

At this point it is convenient to prove Theorem 2.2.

PROOF OF THEOREM 2.2. Assume first that Condition S* holds. While formula (2.6)
of Theorem 2.2 follows from the second equality in (6.13) and the implication (I) = (III)
of Lemma A.3, formula (2.7) is a consequence of the fact that (6.13) entails that, for each
y e R, limy oo (D(x +y)— D(x)) = y and the implication (ii) = (i) of Lemma A.1. Assume
now that representation (2.6) holds true. By the implication (IIT) = (I) of Lemma A.3, the
second equality in (6.13) holds. With this at hand, the necessity of Condition S* follows from
Theorem 6.6. [

REMARK 6.7. Assume that Conditions S and S&* hold and that the distribution of & is
d-arithmetic for d > 0. Although the limit relation (6.13) cannot hold, there exists a bounded
d-periodic function c1(-), which is not a constant, such that

(6.14) Dx)=pnUK)+c1(x) +0o(l), x— 0.

Details can be found in Remark 6.9.
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6.3. Proof of Theorem 6.5. By Lemma A.4(a) the assumption

N
Eg2 = IEZ e Xi (X% < o0,
i=1
which is one half of (1.3), ensures that u = —ES, is finite.
In view of (6.9), the function D satisfies (5.5) and is a continuous solution to (5.4) with
h(x) = D(x) for x <0 and g = G. Note that D is bounded on (—oo, 0] in view of

Dx)=e"(1—¢(e¥)<e* <1, x=0,

and that G is continuous. Let us show that G is dRi on R*. Let ho = d if the distribution of &
is d-arithmetic for d > 0 and hg > 0 be arbitrary if the distribution of & is nonarithmetic. By
Theorem 5.4, E, Z,Z;é G (Sr) < oo for each x > 0, hence for x = hg. Then, using Lemma 5.3
with p = G to justify the first inequality, we infer

oo>r(h0):f

[ho,00

)G(y)dV(y — ho)

=3 inf G (V((n —1)ho) — V((n — 2)ho)).

P (n—1)ho<y<nhyg
By the Blackwell theorem (see, for instance, formulae (6.8) and (6.9) in [23]),
nll)rrolo(V((n — Dhg) — V((n —2)ho)) = ho/v € (0, 00).
Therefore,

ho) =h inf G .
a (ho) O;(n—l)hlonfy<nho (y) <00

By Lemma A.5, this, together with the fact that the function x > ¢™*G(x) is nonincreasing
(see Lemma 6.4), enables us to conclude that g is dRi on R*.
By Theorem 5.4, there exists a d-periodic function « (-) such that, for all x > 0,

T—1
D(x)=«k(x)U(x) +E;D(S;) — E, Z G(Sk) =1k(x)U(x) +r(x).
k=0

To complete the proof of (6.10), we have to show that x (x) = u for all x > 0. Relation (6.11)
will then follow by Lemma 5.9 and Corollary 5.11.

The subsequent argument is close to the discussion in [6], particularly to Theorem 3.1 and
Lemma 5.1 therein. Using Lemma 6.1 yields, for A > 0,

E(e | F,) = E(exp(— 3 Ae_s(”)Z(u)) (fn>

|lul=n
=[] ¢(e5®) = [] (1 = AD(S) —logr)e™5™).
lu|=n lu|=n
We have lim,,_, oo E(e 74| F,,) = e % a.s. since (E(e *4|F,), Fn)nen, is a right-closable
martingale and, thereupon,
— ; _ _ _ —S(u)
Z=(1/)) nlggollz log(1 — AD(S(u) —log)e ) as.
u|\=n

On the other hand, for all A > 0 and u with |u| = n,

D(S(u) —logA) =k (—logA)U(S(u) —logA) +r(S(u) —logA).
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We have used the equality «(S(u) — logA) = k(—log ), which is trivial if the distribution
of & is nonarithmetic, for « (-) is then a constant. If the distribution of & is d-arithmetic for
d > 0, the equality is secured by S(u) € dZ a.s. Further, we conclude that, for all A > 0,
i — _ _ =S\ — 1 _ —S(u)
lim Z log(1 —AD(S(u) —log))e )= nll)ngo Z (A w)k (—logr)S(u)e

n— 00
[u|=n lul=n

= A/ wk(—logh)Z as.

having utilized e ™* D(x) =1 — ¢ (e™) — 0 as x — 00, lim,,_,  infjy|=, S(u) = oo a.s., the
last centered formula, Lemma A.4(b) and lim,—, oo (r (x) /x) = 0 (see Lemma 5.9) for the first
equality. Since P{Z > 0} > 0, we infer k (—logA) = u for all A > 0.

It remains to investigate the existence of the limit limy_, ., E,D(S;). For x > 0, put
T(—x) :=inf{k e N: § < —x} and v(x) :=inf{k € N: —§; > x} so that v(x) is the first
passage time into [x, 00) of (=S¢, )ken,. Then,

(6.15) E.D(S;) =ED(x + S;(_y)), x>0.

Since the first passage into (—o0, —x] of (Sk)ren, can only occur at a weakly descending
ladder epoch, we infer

(6.16) Se(cx) =Sy aS.

Hence,

E.D(S:) = ED(~(=5r,, =) = [

[0,x

)m(x —y)dUu(y),

where m(x) ;== ED(—(—=S;, — x)) ]l{,gfl >y} for x > 0. Boundedness and continuity of D on
(—o0, 0] implies that m is locally Riemann integrable on (—o0o, 0]. Since we have m(x) <
P{—S;, > x} for x > 0 and x — P{—S;, > x} is dRion R as a nonincreasing and Lebesgue
integrable function (note that f;° P{—S;, > x}dx = u < 00), we conclude that m is dRi on
R*. It is known (see Lemma A.4(c)) that the distribution of S, is d-arithmetic because so is
the distribution of £. Thus, invoking the key renewal theorem yields

o0 o0
Jim BD(S) =" [ m(ydy =" [T DyP=S = y)dy <00

in the nonarithmetic case d = 0 (see, for instance, Proposition 6.2.3 in [23]), whereas, for
each x €[0,d),

im By D(S;) = du™' > m(x +kd) =t (x) < 00
k>0

in the arithmetic case d > 0 (see, for instance, Proposition 6.2.6 in [23]). Writing {y} for the
fractional part of y, we set c11(x) := m(d{x/d}) for x > 0. We observe that the last limit
relation is equivalent to (6.12). It is clear that ¢y (-) is a bounded d-periodic function. To see
that it is not a constant (which implies that the limit limy_, o, E, D(S;) does not exist), one
may use, for instance, the fact x — e~ *m(x) is a nonincreasing function which follows from
Lemma 6.4(b). The proof of Theorem 6.5 is complete.

6.4. Proof of Theorem 6.6. For the proof of Theorem 6.6, we need some more prepara-
tions.

LEMMA 6.8. Assume that Condition Sy, holds. Then, the limit lim_, 5o E, Z,ﬁ;é G(Sp)
exists and is finite if and only if [§° yG(y)dy < co.
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PROOF. The definitions of the strict ascending ladder epochs (0,),en, and the renewal
functions U and V are given in Section 4. We first recall that by Lemma 5.3

T—1

(6.17) IEXZG(SJ-)zf r(x —y)dU(y), x>0,
j=0 [0,x]

where r(z) = f[o’oo) G(z+y)dV(y) =E} 4>0G(z+ Sg,) for z > 0.
Next, we are going to prove that r is Lebesgue integrable on R™ if and only if
J5° yG(y)dy < co. By a multiple use of Fubini’s theorem,

f()r(y)dyzfo ES G(y+Ss)dy=EY

o
6oy
k=0 k>0 Sox

o0 0
=Y E[ G0l dy=[ GOV,
>0 0 0

where all the integrals are either convergent or divergent simultaneously. By Lemma A.4(a)
the condition ESJZF < oo guarantees [ES,, < 0o, and we obtain with the help of Lemma A.4(b)
that limy _, oo y_l V(y)= (IESGI)_1 € (0, 00). Hence, the last integral converges if and only if
so does the integral [5° yG(y)dy.

Assume now that fooo yG(y)dy < oo; hence, fooo r(y)dy < oo. According to Lem-
ma 6.4(b), x = ¢ *G(x) is a nonincreasing function on R, hence, so is x — e *r(x) which
implies that r is a dRi function on R*; see Lemma A.5. Recalling that the distribution of S,
is nonarithmetic (because so is the distribution of &), that © = —ES;, < oo and invoking the
key renewal theorem we infer

T—1 .
E. Y G(S)) = —ndU -, e 0000 |
2,06 [, r@ = > u [Trordye @00, x> oo

Finally, assume that [5° yG(y)dy = oo so that [;° r(y)dy = co. We already know that
the function x > e *r(x) is nonincreasing on R*. Hence, r is locally bounded and a.e.
continuous on R*. This implies that, for each b > 0, the function x > r(x) Lj0,p)(x) is dRi.
Now, an application of the key renewal theorem yields

b
limint, oo [ =AUz lim [ ra-pawem = [rody.
[0,x] X80 J(x—b,x] 0
Letting b — oo, we conclude that lim,_, 5o f[o,x] r(x—y)dU(y)=00. U

REMARK 6.9. The constant in (6.13) is given by

T—1
cr= lim (Exmsf) —Ey I;)G(Sk))
Assume that Condition S holds and that the distribution of & is d-arithmetic for d > 0.
Then, according to Theorem 6.5, the limit lim,_, o E; D(S;) does not exist which implies
that (6.13) cannot hold. Under the additional assumption [;* yG(y)dy < 0o, a minor modi-
fication of the proof of Lemma 6.8 along the lines of the argument leading to (6.12), yields

T—1
lim (Ex > G - c12<x>) =0

k=0

for a bounded d-periodic function c»2(-) which is not a constant. This in combination with
(6.12) justifies (6.14) with ¢1(-) :=c11(-) — c12(-). Here, c11(+) is the same as in (6.12).
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LEMMA 6.10. Assume that Condition S holds. Then, (2.3) and (2.4) are sufficient for
Jo° yG(y)dy < oco.

Before giving a proof of Lemma 6.10, we need an auxiliary result.

LEMMA 6.11. Leta, b and ¢ be real numbers satisfyinga > 0,b >0, c:=loga—b/a >
0 and € € (0, 1/e). The equation
(6.18) ay —b=c¢e”
has two solutions,
(6.19) yy=d+b/a and y,=—loge+loga+log(—loge+loga—>b/a)+ o(1),
where d € (0, 1) and the term o(1) converges to 0 as ee™€ does so.

PROOF. Set f(z) := ze* for z € R. Changing the variable z = —(y — b/a) transforms
(6.18) into an equivalent form
(6.20) f(2)=—¢ =—(¢/a)e’* = —ge™°,

where —¢&” € (—1/e, 0) by assumption. According to Section 4 in [13], equation (6.20) has
two solutions, z; € (—1,0) and zp = log(—¢") —log(—log(—¢")) + o(1). Equivalently, equa-
tion (6.18) has two solutions given in (6.19). [

PROOF OF LEMMA 6.10. According to (6.11), there exist constants §, M > 0 such that

(6.21) 8z(—logz) <1 —¢(z) <Mz(—logz), z€(0,1/2).

Without loss of generality, we assume that the positions of individuals in the first generation
are ordered X; < X;4 for all i € N so that X| = Xp;5. Recall from Section 6.2 that G is a
nonnegative function given by G(y) = e¢”EH (y) for y € R, where

N N
(6.22) Hy) =[]l )1+ > (1—-p(e> %)) =0, yeR.
j=I1 j=1

Note that, for each y € R, H(y) 1{n<1)} = 0 a.s. In view of this, in what follows we work on
the event {N > 2} without further notice.

Fory>0and e € (0, min(6/e, 1/2,1 —¢(1/e))) with the same § as in (6.21), we introduce
the set Ay (e) := {Zﬁv:l(l — ¢ (e7¥%i)) < ¢} and write

o o0 o0
| y60ay=E [T 3@ HOI Layo dy+E [Ty HO) L, dy = 1+ Do
PROOF OF I} < co. We shall show that /; is finite under Condition S. Fix any y > 0.
Note that 1 — ¢ (e™>~X1) > ¢, provided that y + X; < 1, whence
Ay(e) CAy:={y+X;>1foralll <i <N}

We have, a.s.on Ay,

N

N
(1=l X)) <MY e Xi(y+X))
(6.23) ; ,2 !

<MeY(y(W 4+ W)+ Wi + W)
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and, similarly,

N
(6.24) S(1—p(e>%) = 8 (y(W, + W) + Wi + W),
j=1
where W1 =— ZN e —Xj (Xj)-. Recall that the random Varlables W1 and W~ were de-

fined in (2.2). Observe that yW,” + W1 >0 a.s. on Ay, although W1 <0as.
On the event Ay(e), we have Z (I =@ Xi)) < & < 1/2 a.s. which entails that

1 —ge %) < 1/2 for j =1,2,..., N as. In particular, using that for z € [0, 1/2], the
inequality —log(1 — z) <2z holds, we obtain, a.s.on Ay(¢),

(6.25) —logg(e Xy <2(1 —p(e™> %)), j=1,2,....N

and, thereupon,
N N
Z —logg(e X)) <2 (1—p(e™ M) < 1.
j=1 j=1

An appeal to the inequality e % < 1 — z 4z for z € [0, 1] enables us to conclude that, a.s. on
Ay(e),

Mz

N
H ple™™ X’ —exp(

Jj=1

Og¢(e—Y—Xi))

1

<
Il

IA
Mz

N 2
log (e %1) +<Zlog¢ e VT X’))
j=1

1 =

(-t (S0t )

j=1

J

IA
Mz

~.
Il
—_

Combining (6.22) and (6.23) yields
(6.26) H(y) La,e) < M2 (W + Wy + W)+ as.

Further, we decompose /; into three parts, depending on which of the terms Wi, yw, + Wl_
or yW]Jr dominates. In view of (6.24), A.(y) is a subset of each of the three following sets
(W) < e1€”), bW, + Wl_ < ée1e’} and {le+ < 1€’} for ey :=¢/§. Note that &1 < 1/e by
our choice of €. The inequalities y > —X a.s. on A, and (6.26) together entail

I <IM*(I 1+ ha+13),

where
I 1=EW1/0 e y]l{VNV1<81ey} dy,
o0 _ — . 55\2
12 2=]E/X ye T(yWi + W) La, Liywi + 7 <srery 49
—A]

. w2 [ 3 -
L3 :=E(W]) /0 yle Y Ly <erery 4
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As for Iy 1, write

—~ o0 —_~ — ~
L1 < EWIZ/ . yeVdy= Ele(log+(W1/81) + 1)e~ g+ M /en)
log (W /e1)

< e EWi(log(W1/e1) + 1) 1,2, +&1 < 0.

Here, the finiteness is secured by (1.4) which is a part of Condition S.

To deal with I; 7, we intend to use Lemma 6.11 with a = W, b = —Wl_ and ¢ = ¢1.
Since
W_
(6.27) ——— <X <logW

1

and 1 < 1/e, the lemma applies and justifies the inclusion {y > 0 : Wl_ +yW, <ege’} C
(0, Y1) U (Y3, 00). Here, (random variables) Y and Y> are solutions to the equation
(6.28) W, +yW, =gre”
given by

Yi=V - W, /W,
(6.29) .
Y, = —loge; +log W +log(—loge; +logW + W /W[ ) +o(l),

where V is a nonnegative random Variable bounded by 1 a.s. In view of these observations, we
are going to consider the two integrals | 1.2 and 1 1”2 with the integration sets being (0, Y1) N
(—X1,00) and (Y>, 00), respectively. Inequahty (6.27) tells us that Y1 < —X; + V a.s. so that
0,Y1)N(—X1,00) € (—X1,—X1 + V) and, thereupon,

, X1+V _ _ ~_ 9
11,2 fE/_ ye y(ywl + Wl ) ]lAy 11{yWI_—l—W]_<€ley} dy

X1+
< SIE/ " e dy < 2B(— X, + e~ X+ < e2e(EW log, Wi +EW) < oo

Here, the finiteness is guaranteed by (1.4). Further, recalling that Y, solves equation (6.28)
and changing the variable, we obtain

w —~
I{fzSE/Y ye X (yWy + W) dy
2
00 v ~_
=IE/O 5 + Ve e 2y W + VoW + Wi)2dy
o0 2
:E/ (v + Yz)e_ye_yz(yW]_ —|—81€Y2) dy
0

< CE(1 + Y2)(W))?e™ 2 + Wi +eP).

Here and hereafter, C denotes a positive constant whose value is of no importance and may
change from line to line. Using the inequalities

1+Y,<C(1+logW), e2<CW[(C+logW;), e 2<C/W;,

which follow from (6.29), we infer {/ » < CE( +log W, )2W1_ . Condition S ensures that
the right-hand side is finite.

Finally, to check that I; 3 < oo, we proceed in the same way as above. One needs to
determine precisely the integration domain, that is, to solve the equation nyr =¢gre’.
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Lemma 6.11 (witha = W1+ and b = 0) ensures the existence of two solutions to this equation:
an a.s. bounded nonnegative random variable Y| and

(6.30) Y, = —loge; + log W;" +log(—logei + log W;") + o(1).

We skip further details. The proof of I} < oo is complete.

PROOF OF I» < 0. The function G is bounded on [0, 1]. Therefore, it is sufficient to
consider the integral I over the set [1,00). For y > 1, put N™(y) :=max{j < N :y +
X < 1} with the standard convention that N~ (y) :=01if y + Xy > 1. Plainly, N := N~ (1)
denotes the number of the first generation individuals located on the negative halfline, and,
provided that N~ > 1, X - denotes the position of the rightmost first generation individual
located on the negative halfline.

We shall use the inequality which follows directly from (6.21) (compare (6.23)):

N
(6.31) Hy) <Y (1-¢(e X)) < Me™ (W) + yW;t + F(») + N~ (»),
j=1

where F(y) := Wi(y) + yWi(y),

N™ N—
(6.32) Wiy = Y e MX; and Wi(y):i= Y, e M.
J=N"()+1 J=N=()+1

We note in passing that F(y) = N~ (y) =0 a.s. on {N~ = 0} and that, in general, F(y) >0
a.s., but W, (y) <0 a.s. As we did before for 11, we shall investigate the contribution of
each term on the right-hand side of (6.31) separately. To this end, we use the easily checked
inequality

(ar +---+ap) 11{al—l—~-~—|—am>g} <m(a ]l{a1>g/m} +-tap ﬂ{am>g/m})
for m € N, nonnegative ay, ..., a, and o > 0, to obtain
L <4M(1+ho+ b3+ 1 4).

Here, with &’ := ¢/(4M),
~ 00 + o0 2
12’1 = EWI/; y :[]'{W1>8,€y} dy, 12,2 = EWI /; y ]l{yW1+>€,€y} dy,
o0 o0
3= E/1 ye* N~ (y)dy, Ly = E/1 YF () Lipy)serery dy.

The analysis of I 1 is simple,

— flog+(W1/s/>

L1 <EW | ydy = (1/2)EW; (log . (W /")) < oo,

where the finiteness is a consequence of the second part of (2.3).
To treat I 5, we use the same Y as in (6.30) which gives

+ ("7 + +3
12,2§C+CIEIL{W1+>£/}W1/O y dy <C(1+EW; (log, W;")") < oco.

Here, the finiteness is justified by the first part of (2.3).
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Next, we work with I 3. For notational simplicity, let X¢ := —oo and Xy-4; := 0.
Put g(y) = (y — 1)e” for y € R, and note that g’(y) = ye”. Since N~ (y) = j for y €
(=Xj+1,—X;), we have

N” —X;+1
Iz,szEZj/ gMdy=E> " j(g(—=X;+1) —g(—=X41+ 1)
i X1+l —
J=0 J j=1
N
=E) g(—X;+1) <eEW[ log, W < oo.
j=1

The finiteness follows from (1.4).
It remains to prove that > 4 < co. Put B := {Zjv;l e (1l + Aj) < Co}, where A :=
X; — Xy and Cy is the same as in (2.4). Write

max(—Xq,1) max(—X1,1)
Ly < EJIB/O yF(y)dy+E113c/0 yF(y)dy

0 (0,0
+E1g / y YF(Y) LiF(y)>erery dy + E ]lef F(y) LiF(y)=¢rery dy

max(—X1, max(—X1,1)
=N+ + I3+ Ja.
For y > 1, we have, a.s.on BN {y < —X1},
N_

N
Fiy)=)_ e Xi(y+ Xy <e ™ > e RA; < Coe ™
j=1 j=1

and, thereupon,
Ji < (Co/DE(=X)2eX1 < (Co/EW; (log W;)? < oo.

Here, the finiteness is ensured by (1.4). Next, using (—X1) < W, a.s., we infer

X1
L <EW ]ch/ y2dy < (1/3)EW, Lge(=Xp)° < (1/3)EW; (log Wl_)3 1pge < 00,
0

where the finiteness is a consequence of (2.3).
It holds, a.s. on B, that
N
TN F(y—XD=) e N (y+4))
j=1

N~ N~
=e 7y Z e B peY Z e B Aj<Co(y+De™.
Jj=1 Jj=1

With this at hand, we obtain

o0
Js<(1/e)E g / ye (F(y))*dy
max(—Xq,1)
o0 2
=(1/8')EHB/ (y = XDe 1 (F(y — X)) dy
max(0,14+X1)

o0
< C2Ee™ /0 (v — Xy + D2 dy

< CE(1 + (=X1)e™™) < CE(1 + Wy log, W) < 0,

where the finiteness is secured by (1.4).
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Finally, to deal with J4 we denote by Y the larger solution to the equation yW, = ¢’e”.
According to Lemma 6.11, Y, = —loge’ +log W + log(—loge’ +log W, ) + o(1) which
entails

00

J4§E]lgc/x y2W1_ ]l{ny>8/ey} dy
—A]

Y,

<C+CELpe Ly W;/

y?dy < CE1ge W; (log W1_)3 < 0.
-X;

The finiteness is ensured by (2.4). The proof of I, < co is complete. [
LEMMA 6.12.  Assume that Condition S holds. Then, [;° yG(y)dy < oo implies (2.3).

PROOF. In view of (6.11), there exists §; > 0 such that
1 —¢(z) >681z(—logz)+, z>=0.

Hence, for y > 0,

=

N
(6.33) Y (1—ge™ X)) =8> e Ki(y+X))p =817 (Wi + yWyh).
j=1 j=1

For each y > 0, define the event D, := {Slefy(Wl + yW1+) >2}.If Dy =0 forall y >0,
then both W1 and WIJr are a.s. bounded random variables which entails that (2.3) holds. Thus,

in what follows we assume that Dy # @ for some y > 0. For such y, we conclude with the
help of (6.33) that, a.s. on Dy,

N N
[Tole™ ) =143 (1-(™)
(6.34) = =

N
> 14> (1= ¢(e™> %)) = (81/2)e™> (Wi + yW;h).
j=1

This, in combination with the inclusions {W; > 2e¥/81} € Dy and {nyr >2e”/81} C Dy,
yields

00 o __
00> [T36(mdy = @1/2E [ ¥(Ti+yW) 1p, dy

> (81/2) (EW1/O Y L, 220y 5,y 4y +EW1+/1 v? Liwit=2ev 81} dy)

= (81 /4EW, (log, (81 W1/2)) + (81/6)(EW; (log((8: Wi /2) v €))® — EW;).
This proves the necessity of (2.3). [

LEMMA 6.13. Assume that Condition S and (2.5) hold. Then, (2.4) is necessary for
JoZyG(y)dy < oo,

PROOF. We retain, for the most part, the notation from the proof of Lemma 6.10. Addi-
tionally, we put B := {Z;V:_l e 2i(l + Aj) <2e/81} (with 61 as in (6.33)) and, for y > 0,
Dy :={81e7 Y F(y) > 2}. Assume that D, = @ for all y > 0. Then, taking y = —X; + 1, we
conclude that P(B) = 1 which implies that (2.4) holds with any Cg > 2¢/31. Therefore, from
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now on we assume that D, # @ for some y > 0. By the argument leading to (6.34), we have,
a.s.on Dy, H(y) > (81/2)e” " F(y), whence

o> [T yG()dy= @1/DE [ yF0)1p, dy.
0 0

This particularly yields

—X1 o]
(6.35) I :=E/ yF(y)1p,dy <oo and I:= ]E/ yF(y)1p, 1gc dy < o0.
0 —-X1+1 .

We first prove that /1 < oo entails
(6.36) E(-X1)’W < o0.

Indeed, observe that
—X —X
It ::E/o yF(y) 1pg dy :E/o YF) Lirgy<@/siery dy
-X;
< (2/81)E/ ye¥dy = (2/8)(E(=X1)e X1 —Ee X1 +1) < o0
0

as a consequence of (1.4). Summing up /; and /{* we obtain

-X; -X N~ .
OO>EfO yF(y)dy=E/0 yY e (y+Xj)4dy

j=1
gy e [ X)d
= ;e /_x, y( + X;)dy
v
=EY e X[(1/3)((=XD = (=X)%) + A/ ((=X1)* = (=X )?) X;]
j=I1

v
= (I/OE Y e Xi[2(=X1)* + (=X ;)* = 3(=XD*(=X,)]
=1
v
=(1/OE Y e XIAZ(2(=X1) + (- X)),
j=1

where we have used the identity 2a> + b3 — 3a?b = (a — b)*>(2a + b), a, b € R for the last
equality. Hence,

.
(6.37) EY e (=X ))A3 < oc.
j=1

The inequality a® < 85> + 4a(a — b)? holds for any a > b > 0. Using it with @ = —X and
b= —X;, we infer

N~ N~ N~
E(—X1)’ Y e X <8 e XMi(=X;) +4) e M (—X,)A].
j=1 j=1 j=1

This reveals that (6.36) is a consequence of (2.5) and (6.37).
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After these preparations we are ready to show the necessity of condition (2.4). To this
end, we first observe that, a.s. on B¢, yoW,” + Wl_ > (2/81)e”°, where yg := — X1 + 1. This
implies that Dy N (=X + 1, 00) = (=X + 1, ¥») with Y, being the larger solution to the
equation yW + Wl_ = (2/81)e”. Recall that the Y> is given by (6.29) with 2/§; replacing
£1. As a consequence, we obtain

g) ~
OO>12=E130f y(le_+W1_)dy
—-X1+1

= (1/6)E 1p[2W; (Y5 — (= X1 + 1) +3W, (Y7 — (= X1 + D?)],
and inequality (6.36) ensures that
00 > J =R l1g[2W; Y5 +3W, ¥7].
Put A := {log W, <2(—X})}. We have, a.s. on BN A,
(6.38) [2W[ Y3 +3W, Y2 < C(W (log W) )? + (= X)W, (log W;)?) < CW[ (—X1)°,
whereas, a.s. on B¢ N A€,
QW[ Y5 +3WYS > 2W Y5 43X W, Y3 > W Y (2Y + 3X))
(©3) > W Y2(2log W +3X1) = (1/2)W; (log W;")>.
Combining (6.38) and (6.39) yields
00 >2J > Elge 1ae Wi (log W) — CEW[ (=X 1)
=E 1 W (logWy)? —E1pe 14 Wi (log W)")? — CEW; (—X))?
>E 1 Wi (log W) — (C+ 8)EW; (—X))°.
Invoking (6.36), we conclude that condition (2.4) holds. [J

Now, we are ready to prove Theorem 6.6.

PROOF OF THEOREM 6.6. We first note that, by Lemma A.4(b), the distribution of S,
is nonarithmetic.

In view of Theorem 6.5 and Lemma 6.8, the first equality in (6.13) holds if and only if
Jo° yG(y)dy < co. Thus, the second equality in (6.13) holds if and only if

(6.40) xli)rrolo(uU(x) —x)=c3

for some finite constant ¢3 and fooo yG(y)dy < oo. By Lemma A.4(d), relation (6.40) holds
if and only if [ 3 < 0o (which is nothing else but (2.5)).

Now, we conclude with the help of Lemmas 6.12 and 6.13 that the second equality in
(6.13) also entails (2.3) and (2.4), hence Condition S*. Sufficiency of (2.3) and (2.4) for the
first equality in (6.13) is justified by Lemma 6.10. [

7. Proofs related to the rate of convergence.

7.1. Auxiliary results. We start with a few auxiliary facts which can be lifted from the
existing literature.
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LEMMA 7.1. Assume that Condition S holds. Then:

@ n'2Y e S0 5 2/ (6227 as n — oo;

(b) M :=infy = S(u) — 2~ logn = +00 as n — oo;
(¢) for B>1andm e N,

nP/? Z e_’gs(“)(S(u) —2~! logn)" £ 0, n— oo.

|u|=n

PROOF. (a) This is Theorem 1.1 in [2].

(b) This follows from Theorem 1.1 in [33] which states that the sequence of distributions
of (M, —logn),en is tight. Noting that the cited result considers maxima rather than minima,
we refer to Lemma A.1 in [34] for a proof of the fact that the assumptions imposed in [33]
are equivalent to Condition S.

(c) Let @ > 1. The sequence of distributions of (3, e~ ?(SW—=@B/2)logm)y o is tight by
Proposition 2.1 in [30]. This implies that

(7.1) 3 emeS=2Noem Loy o0,
lul=n

Pick any & € (0, B—1). Then, forall x > 0, e #*x™ < =" mle~F~#)* Using this, we obtain,
for any 6 > 0,
P| X e 0w (5 — 27 logn)"| > 5
< P{ Z e—ﬁ(S(u)—z—llogn)(S(u) _ -1 logn)m > 35, M:; - O} +]P){M;lk < 0}

uf=n
lul=n

< IP’{ Y e B2 ogn) Sem/m!} +P{M} <0}.
lul=n
Sending n — oo we conclude that each summand on the right-hand side converges to 0 by
(7.1) and part (b) of the lemma, respectively. [l

7.2. Proof of Theorem 2.4. Put H(x) :=EZ 1{z<,) for x > 0, and let L* be a random
variable which is independent of F, and has a 1-stable distribution with the generating
triple ((1 — )2/ (wa®))'/2, (w/(26?))!/2, 1). Note that L has the same distribution as L* +
@2/(mo?) 2.

Only assuming that Condition Sy, and (2.7) hold, we shall prove more general results,

02 B(f(n'?(2= ¥ eSOHEE )| 7)) S B (L) Fo). n o0
|ul=n
and
G (z T e S 2 e
lu|=n

and then obtain (2.9) and (2.10) as corollaries. Our argument is based on the following rep-
resentation:

0, ;=n1/2<z _ Z e—S(u)H(eS(u)n—1/2)>

|u|l=n

=n'? 37 eSW(Zu) — H(EWn™'?), neNas.

|ul=n

which follows from (6.3).
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In view of Lemma 7.1, from any deterministic increasing sequence which diverges to oo
we can extract a subsequence (ny)xeN such that

(7.4) lim( inf S(u)—2_110gnk):+oo as.;
k— 00 \u|=ng
. 1/2 —S(u) _ 2\ 1/2 .
(7.5) Jim 7y d e =(2/(n0%) ' Z as;
lul=ng
form=1,2,
(7.6) lim ne Y e P (S@) — 27" logni)" =0 as.
k—o00 P

For n € Ny and the o -algebra F,, defined in Section 1, we shall use the following notation
P,{-} :=P{-| F,,} and, for a random variable 0, [E,,0 := E(6| F,) and Var, 0 := Var(0| F,) =
E(0%| Fu) — (E©] Fn))*.

Suppose we can check that the triangular array

12 — —1/2
(Tl keny = (e 5@ (Zw) — H(5@n; D)) uj=ny keN
is a null array; that is, for every § > 0,
(7.7) lim sup Py, {ITuxl>3}=0 as.,

k— 00 lu|=n

that, for every x > 0,

(7.8) Mx)i=— lim Y By (T >x}=—(2/(10?)?zx7! as.
k—o00
|ul=nk
(7.9) M(—x) ::khfé‘o > PudTux <—x}=0 as.;
lul=nk
2._ 1 : —
(7.10) o= lim lim > Vary [T gz, <)) =0 as.
lul=ny
and, for every t > 0,
(7.11) ag(r) = lim 37 B [Tk L7, wi<e)] = (2/(762))*Zlog T ass.

[ul=ng
Then, according to Theorem 1 on page 116 in [21],
2

lim B, [i1O,, ] ( A +/ (i’x o i )dM( )>
m 1 =X 1ar — —— e — 1 — X
koo KTk P 2 R\{0} 1+ x2

. 2 1/2 Ay itx _o
(7.12) —eXP<(2/(”" ) Zfo (elx -1 1+x2)x dx)

=exp(Z(i(1 — y)(2/(x0?)" s
— (1/(262) 2 1t|(1 +isgn(0)(2/7) log 1])))  a.s.

for t € R, where y is the Euler—Mascheroni constant. Here,

3
X X
a:=ay(t) — dL(x) + dL(x
o® /[—r,r] 1+ x2 ) R\[-7,7] 1 + x2 )

:(2/(n02))1/22<logr—/T a dx+/°o;dx)=0
0o 1+x2 ¢ x(14x2) ’
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and the last equality in (7.12) follows from calculations given on page 170 in [21]. However,
the constant 1 — y is not given explicitly in [21] and rather represented as the integral

> /sin 1
.= / < * )dx
0 x2 x(14+x?)
To evaluate it, write

> /sinx 1 o0 1 1
F:/o <x2 _x(1+x)>dx+fo (x(1+x)_x(1+x2)>dx‘

While the first integral is equal to 1 — y by formula (3.781.1) in [22], the second is equal to O
which can be seen by direct calculation. Equivalently, we have shown that, for every bounded
continuous function f : R — R,

Jim E(f<n,1/2(2— 3 e_S(”)H(eS(”)n,:l/z))’J-“nk)=E(f(ZL*)|]—"OO) as.

|u|=n

which, by a standard argument, entails (7.2).
To obtain the distributional convergence (7.3), just observe that (7.2) and the Lebesgue
dominated convergence theorem guarantee

lim Ef<n1/2<2— > e—5<“>H(e5<“>n—1/2)>‘fn) =Ef(ZL")

n—00
lul=n

which is equivalent to (7.3).

Thus, we are left with proving (7.7) through (7.11). As a preparation, denote by F(x) :=
P{Z < x} for x € R, the distribution function of Z, and recall that Z is a nonnegative random
variable, whence F'(x) =0 for x < 0. Condition (2.7) reads

(7.13) lim 7(1— F(1))=1.
t— 00
Further, by Lemma A.1, relation (7.13) is equivalent to the following: for each A > 0,
(7.14) lim (H (At) — H (1)) =log A
1—00
and implies that
(7.15) H(t) ~logt, t— 00

(alternatively, (7.15) also holds by Theorem 2.1).
For any z € R and u with |u| = ng, put

a(z,u, k) i=ze5Wn P 4 H(eSWn ')

so that {7}, x > z} = {Z(u) > a(z, u, k)}. As a consequence of limy oo x "H(x) =0 (using
(7.15)) and (7.4), the first term of a(z, u, k) dominates which entails

lim sgn(z)a(z,u, k) =400 a.s.
k— 00

for z # 0. Using (7.13) and independence of Z(u) for u with |u| = ny and F,,, we obtain,
for z > 0,

(7.16) P Tk >z} =1— F(aGz, u, k) ~a(z,u, k)~ ~ 2710, 2e™5@  as,
as k — 0o. By a similar reasoning, for z > 0, u with |u| = n; and large enough k,
F(a(—z, g, k)) =0 a.s. and ]l{ITu,kISZ} = H{Tu,kSZ} a.s.

We shall repeatedly use these observations without further notice.
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PROOF OF (7.7). In view of (7.16), for each § > 0,
sup Py, {|T k| > 8}~ sup cS_le_S(“)n,lc/2

|u|=ng lu|=ny

~8‘1exp(— inf (S(u) —27" lognk)) a.s.,
ul=ny

|
as k — oo. By (7.4) the right-hand side converges to 0 a.s., as k — oo which proves (7.7).

PROOFS OF (7.8) AND (7.9). By another appeal to (7.16), for any x > 0O,
3o PudTup>x)~x"n? > W 5 (2/(m0?) P Zzx! as,
|u|=ng lu|=ng

as k — oo which proves (7.8). Here, the limit relation is a consequence of (7.5). The proof of
(7.9) is easy: for large enough &,

Z Py {Tux < —x}= Z F(a(—x,u,k))=0 as.

[u|=ng [u|=ng
PROOF OF (7.10). First, note that, according to Theorem 1.6.4 in [8], relation (7.13) entails
(7.17) Hy(t) :=EZ?liz<;y ~1, t—> 0.

For ¢ > 0 and large enough &,

> Vaty [Tk L7, <e)]

|u|=n
< Z ]Enk [nke—ZS(u)(Z(u) _ H(eS(u)nlzl/Z))Z I].{Z(u)fa(e’uyk)}]
lul=nk
<m Y e W (Hy(a(e, u, k) — 2H(es(”)n,:1/2)H(a(s, u, k) + HZ(eS(u)nk—l/Z))

lul=n
=: I1(ng) — 2D (ng) + I3(ng).

For the first inequality we have used the fact that the conditional variance does not exceed the
conditional second moment. Further, we investigate each term /;(ny), j =1, 2, 3 separately.
By (7.17), (7.4) and (7.15), as k — oo,

I (ng) ~ ny Z e_z‘g(“)cz((*s,bt,k)'wsnli/2 Z e SW g
|u|=ng lul=ng

According to (7.5), the last expression converges to &(2/ (mo®)V/2Z as., as k — oo which,
in its turn, converges to 0 a.s., as ¢ — 0+. By (7.4) and (7.15), as k — oo,

L(ng) ~ ny Z e~ 25w (S(u) — 21 logng)(loge + S(u) — 21 logng) a.s.
|ul=n

In view of (7.6), this and I3 (ny) converge to 0 a.s., as k — oo. The proof of (7.10) is complete.

PROOF OF (7.11). For each 7 > 0 and large %,
Y EnlTuk Lz, i<y

lu|=ng

=n> Y eSO (H(a(z, u, k) — H(SWn;'?))

[u|=ng

)7 3 e SWHESWr Y (1 = Flatr,u, b)) = Ji () + Ja(ng).

lul=ng
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Arguing as in the proof of (7.8), we conclude that, as k — oo,

h) ~t g Y e 25 (S 12)

|u|=ng
~t Z e_zs(“)(S(u) — 2! logny) a.s.

[u|=ny
The second equivalence is a consequence of (7.15). In view of (7.6), limy_, o J2(nr) =0 a.s.
Passing to the analysis of Ji (ng), we first note that, for each 7 > 0 and u with |u| = ng,
(7.18) klim H(res(”)n,:l/2 + H(es(”)n,:”z)) — H(eS(“)nk_l/z) =logt as.

— 00
Indeed,
H('ceS(”)nk_l/2 + H(es(")nlzl/z)) — H(eS(”)nk_l/z)

> H(teS(”)nk_l/z) — H(eS(”)nk_l/z)

and, recalling (7.4), the right-hand side converges to logt a.s., as k — oo by (7.14). In the
converse direction, observe that, in view of (7.15), lim;_ oot ' H(¢) = 0. This, in combina-
tion with (7.4), ensures that, given § > 0, we have, for large enough k, that

H(‘L'eS(”)nk_l/2 + H(eS(”)nk_l/z)) — H(es(”)nk_l/z)

< H((T +8)6S(M)nk—1/2) _ H(eS(”)nk_l/z)_

Using (7.14) and sending first k — oo and then § — 04-, we conclude that the limit superior
in (7.18) does not exceed log t. This completes the proof of (7.18). Invoking now (7.18) and
(7.4) yields, as k — 00,

J1(ng) ~ (log t)n,lc/2 Z e S g,
lul=ny
Hence, by (7.5), limg_, o0 J1 (nx) = (log 7)(2/(wc?))/?Z a.s. The proof of (7.2) and (7.3) is
complete.

Assume now that Conditions Sy, and S* hold. Put Fl(x) := H(x) — logx for x > 0. By
Theorem 2.2, lim,_, oo H(x) = c¢. This, in combination with Lemma 7.1(a), (b), ensures that

nl/? e S (eSWy=1/2 £ 2/(ro®) ez, n— .
/ ,
lul=n
A minor modification of the proof of (7.11), which takes into account the last limit relation,
justifies (2.9) and (2.10).
APPENDIX

A.1. A link between a distribution tail and the Laplace transform. In this section we
give two results which connect the asymptotic behavior of a distribution tail at co with that
of the corresponding Laplace—Stieltjes transform at 0.

LEMMA A.1. Let b > 0 and X be a nonnegative random variable with Laplace trans-
form ¢*(s) :=Ee™X fors > 0. For s > 0, set y*(s) :== s~ (1 — ¢*(s)),

N
G*(s) :=/0 P{X > y}dy and H*(s):=EX l(x<y.

The following assertions are equivalent:
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1) im0 tP{X >t} =b

(ii) for each ) > 0, limg_ o+ (Y *(s/1) — ¥*(s)) = blogA;
(iii) for each ) > 0, lim;—, oo (G*(At) — G*(t)) = blogh,;
(iv) foreach X > 0, lim;_, oo (H*(At) — H*(t)) = blogA.

Either of these entails
(A.1) Y*(1/t) ~ G*(t) ~ H*(t) ~blogt, t—> oo.

REMARK A.2. Recall that functions ¢*, G* and H*, satisfying the assumptions (ii),
(iii) and (iv) of Lemma A.1, belong to the de Haan class. In particular, these functions are
slowly varying (¥ * at zero, G* and H* at c0). Relation (A.1) makes the last statement even
more precise, showing that all these functions are asymptotically equivalent to the logarithm.

PROOF. The equivalence (i) < (iii) follows from Theorem 3.6.8 in [8]. The equivalence
(ii) < (iii) follows from Theorem 3.9.1 in [8] after noting that

(A.2) U*(s) = /[O . eV dG*(y), s> 0.

PROOF OF (iii) = (iv). Integration by parts yields
t
(A3) H*1) :/ ydP{X <y} :/ P{X > y}dy —tP{X >t} = G*(t) — tP{X > 1}.
[0.7] 0

According to the equivalence (i) < (iii), lim;, o tPP{X > t} = b. Hence, invoking (iii), we
arrive at (iv).

PROOF OF (iv) = (i). Write, for any § > 1,

PX >ty=1) P{rs"! <X§t8"}228‘”[ ydP{X <y}

n=1 n=1 (t87=1,18"]
=Y 5T (H*(t8") — H*(rs"1)).
n>1
Relation (iv) entails that, given & > 0,
H*(t8") — H*(18" ') > blogs — ¢
for large enough ¢, whence, for such z,
tP{X >t} > (blog§ —&) Y 67" = —1)"(blogs —e).
n>1

Sending first ¢ — 04 and then § — 1—, we obtain liminf;_, ,ctP{X >t} > b. A symmetric
argument proves the converse inequality for the limit superior.

Further, it is trivial that (i) entails G*(¢) ~ blogt as t — oo. With this at hand, H*(¢) ~
blogt as t — oo is a consequence of (A.3) and (i). Finally, ¥*(1/t) ~ G*(t) as t — oo
follows from (ii) (or (iii)) and Theorem 3.9.1 in [8]. [

LEMMA A.3. Letb >0, c € R and X be a nonnegative random variable with Laplace
transform ¢*. The following assertions are equivalent:

@D ¥*(s) = s~ —¢*(s)) =—blogs —y +c+o0(1) as s — 0+, where y is the Euler-
Mascheroni constant,
I G*@) :fé P{X > y}dy =blogt +c+o(l) ast — o0;
() H*(t) =EX l{x<;y =blogt +c—b+o(1) ast — oo.
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PROOF. PROOF OF (I) & (IT). Let A > 0. Condition (I) ensures that limg_, g4+ (¥ * (s /A) —
¥*(s)) = blogA. Recalling (A.2) and invoking Theorem 3.9.1 in [8], we infer G*(¢r) =
Y*(1/t) + y + 0o(1) as t — oo. This in conjunction with (I) proves (II). In the converse
direction, condition (IT) guarantees that lim,_, oo (G*(At) — G*(¢)) = blog 1. Another appeal
to Theorem 3.9.1 in [8] allows us to conclude that ¥*(s) = G*(1/s) — y + o(1) as s — 0+,
whence (I).

PROOF OF (IT) = (III). As a consequence of (II), for each A > 0, lim,_ oo (G*(At) —
G*(t)) = blog A. Hence, lim;_, o tIP{X > t} = b by the implication (iii) = (i) of Lemma A.1.
With this, (A.3) and (II) at hand we obtain

H*(t) =G*(t) —tP{X >t} =blogt +c —b+o0(l), t— o0.
PROOF OF (III) = (II). Relation (IIT) implies that, for each A > 0, lim;—, oo (H* (A1) —

H*(t)) = blog 1. Hence, by the implication (iv) = (i) of Lemma A.1, lim;_, o tP{X > ¢} =
b. Now, (III), together with (A.3), ensures (II).

A.2. Results on standard random walks. Here are some general results on the renewal
functions associated to the ascending or descending ladder height processes of a centered
random walk with finite variance.

LEMMA A.4.  Let (T,)neN, be a standard random walk with Ty = 0, ET, =0 and Ele €
(0, 00). Further, let T’ and T/, denote a strictly or weakly descending and a strictly or weakly

ascending ladder epoch for (T,),en, and U the renewal function for the standard random
walk with jumps having the same distribution as |T,/ | or Tr/+. Then:

(a) E|T,/i| < 00; for B > 2, E(Tl)'(i < 00 is equivalent to E|T,/ |5_1 < 00, and E(Tl)ﬁ <
00 is equivalent to IETT’B,+ -1 00;

(b) lim,— 0o x U (x) = (B|T, D"

(c) If the distribution of T is nonarithmetic/d-arithmetic for d > 0, then so is the distri-
bution of Ty .

(d) Assume that the distribution of T\ is nonarithmetic. Then,

xli)ngo((IE|T,/i|)U(x) —x)=c
for a finite constant c if and only ifE(Tl)i < oo. Ifitis the case, then ¢ = 2E|T; |)_1ETI2,i.

PROOF. Part (a) is formula (4a) and Corollary 1 in [16]. Part (b) is the elementary re-
newal theorem. For part (c), see, for instance, page 2156 in [5]. For part (d), first observe
that E(Tl)i < 00 is equivalent to I[-E(T,ri)2 < 00. Now, the result can be derived directly from

the Blackwell theorem. Alternatively, while sufficiency of IE(T,/i)2 < oo follows from Exam-
ple 3.10.3 on page 242 in [39], necessity of that condition can be obtained along the lines of
the aforementioned example with the help of Theorem 4 in [40]. [

A.3. Results on Lebesgue integrable and directly Riemann integrable functions.
A function ¢ : Rt — R is called directly Riemann integrable (dRi) on R, if:

(a) o(h) < oo foreach i > 0 and
(b) limp—04((h) —a(h)) =0, where
o(h):=h sup t(y) and o(h):=h inf t(y).
}’Z:l (n—Dh<y<nh rZ:l (n—Dh<y<nh

If ¢ is dRi, then lim,, 04 & (h) = [~ 1(y) dy < oo, where the integral is an improper Riemann
integral.
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Lemma A.5 is concerned with an important step in the proof of Theorem 6.5.

LEMMA A.5. Assume that o (hg) < oo for some hy > 0 and that, for some a > 0, x —
e~ %t (x) is a nonincreasing function on RY. Then, t is dRi on RT.

REMARK A.6. Lemma A.5 is a strengthening of the well-known fact (see, for instance,
Corollary 2.17 in [19]) that ¢ is dRi, provided that ¢ is Lebesgue integrable and x > e~ %1 (x)
is a nonincreasing function. In Lemma A.5 we require less, namely, that o (h9) < oo for some
ho > 0 which is of course true if 7 is Lebesgue integrable.

PROOF. Using twice the assumed monotonicity, we obtain

2ah __ 2ahy : ay ,—ay
o0 >e o(hg)=e h inf eVe YVt
o (ho) 0n§>l (n_l)h0§y<nh0( ()

> e“™ho " t(nho) = (ho) —ho sup ().

n>1 O=<y<hg
This shows that & (hg) < co. Remark 2.9 in [44] states that, for 2 > 0,
o (h) < (14 2h/hg)o (ho)

which implies that (k) < oo for each & > 0. Hence, there is also g (h) < oo for each & > 0
because o (h) < o(h). Repeating now, for each 4 > 0, the argument based on monotonicity
we conclude that, for each 7 > 0,

(A4) o (h) =5 (h) —h sup t(y).
0<y<h

In view of
o0
o <1:= [ 1)y <o) <co. h>0,
0
we conclude that 7 is Lebesgue integrable and that limsup;, ., o (h) < I, whence
lim o(h)(e*" —1)=0.
Jim o —1)

Noting that limj_,o4 h SUPg<y<h t(y) =0, we obtain limsup,_,, (6 (h) — o (h)) <0 by an
appeal to (A.4) which completes the proof. [J

Lemma A.7 is needed to justify statements made in Remark 5.5.

LEMMA A.7. Lett:R" — RT and V* be the right-continuous renewal function of
a standard random walk (S;)neN, With nonnegative jumps of finite mean u* which have a
nonarithmetic distribution:

(a) There exist improperly Riemann integrable t and the renewal functions V* such that
(AS) / t(x +y)dV*(y) < oo
[0,00)

fails to hold for each x > 0.

(b) Ift is dRi on R, then (A.5) holds for each x > 0.

(¢) There exist continuous t and the renewal functions V* such that (A.5) holds for some
x>0, yer [7t(y)dy = oco.
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(d) Assume that

(A.6) sup tx +y)dV*(y) < occ.
)

x>07[0,00

Then, [y°t(y)dy < co.

PROOF. (a) We only consider the case x = 0. A modification needed to treat the case
x > 0 is obvious. We use the same ¢ and V* as in Example 3.10.2 on page 233 of [39]
designed to demonstrate that the key renewal theorem can fail for integrands which are not
dRi.

Let a random variable ST take two values, o and 1 — o, for some irrational a € (0, 1).
Then, the distribution of S} is nonlattice, and the renewal function V* is piecewise constant
with jumps at the points of the form kjo + k(1 — @), k1, ko € Ny, k1 + k2 > 0. Arrange
these points in increasing order, and denote the resulting configuration by by < by < - --
Consider an infinite sequence of isosceles triangles which do not overlap. They are located
in Rt x RT and have bases situated on the x-axis. The triangles are enumerated 1,2, ...
from left to right. The base of the nth triangle is centered at b, and has length s,,; the height
of the nth triangle is equal to 1. The sequence (s,),enN 1s assumed to satisfy )~ 8, < 00.
Define the function ¢ as follows: while ¢ (x) = 0 for x, which do not belong to the bases of the
triangles, its graph passes through the equal sides of the triangles for all the other x. Plainly,
Joot(x)dx = 2! > n>15n < 00, that is, the area of the region between the graph y = #(x)
and the x-axis is equal to the sum of the areas of all the triangles. Thus, f is improperly
Riemann integrable on R*. Finally, since #(b,) = 1 forn € N,

/[O L OdVI) = 3o rbn) SOPLSE = ba} = 3 3 PIS{ = ba} = o0.

n>1 k>1 n>1k>1

(b) This follows from

[RCERUACEIAUND VT IR

nzl_xj+1”_1§y<"

which is just (5.14) with ¢ and V* replacing g and V, respectively.

(c) We use the same V* as in part (a). To construct ¢, consider an infinite sequence of
isosceles triangles enumerated 1, 2, . .. from left to right. They are located in Rt x R, have
heights 1 and the endpoints of the base of the nth triangle are b,, and b,. Now, we put
t(x) =0 for x < by and require that the graph of y = r(x) passes through the equal sides of
the triangles for all the other positive x. Then, fooo t(x)dx = (1/2)limy,— o (b, — b1) = 0.
On the other hand, f[o,oo) t(y)dV*(y) = 0 so that (A.5) holds with x = 0.

(d) Let &5 be a random variable independent of (S;),>0 with distribution function P{£;) <
x}=(1/u*) [y P{S} > y}dy. On the one hand,

EY t(g +S)) =/ ES t(x+ ¥ dP{& <x)

n>0 (0,00 n>0
=/ / t(x 4+ y)dV*(y)dP{&) < x} < o0,
[0,00) /[0,00)
where the finiteness is secured by (A.6). On the other hand, the random process (N*(x)) x>05
defined by
N*(x):=#[neNg: & +SF<x}, x>0,

is a stationary renewal process (the term is standard but misleading; actually, the process
has stationary increments) which particularly implies that N*(x) = x/u* for x > 0. Hence,
Jootdy=EY, 5ot 5 +S;) <oo. O
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